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1 Introduction

In this paper we present a symbolic calculus and a characterization of the
Hormander (1, 0)-class of pseudodifferential operators on compact Lie groups.
The operator classes are characterized by operator norm inequalities on a
family of convolution operators parametrized by the group, and these inequal-
ities are analogous to the traditional symbol inequalities of pseudodifferential
calculus on the Euclidean spaces. As a special case, the definition of peri-
odic pseudodifferential operators (i.e. operators on the torus T") given by
Agranovich in 1979 follows.

The genesis of pseudodifferential theory can perhaps be traced back to
the studies of singular integral operators by S. G. Mikhlin in the 1940s and
later by A. P. Calderén and A. Zygmund in the 1950s. There one can see the
idea of presenting an operator A by a family of convolution operators, i.e.

(Af)() = (sa(z) = f)(x) =/ (sa(z))(z —y) f(y) dy.

n

In 1965 J. J. Kohn and L. Nirenberg [9] created the modern pseudodifferential
theory (soon generalized by L. Hérmander [8|), where the main emphasis is
on certain weighed inverse Fourier transforms. More precisely,

AN = [ oa(wg) fle) et e

where the symbol function (z,&) — o4(x, &) is the object of interest. These
approaches are connected formally via the Fourier transform,

oA, €) = 5a(2)(€).

Our treatise draws inspiration from the schools of both Mikhlin—Calderén—
Zygmund and Kohn—Nirenberg—H6rmander, and we considerably utilize the
work of M. E. Taylor [15]. In other words, starting from the (left) regular rep-
resentation 77, : G — L(L*(G)) of a compact Lie group G we introduce the
Fourier transform f +— 7(f) of distributions on G by 7 (f)g = f * g; i.e. we
map distributions to corresponding convolution operators. Then we present
a pseudodifferential operator A € ¥ (@) as a family of convolution operators
m(sa(x)) = oa(x) (where s4 : G — D'(G), sa(z)(y) = Ka(z,y 'z)) so that

(Af)(x) = (oal@)f)(2x) = (sa(2) * f)(z)
= Tr(oa(z) n(f) m(2)").

This trace formula is important from the application point of view; however,
we shall not examine aspects of numerical analysis in this paper.

2 Non-commutative Fourier analysis

This section deals with harmonic analysis of distributions on compact Lie
groups. We introduce the concept of the operator-valued symbol of a contin-
uous linear operator acting on distributions, and given a symbol with suitable



properties, we study Sobolev space boundedness of the corresponding oper-
ator.

Throughout this treatise, the space of continuous linear operators between
topological vector spaces X, Y is denoted by £(X,Y"), and L(X) := L(X, X).
All the manifolds are (real) C*°-smooth and without a boundary. For basic
facts about harmonic analysis on compact Lie groups we refer to [21]. Notions
C and R stand for the fields of complex and real numbers, respectively, and
Z, Ny and N stand for integers, non-negative integers and positive integers,
respectively.

Let G be a compact Lie group and pug its normalized Haar measure,
i.e. the unique regular Borel probability measure which is left translation

invariant:
/f e /fyw e

for every f € C(G) and y € G. Then also

/f e /fxyduc /f—ldue)

The convolution f*g € L*(G) of f, g € L*(G) is defined (almost everywhere)
by

(7 +9)le) = [ 1) a0"0) ducto) )
Let 7, : G — L(L*(G)) be the left reqular representation of G, that is
(mL(y)9)(x) = 9(y ') (2)

for almost every z € G. The right reqular representation ng : G — L(L*(G))

is defined by
(7r(y)9)(z) = g(zy) (3)

for almost every x € G. The Fourier transform (or the “global” Fourier
transform, see [12]) of f € L?(G) is by our definition the left convolution
operator 7(f) € L(L*(G)),

m(flg=f=*g, (4)
denoted also by

— /G fy) mo(y) duc(y).

