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1 Introduction

In this paper, which is the first one in a series, we begin the convergence
study of a special bilinear finite element for shells. This element has strong
engineering roots, and apparently is among the best bilinear finite element
formulations known for shells. The element is aimed to be a general ’shell
element’ in the sense that it should handle all characteristic shell deformation
types, such as bending-dominated or membrane-dominated deformations or
boundary layers, without further problem specific tuneups. To what extent
this (rather ambitious) goal is truly achievable, is our goal to find out.

By now it is well-known that reliable numerical modelling of shells by
traditional low-order finite element formulations is not an easy task. The
most dramatic failure occurs when approximating nearly inextensional (or
bending-dominated) deformations by standard low-order elements. In this
case an asymptotic approximation failure, known as shear-membrane lock-
ing, occurs at the limit of zero shell thickness. Due to the asymptotic locking
effect, standard lowest-order elements cannot work in practice unless the
mesh spacing is made much smaller than the shell thickness — a rather heavy
requirement. Similar numerical difficulties are expected in general when ap-
proximating a deformation state with a significant component of bending
energy. In particular, the characteristic shell boundary layers belong to such
a locking-sensitive category of deformations. For more information on shell
deformation states and on the associated finite element locking problems, the
reader is referred to [11, 9, 2] and the further references therein.

To avoid the locking in parameter dependent problems, the tradition in fi-
nite element engineering has been to search for ’simple and efficient’ low (est)
order elements that are based on some non-standard variational formulation
of the problem. For example, one may use mixed or hybrid formulations, or
assume purely numerical modifications such as reduced strains, or selective
reduced integration & stabilization, within the usual energy formulation. In
shell problems, one of the most popular approaches is the so called facet
model based on bilinear elements and crude approximation of shell geom-
etry. In this model, the shell midsurface is approximated elementwise by
isoparametric bilinear maps, so that the shell is effectively represented by
an assembly of flat membrane elements in the numerical model [5]. Among
the (apparently many) possible technical variations within this approach,
we choose to consider in our work a formulation by Bathe et al. [1] named
MITC4. Tt seems likely that certain other well-known formulations, like the
QUAD4 of MacNeal [5], hide similar ideas.

Our error analysis of MITC4 is based on the recent result |7] showing
that a nearly equivalent bilinear element formulation is achievable from a
classical shell model of Reissner-Naghdi type. This alternative approach
may be characterized as a reduced-strain formulation where the expressions
of both membrane and transverse shear strains are numerically modified,
while no approximation of shell geometry is made. This approach, which
is more transparent mathematically than the original MITC4 formulation,



was in fact already taken in [10] in the context of cylindrical shell geometry.
The analysis in [7| assumes cylindrical shell geometry as well, but we may
easily extrapolate the strain reduction ideas to more general geometries. It
appears that the scheme obtained in this way actually extracts the key ideas
of the MITC4 elements (and perhaps other facet elements) that relate to
the treatment of locking effects. Numerical experiments also support this
conjecture [7]. In what follows, we take the simplified scheme as the target
of our error analysis.

Regarding both the shell geometry and the finite element mesh, we make
very strong assumptions in this paper and also in the later parts. First, we
assume that the shell is shallow, so that a simplified shell model with constant
curvature parameters is applicable, see [9] for the justification of models of
this kind. Secondly, we assume that the shell midsurface (or the approximate
midsurface, see [9]) occupies a rectangular domain in the chosen coordinates,
and that the finite element mesh on this domain is rectangular. Finally,
we assume that the boundary conditions are periodic in one of the coordi-
nate directions, and that the finite element mesh in this direction is actually
uniform. Under these hypotheses, we focus on the most fundamental ques-
tion concerning bilinear shell elements: Does there exist a formulation that
is able to effectively capture all characteristic features of shell deformations
simultaneously?

From the practical point of view, the most important question left open in
our work is, to what extent the results obtained under the stated extremely
favorable conditions possibly extend to more general domains and meshes.
Preliminary numerical experiments seem to indicate mesh dependence [6, 7],
but more work in this direction is needed. From our error analysis it ap-
pears anyhow that the problem on general quadrilateral meshes is similar
to that met in [4] in the context of a simpler parametric model problem.
There it was shown that the convergence of a simple bilinear reduced-strain
scheme depends on the performance of an underlying finite difference scheme
that approximates a constraint arising asymptotically at a parametric limit.
On a rectangular mesh the difference scheme was found well behaving — in
fact well-known [4] — but on more general meshes the performance remained
unresolved. Here we find similarly that the assumed reduced-strain formula-
tion hides a special finite difference scheme for approximating the asymptotic
constraints that arise in an inextensional deformation state. This difference
scheme we can so far analyze only under the stated specific assumptions.

The assumptions we make are simply to allow sharp error analysis based
on Fourier transform. The same analysis technique would apply to non-
shallow shells of revolution satisfying the assumed periodicity condition in
the angular (principal curvature coordinate) direction. We conjecture that
our error analysis could be extended to cover, e. g., the pinched cylinder and
the pinched hemisphere problems often used as benchmark tests for shell
elements [5]. We note that in such benchmark tests the mesh is typically
chosen uniform in the angular direction, just as we are assuming.

In the present Part I, we begin with by studying the mentioned con-



strained approximation problem that arises in an inextensional deformation
state. This case is the first and most severe test for any finite element for-
mulation meant to be locking-free. However, passing the test still does not
guarantee equally good performance in other (in fact, more common) defor-
mation states, like in membrane-dominated states or when approximating
boundary layers. Therefore in the later parts of the work we consider such
deformation types as well, so as to obtain a complete picture.

Throughout the work we adopt the error analysis philosophy of [4, 8| (see
also the further references there) where the finite element error, evaluated
in the energy (semi)norm with numerically modified strains, is split in two
components called the approximation error and the consistency error. In
the present Part I we consider only the approximation error term which is
dominant in case of nearly inextensional deformations. The consistency error
will be analyzed in the next parts in the context of more general deformation
states where this error term can become dominant as well.

The plan of the present paper is as follows. In section 2 we introduce the
shell model and set up the problem to be studied. The nature of inextensional
deformations in this problem setup is analyzed. In section 3 we introduce
the reduced-strain bilinear finite element scheme to be studied throughout
the work. We state the main result of the present paper concerning the ap-
proximation of inextensional deformations (Theorem 3.1), and an extension
of this result to cover more general smooth deformations (Theorem 3.2). In
the inextensional case the approximation error bound is found to be of opti-
mal order independently of the thickness of the shell. In case of elliptic shell
geometry the bound is optimal even with respect to the regularity required
for the displacement field, whereas in case of parabolic and hyperbolic shell
geometries, slightly enhanced regularity is needed as a rule to achieve the
optimal rate. For more general than inextensional deformation, the approx-
imation error bound is non-uniform in ¢, being in general the better, the
higher the regularity of the field to be approximated. Section 4 is finally
devoted to the proof of Theorems 3.1 and 3.2.

Below we denote as usual by C' a constant that may take a different value
in different usage. The constants may depend on the curvature parameters to
be introduced in section 2 but are otherwise independent of the parameters,
unless indicated explicitly. By ||-||x and ||, we denote the Sobolev norm and
seminorm (for scalar or vector valued functions) on the assumed rectangular
plane domain. Other domains will be indicated by an additional subscript.
Further, || - ||z2 = || - ||o and || - ||c denotes the L*®-norm.

2 The shell problem

We consider a dimensionally reduced shell model for a shell of thickness ¢
arising from linear shell theory with homogeneous and isotropic material.



For our model the deformation energy of the shell is given by

2
F(u,v,w,0,1) = /{1/ K11+ Koo)? + (1 —v) Z Ky, by
ig=1
’YEt 2 2

/{V Bii+ B)? + (1 —v Z 2 Ydady.

4,j=1

Here E and v are the Young modulus and the Poisson ratio of the material,
7 is the shear (correction) factor and ;;, p; and k;; are the membrane, trans-
verse shear and bending strains that depend on the displacements (u, v, w)
and on the rotations (0, ) as follows:

B =2y aw K11 :%
Ox Ox
Ba2 :g—z + bw K92 :g—z}
bra :%(g—ZWLgv)ﬂLcw—ﬁzl K12 :%(g_z“Lg_;/)) = ka1
and
pr=10— g—z p2 =1 — g—j

where we are assuming the shell to be shallow so that the parameters a, b and
¢ defining the shell geometry can be taken constants. This is a simplification
of the classical shell model due to Reissner-Novozhilov-Naghdi, see [9].

ab — ¢ > 0 we call the shell elliptic, if ab — ¢ = 0 the shell is parabolic
and if ab — ¢? < 0 it is hyperbolic. We assume here that a? + > + ¢ > 0,
so that the case of a flat plate/membrane (a = b = ¢ = 0) is excluded. We
will assume that the computational domain €2 (the shell midsurface) is of
rectangular shape in the assumed coordinate system, so that

Q={(z,y)|0<2x< L, 0<y< H}

with C~1 < % < C for some fixed constant C.
For our purposes it is convenient to define the vector field u = (u, v, w, 6,1)),

to scale the energy by a factor K = %, and to express the scaled total
energy as

Flu) = %A(@, u) — Q(u)

where () is the load potential and the bilinear form A is further split as

A1) = Ay, ) + 5 A ) (2.1)



where
Ap(u,v) = /Q{V("Gn + ko) (w) (K11 + K22)(v) + (1 — v) Z Kij(u)kij(v) tdady

and

An(u,v) = 6v(1 —v) /Q {p1(w)p1(v) + p2(w)p2(v) ydody

—|—12/{1/(511 + B22) (w) (Br1 + B22)(v)

1 -V Z /81] ﬁzg }d(l?dy

i,5=1
We will assume that the boundary conditions at y = 0, H are periodic
and that no kinematic constraints are imposed at x = 0, L. The energy space
is then
U={ue[H Q)] u(,0)=u( H)}
and the shell problem can be formulated as: Find u € U such that
Au,v) = Q(v) Yuv e U. (2.2)

The problem is solvable if ) is a bounded linear functional on U, and if
Q(u) = 0 for all zero energy modes satisfying A(u,u) = 0. Below we do not
need to refer to any stability properties of the problem, so we simply assume
that a solution to (2.2) (with some regularity properties to be postulated)
exists. We then consider the finite element approximation of such a solution
.

In the present paper we are mainly interested in the approximation of
inextensional displacement fields satisfying A, (u, u) = 0, i.e.

511(@) = b2 (@) = 522(@) =0

p1(w) = p2(u) =0.
The subspace of inextensional displacements will be denoted by U,. We note
that, unless Q(u) = 0 Yu € Uy, the solution to (2.2) becomes inextensional

at the limit when ¢ — 0 and @ is fixed, see [10, 11|. Here we may resolve the
possible inextensional modes by the Fourier expansion

(2.3)

Iy 2my

u=) W), =V, A={A==—r rvez} (24)

where, in view of (2.3), ¢, = (ux, vx, Wy, Oy, 1)) satisfies

(u’)\—kaw,\ =0
i)\v,\+bw,\ =0

q iAuy + v\ + 2cwy =0 (2.5)
9)\ — wﬁ\ =0

LZ/)/\ — ’L)\’LU)\ =0




Let us characterize the general solution to this system in different geometries.

First, in the elliptic case where ab — ¢ > 0, or in the non-degenerate
hyperbolic case where ab — ¢ < 0 and b # 0, the general solution to (2.5)
takes the form

6,(1) = A3, , (1) + Big, () (2.6)

where Ay, B) are arbitrary complex coefficients and ¢ , . are defined by

Gy (@) = (e 40X b, b, —id, —idpmy, A2)ers® hen A # 0
¢, e |
g)\ 2($) - (2C + Zﬁ)\illu’Qba b, _'L)\, _7:)\/12, )\2)6”2(me) when
or
¢,,=(1,0,0,0,0), ¢ ,=(0,1,0,0,0), whenA=0,  (2.7)

where further py are defined by

= (ic —vVab — )b\, po = (ic++vab— 2)b~ '\, when b\ >0
py = (ic+vab — )7\, gy = (ic — Vab — 2)b™'\, when b7')\ < 0.

Here we have chosen i, ps so that Rep; < 0 and Re g > 0 in the elliptic
case when A\ # 0. In the hyperbolic case we obviously have Re u;, = 0. Note
also that when A\ =0, (2.6) & (2.7) actually define a zero energy mode.

Consider next the (hyperbolic) case where b = 0 and ¢ # 0. Then if a # 0
and A # 0, the general solution to (2.5) is

0,(x) = Ax(, (2)
with Ay € C and
¢, () = (26,0, —iA, —iAp, M)er = a(2¢) YA,
so the solution space is one-dimensional in this case. When A = 0 one gets
8,(2) = (af + A,2¢€, ~€',—€",0)

where A € C and ¢ = &(z) € H?*(0,L) are arbitrary, so in this case the
solution space is infinite-dimensional. Finally, if a = 0 one gets

_{Aﬂ%ﬁ,%&&A%anA#Q
L

(Ap, 2¢€,—&',—£",0) when A =0,

with Ay € C and ¢ € H?(0, L) arbitrary.

It remains to consider the parabolic case ab — ¢ = 0. Here we find that
when a, b # 0 the general solution is again given by (2.6) where now ¢, .. ¢,
are given by ’ ’

G (@) = (e, b, —iA, —iAp, A?)er®
¢, 2(:E) = u(e, b, —i\, —idp, \2)ze!® + (—c, 0,0, —iAp, 0)el”



with = c¢b=)\. For the case when a = ¢ = 0 and we have that
b, (#) = A1, —idbw, =N, =A%, —iN’x) + B(0,b, —i), 0, \)

with Ay, By € C. Finally in the case when b = ¢ = 0 the only non-zero mode
is obtained when A = 0, this being

QU (ZIT) = (af, A: _gla _gl’a O)

with A € C and £ € H?(0, L) arbitrary.

Below we refer to as degenerate cases the parabolic and hyperbolic ge-
ometries when the characteristic lines (along which the curvature vanishes)
are parallel with the coordinate lines. These are the cases a = ¢ = 0 or
b = ¢ = 0 (parabolic) and a = b = 0 (hyperbolic), i.e., the cases where two
of the three curvature parameters vanish.

3 The reduced-strain FE scheme

Given a family of finite element spaces U, C U, 0 < h < hg, the usual finite
element formulation of problem (2.2) is: Find u, € Uy, such that

A(wy,v) = Qu) Vv € Up. (3.1)
This defines u;, as the best approximation of u in the energy norm
v o]l = VA(v, ), vel.

Due to the parametric dependence of this norm, the best error bound in case
of lowest degree elements and bending-dominated deformation is [10]

. h
Il = wp]] ~ min{1, —fuls}.

To prevent the error amplification at small ¢, we therefore need to consider
some modification of (3.1). A natural approach is to modify the membrane
and transverse stresses (3;; and Pi substituting these with §;; = R}’ 3;; and
pi = R} p; where the R}”’s and R}’s are suitably chosen reduction (projection)
operators. If we then define the bilinear form

AR (u,0) = 6(1 — 1) / {51 (w)pr(0) + o) o(0) Yy

+12 /Q{V(Bn + 822)(2)(511 + 322)@) (3.2)

+(1=v) > Bij(u)Bij(v) ydady

ij=1

our modified FE formulation assumes the form: Find u,; € U, such that

Ap(uy,v) = Ap(uy, v) + %A’}n(uh,y) =Qv) Yv € U,. (3-3)



Since Bij, pi are related to f3;;, p; via projection operators, it follows that
A (u,u) = 0 for all u € Uy. Therefore if the exact solution to (2.2) happens
to be inextensional, one has

Qv) = Ay, v) = Ay(u, v) = An(u,v), v €U,
so in that case (3.3) is equivalent to
An(u —wy,v) =0 Vv € Up.

This defines u;, as the best approximation to u in the modified energy semi-
norm v — |||v|||n = /An(v,v), so that we are led to the problem of finding
the best approximation error

€a(u) = min [[lu — vlf]. (3-4)

We note that, to obtain a bound for e, that is uniform in ¢, we need to seek
for approximations in the subspace Uy, = {v € Uy, | A (v, v) = 0}. Note as
well that if no strain reductions were made, we would have Uy, = Uy N Uy,
which typically is a trivial space [10]. Hence the idea of the strain reduction
is simply to make U large enough so that inextensional deformations can
be approximated well in U ,.

The modification A < A; causes in general a secondary error term, the
consistency error defined by [4]

ec(u) = sup (A_Ah)(g’y)-

el || [v]]] 50 2|

This vanishes when u € Uy, but in other deformation states the consistency
error term can be significant or even dominant. We will analyze this error in
Part II of the paper where more general deformation states will be considered.
Here we focus on bounding the best approximation error (3.4).

In the finite element scheme to be studied, we assume that €2 is subdivided
by a rectangular mesh with maximal side length = h. We denote the nodal
points of the mesh by (z*,y"), k =0...N,, n = 0...N,, and assume that
the mesh is uniform in the y-direction so that y"*! — y" = H/N, = h,, for
all n (Fig. 1). Note that at this point we make no assumption on the ratios
(! — zk)/h, = h%/h,. We write further h, = maxh%. On this mesh
we assume continuous piecewise bilinear representation of each component
of the displacement field, so that Uj, = V; where V), is the scalar bilinear FE
space with periodic boundary conditions at y = 0, H.

In the assumed numerical setup, we define the reduced membrane and
shear strains in (3.2) as

B =TI} B,
(oo =11} Bao, (3.5)
Bio =I1}Y B1o = Bon

10



X L

Figure 1: A typical mesh considered; the mesh spacing is constant in the
y-direction but may vary in the z-direction.

and

pr =1L p1,

P2 :Hzm
where I}z, I} and II;¥ are projection operators defined elementwise as pro-
jectors onto the (global) spaces Wi, WY and W,", respectively, where Wy
consists of functions that are constant in z and linear with respect to y on
each element, so that du/0z € W} when u € V,,, W} is defined analogously
so that dv/dy € W/ when v € V,, and W, consists of functions that are
constant on each element. We consider these as subspaces of L*((2), so we
impose a priori no continuity conditions along the interelement boundaries.
Operator II;Y in (3.5) is defined simply as the L? projection, i.e., IT}Y is the
elementwise averaging operator. When defining IT7, IT} we consider two op-
tions which lead to the same finite element scheme but differ slightly in the
error analysis based on (3.4).

(01) 10§ : L*(Q) — Wi, ITY : L*(Q2) — W} are defined as L*-projections.

(3.6)

(02) IIf, II} are defined for sufficiently regular ¢ so that for each horizontal
side S, and for each vertical side .S, of the rectangular mesh

[ o) = [ oteuis

Sa

/S (e, y)dy = | oz, y)dy.

Sy

11



Remark 3.1. Since the strain reductions by ITf, TI3 do not affect the derivative
terms of 3;; and p; in (3.5) — (3.6) when u, v, w € V), we could obviously write
B = Ou/0x + lIfaw, etc., in the finite element model. In the FE model we
could further interpret the reductions equivalently as interpolation operators
such that II} interpolates at the midpoints (xk“/Q, y™) of the horizontal sides,
ITY interpolates at the midpoints (z*,y"*/2) of the vertical sides, and TI;"
interpolates at the centers (z#+1/2 y"*1/2) of the rectangles Kj,. Although
such interpretations do not affect the FE algorithm, they do have an effect on
the error indicator (3.4) if assumed beyond U,. Also the two options (O1),
(02) are different in this sense. Option (O1) is natural in the sense that
the modified strains are then defined in the entire energy space, and one has
2llln < Cll|ulll, v € U (with C = (1 — ?)~/2 as the best constant). The
advantage of (O2) is that this definition enforces the continuity of 3;; and
p1 with respect to y and the continuity of 3 and p, with respect to z. We
need this property in Theorem 3.2 below.

Remark 3.2. The connection of the chosen reduced-strain algorithm and the
facet FEM models is discussed in [7], in the context of cylindrical shell ge-
ometry. In (3.5) — (3.6) we have made an extrapolation from this study (cf.
also [10]). We note that the facet formulation actually implies a slightly dif-
ferent definition of 2, but this reduces essentially to the chosen one when
approximating an inextensional deformation [7].

When approximating an inextensional field u € U, we can bound the best
approximation error (3.4) uniformly in ¢ from

ea(u) < & (u) = min [|ju—v||[s = min /Ay(u—v,u—v). (3.7)
vEUy, 1 vEUy, 1,

Obviously this also gives the best bound that is uniform in ¢. When u €

Uy, the reduced constraints B”(g) = pi(u) = 0, 7,7 = 1,2 are imposed

equivalently by setting p; = (17 = 0 at the midpoint of each horizontal

side of the mesh, ps = (3o = 0 at the midpoint of each vertical side, and

f12 = 0 at each element center (see Remark 3.1), so the reduced constraints

are effectively finite difference approximations of the original ones (Fig. 2).
Our first main result states an estimate for é, in (3.7) when u € U.

Theorem 3.1. Let Uy, = {u € Uy, | A2 (u,u) = 0} where Uy, is the bilinear
finite element space and A" is defined by (3.2) and (3.5) — (3.6) where 11}"
is the elementwise averaging operator and 11, 117 are defined according to
either option (01) or (02). Then if u € Uy, the constrained approzimation
error (3.7) is bounded as

&a(u) < Cihluls + Coh3¢ V), 2 <5 <3,

where Cy = 0 in the elliptic case and also in the degenerate parabolic or
hyperbolic cases.

We note that when bounding e, according to (3.7), the result of Theorem
3.1 is easily extended to cover bending-dominated (or nearly inextensional)

12



0

0

Figure 2: Finite difference approximation of the shear and membrane con-
straints in the reduced-strain FE formulation: p; = f1; = 0 at (O),

P2 = /822 =0 at (0) and 512 =0 at (X)

fields of the form
u=u+tu' (3.8)

where u° € Uy and u' € U is such that |u'|; is bounded uniformly in ¢. Indeed,
the factor ¢ in front of u! in (3.8) cancels the parametric error amplification,
so that the standard interpolant tu € U;, approximates this term sufficiently
accurately.

For membrane-dominated deformations, or for deformations containing
strong layers, the expansion (3.8) is not realistic unless |u'|, is allowed to
grow as t — 0. For such more general deformations we can anyhow extend
the result of Theorem 3.1 to a non-uniform bound with respect to ¢, provided
u is extremely smooth. Since we need also to strengthen our assumptions on
the mesh here, let us define the following weak uniformity conditions:

(A) h/hk <C Vk,
(B) Sop=r" |k — hE-1| < Ch.

Theorem 3.2. Let u € [H*(Q)]°, s > 6, assume that the mesh satisfies
conditions (A), (B), and assume that AR in (3.3) is defined as in Theo-
rem 8.1, with II¥, TI} now defined according to option (02). Then the best
approzimation error (3.4) is bounded for each t > 0 as

ea(tt) < Olullsh + C|lullst~ h*~

Remark 3.3. In the case of a smooth membrane-dominated deformation such
that the second term in (2.1) is dominating, it would be more natural to scale
(2.1) by factor #? and thus the energy norm by factor ¢. In such a weaker norm
one would obtain by standard interpolation error analysis the quasioptimal
bound e,(u) < Clulsh (cf. also [4], [8]). The result of Theorem 3.2, which
states an error bound in a rather strong norm, is based on non-standard
interpolation.

13



4 Proof of Theorems 3.1 — 3.2

The main idea of the proof is to use the Fourier representation (2.4) (for
u € Uy or u € U) and approximate then u by

i = 2\, (@),
AEA:|A[<Ao

where \g = Ag(h) is a truncation frequency to be chosen, ¢, is the piecewise
linear interpolant of ¢,, and ¢, is a special approximation of ¢, tobe found.

Lemma 4.1. For every 0, ; = go)\(y)g)\j(x), Jj = 1,2, such that |A\|h < ¢, ¢
small enough, there exists @)\’j = @,\(y)g\ () € Uy, such that

1125 = Oajllln < (Cih + CoA?h?)|9, 42

with Cy = 0 in the elliptic and in the degenerate hyperbolic and parabolic
cases.

Proof. Consider first the non-degenerate cases where b # 0 and either a # 0
or ¢ # 0. Without loss of generality we restrict to the case 7 = 1 and write

Q)\,l = g = (u/\a Ux, Wy, 0)\7 ,QZ})\) and Slmllarly g A Q}\ = (’LL)\, Uy, w/\a 0/\, ¢/\)
Since ¥, € Uy, one must have 3;;(9,) = p;(J,) = 0. This is equivalent to
requiring the nodal values ¥, (z%, ") = 0, = (u?', v, w?, 07, Y?) to satisfy

(ufte = uf + (0 +wity) =0
optt —op 4 Lhy(wp + wit) =0
iy (U1 — Wi U =) A (U - e i
( P wptt rwp ) =0
(an +051) — (Wi —wg) =0
h n n
e ) + (™ — k) =0

Inspired by the form of ¥, we seek a solution to these equations in the
~n . . . .

form o, = e (UF VF Wk ©F WF). Substituting these expressions and

simplifying we get from the second and from the last two equations in (4.1)

that

Wk = ;TQJ tan (3Ahy,)V*
Wh = Z tan (Ah,) W (4.2)
@k—i—l + @k — %(Wk—i—l o Wk)

and from the first three equations in (4.1) that

N O R (€N CON

where 7, = 2% tan (3\h,) and



Since uy and vy satisfy by (2.5) a system

(ZQ’ = \M (21) , (4.4)

we see that (4.3) is a finite difference approximation to (4.4) that closely
resembles the Trapezoidal rule. The first step is now to perform the error
analysis of (4.3).

We consider the approximation of a solution to (4.4) of the form (uy, v)) ~
e " where u = (a1 + i) N = a) with a;A > 0 in the elliptic case when
A # 0 and a; = 0 in the parabolic and hyperbolic case. Without loss of
generality we may assume that [A|h, < [A|h < ¢ < 7. (This sets an upper
bound of order O(h™") for the truncation frequency Ag.) Then

1 - %m—k —uhk 3/72.k\3 3,k 2
T ton =+ O(IAP(EY + APRE(R)?),
2
1
‘l_ﬂ <o AL

1+ %017']c

where oy > 3 > 0 in the elliptic case and § = 0 in the hyperbolic case. Fol-
lowing the standard error analysis techniques for A-stable difference schemes
(cf. [3]) we then see that with the initial conditions @, (0) = u,(0), 9,(0) =
U)\(O):

zk
@)~ Balah)| <C [ e TN AP R2 4 e N
0

(4.5)
§0h2|)\|3—me—6|/\\xk’
where
1 in the elliptic case,
m =
0 in the parabolic and hyperbolic case.
Comparing (4.3), (4.4) and using (4.5) we also see that
|U;($k+1/2) B ﬁ;\(ajk+1/2)| < Ch2|)\|4_m6_m)‘|$k. (4.6)

Furthermore, from the first two equalities in (4.2) and from their continuous
counterparts we conclude easily that (4.5) — (4.6) imply

|wa (z%) — 0y (a%)| < CR2A[*=me A"
[(a") = a(a*)] < CHEHAP e PN, (4.7)
|¢S\(xk+1/2) i &;(xk+1/2)| < Ch2|)\|67m67,8\)\|mk‘
Upon combining the last two bounds in (4.7) with standard interpolation

error bounds and using finally [A|*2™ < C|oa(y)ihs(x)|2 we obtain the fol-
lowing L?-bounds:

o — a2,y < CR2AT ™ |@atha]a,

! 7 _ (48)
[ — WAl L2(0,) < (Ch+ CR?AP™)|@athala-
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ChX?, N|allo,n) < Cloatale, [MIYAIlL20,L) < Cleathalz, and recalling
also that |[A|h < ¢, we can bound the second term on the right hand side of

Using (4.8) together with ||ox — @al|z20,m) < CR2N%, [[0) — A\ll20.m) <

|||ﬁ/\ - @Amh :Ab(ﬁx - @,\,Q,\ - @A)I/Q
<Clprbdy — Pa0x]1 + Cloratn — @aaa

from

[oA(W)¥a(x) — Ea () a (@)1 <(0a(y) — Ex(W)r(@)]s
+ @) (Ua(x) — a(2)]s

as
loathn — Pathal1 < (Crh + C3h2A2) | oxthx 2, (4.9)

where Cy = 0 in the elliptic case.

For the second rotational component ¢, the estimation can be done
similarly up to the point where a bound for 6% = 6, (z*) — 0 (") is needed.
Since by (4.2) we have that

L)+ Ba(a)) = B ()

and clearly
1 k+1 k 1 i k+1 / k
S OA (") +0x(2%)) = S (wy (™) +wi(ah)),
it follows that
1 1
5(59’§“ +065) = 5(%!)&(?6'““) + wh (%)) — @ (M) = wy,
hence

k
005 = (—1)%605 +2) ~(—1)" M wy—. (4.10)
j=1

In order to bound the right hand side of (4.10), recall first that by (4.3)

(Zﬁ) (A +1/2) = hiytan (%)\hy)M [(f;ﬁ) (%) + (21) (zkﬂ)] |

Since also . )
- ] -
/(zk—l—l/Q) — %tan(g)\hy)vi\(%k—i_l/g)
and \
)
wh (o) = =S (o),
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we see that

2 N2 1 1 9\, 2C k1 k k+1 k
we =y (5~ (h_y tan (5ARy))7) (- (ua(2™7) +oa(a7)) = (ur(a™) + ux(2")))
+ (G tan (AR)) (0057 4+ 008) — (Guf* +6u))| (410)

:Ak-i—l + Ak,

where 6v¥ = vy (z%) =0 (2%), Sub = uy(2F)—1u,(2F). By (4.11) the telescoping
sum (4.10) reduces to 605 = A, + (=1)¥1(2A, — §69), so with the initial
condition 668 = 27, we get

105 (2%) — By (%)| = 2| Ag| < CR2|APme PN,

Furthermore, upon bounding (h%)~![§05 1! — 6% | = 2(hE) =1 Ag1 — Ag| using
(4.11), (4.3), and (4.5) — (4.6) together with similar estimates for u, — 1y,
we conclude that

|9:\($k+1/2) _ é&(l‘k+1/2)| < Ch2|)\|6_m6_m>‘|mk,

Proceeding as above we get a bound similar to (4.9), so the proof in the
non-degenerate cases is complete.

For the hyperbolic case with b = 0, a # 0, ¢ # 0 and A # 0 we note that
(4.1) reduces to

U _ k= i%Tk(UHI 4 Uk)

thus providing an approximation as accurate as in the hyperbolic case with
b # 0.

The more special modes arising when b = 0 and A = 0 (see section
2) can be treated by choosing first a suitable interpolant for 6, and then
integrating the other components from this, paralleling the construction in
[10] and leading to an optimal error bound. In the remaining cases ¢, is a
polynomial of first order, so the approximation error vanishes. We conclude
in particular that in the degenerate cases where two of the three curvature
parameters vanish, we get an optimal error bound with C5; = 0, as in the
elliptic case. O

In order to compute our final approximation we need some orthogonality
results.

Lemma 4.2. For A € A let 9, = ¢x(y)9, (2), Jy = @A(y)é/\(x) be as in
Lemma 4.1. Then if A\, u € A, X # p, one has

Ab(ﬁ)\aﬁu) = Am(ﬁ)\aﬁ ) = 0
If in addition |A|h, < 7, |u|h, <7 then
Ab(ﬁ,\,ﬁu) :Ab(ﬁ,\,ﬁu) =0
Am(ﬁ)\aﬁﬂ) :Am(ﬁ)\aﬁﬂ) =0
Agl(ﬁ)dﬁ,u) :Agl(ﬁ)dﬁ,u) = Agl(ﬁ)dé,u) =0

17



Proof. The first assertion follows from ¢, = iA¢), and from the orthogonality
(o, pu) = fUH oa@udy =0, A\, ;p € A, X # p. To prove the orthogonality for
the remaining seven bilinear expressions, we expand ¥, as

Ny—1

: 2
QA(x,y) — Z&(aj) Z ez/\nhypl |:h_(y _ yn+1/2):| , yn <y< yn+1,
l n=0 Y

where P, is the (:th Legendre polynomial on [—1,1]. Upon expanding 9, in
a similar fashion, we conclude that each of the seven expressions reduces to
a finite linear combination of periodic sums of the form

Ny—1

Z 6i(/\—u)nhy — 0.

n=0
O
Proof of Theorem 3.1. 1t suffices to show that for each'g = ul € U, of the
form v/ =3, .\ Axea()C, ,(x), j = 1,2, there exists &’ € Uy, such that
|||@‘7 - @j|||h < C'1h|ﬂj|2 + CQh%(S+1)|Qj|2+s;

where C5 = 0 in the elliptic and in the degenerate parabolic and hyperbolic
cases. To this end, drop again the index, write J, = pi(y)¢, (), and set

U= Z\/\IS/\O A,\ﬁ/\ where QA is as in Lemma 4.1. Then Lemma 4.2 gives

N —all} =l > AWy =9, — Y. A}

[A<Xo [A1>X0
<2 ) AP = Il +2 D ([AlIE:
IAI<Xo IAI>X0

In the elliptic case and in the degenerate hyperbolic and parabolic cases we

can set A\g = ¢, ¢ sufficiently small, to obtain

llw—all[; < Ch> D (AP0, + Ch* Y IAPIAPILL < Ch®lul3,

[N<% IA[>£
where we used Lemma 4.1, the bound |||Q/\|||}QZ < C|0,]?, and the fact that
Z |)\|25|A/\|2|ﬁ)\|§ < C|Q|§+s7 s > 0.
AEA

In the non-degenerate hyperbolic and parabolic cases we get first by a similar
argument that

llu—alll; <CR*ufs +Ch* Y JANPIAT2I5+2 ) A (IIA A, 1)

[A<Xo [A1>X0

<C (Blulg + hNC Il + AT luls, )

18



Balancing the last two error terms here, choosing r = 14 s, A\g ~ h_%, we
get

w—a)|2 < CR2[ul2 + C(R*NE D + A2 N ul2,
< CR[uf3 + Ch3C|uf3, .

This proves the theorem. O

Remark 4.1. Choosing u = ¥, in the non-degenerate hyperbolic or parabolic
case we conclude from the proof of Lemma 4.1 that

lw—al||2 ~ R D2, 0<s<1.

Since obviously @ is essentially the best approximation of u, we conclude that
the error bound of Theorem 3.1 is not improvable.

Remark 4.2. In the degenerate parabolic and hyperbolic shell geometries the
Fourier transform technique is actually not needed for proving Theorem 3.1.
This is because in those cases the general inextensional displacement field
takes the simple form

5 () when a = ¢ = 0,
u(z,y) = < yd, () when b= ¢ =0, (4.12)
D, () + D,(y) when a = b =0,

which allows the 1D construction technique of [10] (cf. also [8]) when ap-
proximating u. In this way one can show that Theorem 3.1 holds on a
general rectangular mesh in the degenerate geometries. Also more general
than semiperiodic boundary conditions can be handled in these cases, cf. [10]

Proof of Theorem 3.2. To proceed with the case when u is not inextensional
we use again the Fourier decomposition and look for interpolants 9, () such
that 3;;(9y) = Bi;(9y) and p;(9y) = pi(0,) for |Ah < ¢, ¢ > 0 sufficiently
small, so that A" (9, —9,, 9, —10,) = 0 for such \. In this case (4.1) becomes
a system on inhomogeneous difference equations. In the same way as in the
inextensional case we find that when b # 0 the reduced system corresponding
to (4.3) is

(0. (- 3on((E) - ()] o

where F* is a second-order accurate approximation to F(z*t1/2) in the sys-

tem ,
(v/\> A (v/\> A (v/\> < 1>’
U\ U U }2

as satisfied by vy and wu, with

Fy = 2f15 — 2cb ! fon, Fy = fi1 — ab ! fo,
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where fj; = e”™f3;(1,). For the error §FF = Fj(2**1/2) — F¥ one gets the
bounds

(6| SC(RGIIF} oo + A hyl | Fjlloc),
[OF 1 = 0FF| <Clhg ™ — hglhol[F}'l]oo (4.14)
k+1 k 2 212
+CO(hy ™ 4 hg) ([ F" oo + Ahy || Fjl o),

where || - ||o = || - [|z(0,)- Assuming |[A|h < ¢ we can again evaluate the
error of (4.13) thus obtaining (we omit the details) a bound

[6uA] + [oul| < Guh®, s =1,2,
where
G. < CI*(lonl e + llurlle) + € 32 I S5 e
m=0 4.
We note that again in this case
95 — ﬁxllli = Ap(0, — @Aaﬁ)\ - @,\)

Using the (now inhomogeneous) difference equations to provide an approxi-
mation to ¥, and its derivate we are led to the bound

[oatn — @atial1 < Gyah, (4.15)

where Gy 5 is a constant bounded by

3
Gy SON(I[oalloe + lluallse) + € ST AP ST Nl

m=0 7.

2
+ O3 IAE(165™ oo + 1407 oc)
m=0

where g,(2) = €= py(0,).

Bounding |¢x0y — @a0x|? is again a little trickier. We have similarly to
the homogeneous case that

(21) (z5+1/2) :hiytan (%)\hy)M [(f&) (%) + (Zi) (xk“)] + Rk

The error 6% satisfies again a similar equation to (4.10), where now wy
contains additional terms due to inhomogeneity. To bound the contribu-
tion from these terms to the telescoping sum (4.10) we need the second
estimate in (4.14) and a similar bound for d¢g¥ = g;(z**'/2) — §* where
g1(x) = e Mp(J,). Invoking the mesh hypothesis (B) we obtain

60%| < Gyah?,
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where ég’)\ is bounded by

4
Gop <CIMP(Ioalloo + lluallse) +C ST I STl

m=0 75l

3
+C Y APT08™ -

m=0

This provides a bound for |0)(z*) — 6,(z*)|. To bound also |6} (zF+1/2) —
0’ ("1/2)| we use the mesh hypothesis (A) and apply an inverse inequality,
so as to obtain the desired bound

|0x0x — @A0rl1 < Goah (4.16)
with ,
Gox < C(Gop+ D IAP110] o)

m=0

Combining finally (4.15), (4.16) we have
112, = ullli < C(GA + Gi )R,

To finalize the analysis we assume that u = ZAeA Ayv, and let our
approximation be @ = 7, .,/ AxJ,. Then we have again that

= alll; <2 > (AP, = 3l +2 > APl
A< A0 [AI>Xo

<Crw)h® + 257 > IV A,
[AI>Xo
<Cy(u)h* + Cy(w) Ay ¥t 2

whereby setting A\gh = ¢ gives
Il —alll; < Ci(wh® + Ca(w)t *h™. (4.17)

Here we may bound C(u) from

Ci(w) < O Y IAP(GhA+Ghy),

AEA
using
S I e <CY AP AN 0.
AEA AEA
<Ol f=)_ o) fila),
AEA
as

Ci(w) < C(lulls + [vlfs + lwllz + 10115 + [1]]5) < Clulls.
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Constant Cy(u) may be bounded, using the fact that the reduction operators
I3, II¥ are bounded as maps from H'(Q) to L*(Q2), as

Co(s,u) < D IAP(fuall3 + lloalla + wallz + 16211 + 19117) < Cllul3...
€A

This completes the proof for the case b # 0. When b = 0, the analysis is
similar and the final result takes the same form. We omit the details. 0

Remark 4.3. That the additional mesh hypothesis (B) in the proof of the
Theorem 3.2 is necessary, is seen by considering a single mode where u =
@r0,, where A = 0, wy(z) = 23, 0, = w), and a mesh where h¥ = h, for
k odd and h* = h,/2 for k even. Then the above construction enforces
wy(zF) = wy(z¥) (when b # 0), so (4.10) holds with wy = 1(h*)?, and we
conclude that

O (H12) — G (5] = x| 2008 /e + ] +O(h),

where ¢, = 1 for £ odd and ¢;, = 2 for k£ even. Then |||u—a]||» /# 0 as h — 0.

Remark 4.4. The smoothness requirements in the proof of Theorem 3.2 are
sufficient for all geometries. A slight improvement in terms of X is obtainable
in the case of an elliptic or degenerate parabolic and or hyperbolic shells.
Moreover, in the bounds for Gy, Gy, Gy above, somewhat less regularity is
actually needed for some of the fj;:s.

Remark 4.5. Option (O1) for defining IT7, IT} fails in Theorem 3.2 because in
that case we could not enforce the constraints A" (0, — 0,,9, — 9,) = 0 for
|Alh < c. Indeed, I} (f22(u) — Ba2()) = 0 would require that (s (u) varies
linearly in z, otherwise I17 329 (u) could be discontinuous at points z*, unlike
ITY B95(w). This shows that when considering more general than (nearly)
inextensional deformations, the error indicator (3.4) becomes very sensitive
not only to the smoothness of u but also to the way the modified energy
norm ||| - |||, is extended beyond Uj,.
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