The inverse Fourier transform is then given in L?(G)-sense by

f(@) = Tr(n(f) m(x)), (5)

where Tr is the trace functional; notice that Tr(AB) = Tr(BA). By choosing
an orthonormal basis of representative functions (trigonometric polynomials)
provided by the Peter-Weyl theorem we can realize the operators 7 (z) and
7(f) as block diagonal matrices with finite-dimensional blocks, each block



corresponding to some irreducible unitary representation of G. Each matri-
cial entry of the matrix form of 7 (x) is then a C*-smooth function on G,
whose translates span a finite-dimensional subspace of L?(G); moreover, the
set of these matricial entries contains an orthogonal basis of L*(G).

Let D(G) be the set C*°(G) equipped with the usual Fréchet space struc-
ture, and D'(G) = L(D(G),C) its dual, i.e. the set of distributions with
D(G) as the test function space. We equip the space of distributions with the
weak*-topology. The Fourier transform of a distribution f € D'(G) is defined
to be the left convolution operator 7(f) € L(D(G)), that is 7w(f)d := f * ¢.
The duality D(G) x D'(G) — C is denoted by

(0, f) = [(9), (6)

where ¢ € D(G) and f € D'(G), and an embedding D(G) — D'(G), ¢ +—
fy = 1 is given by

(615) = / o) ¥(x) dpa(y). (7)
The transpose of A € L(D(G)) is A' € £(D'(G)) defined by
(A, ) = (6, A'f), (8)
and the adjoint A* € £(D'(G)) is given by
(Ag, f) = (¢, A f), (9)

where (¢, f) = (¢, ). f(x) := f(x). Notice that 7(f)* = 7(f) where f(z) =
fla~1), and 7(f)" = 7(f) where f(z) = f(z").

In the sequel, we denote w(A)n(f) := w(Af) if A € L(D(G)) and f €
D(G); i.e. w(A) is just “A put through the Fourier transform”. Stay alert:
in this notation, if ¢ € D(G), f € D'(G), then 7(¢ x f) = 7(¢d)7(f), but
m(¢f) = w(My)m(f) where My is the multiplication operator f — ¢f.

Let D(G) ® D'(G) denote the complete locally convex tensor product of
the nuclear spaces D(G) and D'(G) (see [11]). Then K € D(G) ® D'(G)
defines a linear operator A € L(D(G)) by

(A0, f) = (K, f© ). (10)

In fact, the Schwartz kernel theorem states that £(D(G)) and D(G) @ D'(G)
are isomorphic: for every A € L(D(G)) there exists a unique K4 € D(G) ®
D'(G) such that the duality (10) is satisfied with K = K4, which is called
the Schwartz kernel of A. Duality (10) gives us also the interpretation for

/KA x,y) o(y) duc(y). (11)

Lemma 1. Let A € L(D(G)), and let
sa(@.y) = Ka(z,y™'z) (12)
in the sense of distributions. Then s4 € D(G) @ D'(G).



Proof. Notice that D(G) ® D(G) = D(G x G). Let us define the multipli-
cation

m: D(G) ® D(G) = D(G), m(f®g)(x):= f(x)g(z),
the co-multiplication
A:D(G) = D(G)®D(G), (Af)(z,y):= f(xy),
and the antipode
S:D(G) = D(G), (Sf)(z):=f(a™").

These mappings are a part of the (nuclear Fréchet) Hopf algebra structure
of D(G), see e.g. [1] or [14]. The mappings are all continuous and linear.
The convolution of operators A, B € L(D(G)) is said to be the operator

Ax B:=m(A® B)A € L(D(G));

it is easy to calculate the Schwartz kernel

Kaon(e) = [ Katoy=) Kn(o.2) dii(2),
G
or
KA*B - (m X At)(ld XTR ld)(KA & KB);

where 7 : D'(G)®@D(G) — D(G)@D'(G), 7(f®@¢) := ¢® f, and A" : D'(G)®
D'(G) — D'(G) is the transpose of the co-multiplication A, AY(f®g) = fx*g
(i.e. A! extends the convolution of distributions). Now (A% S)S € L(D(G)),
hence K(4.5)5 € D(G) ® D'(G) by the Schwartz kernel theorem, and

Kosss(®,y) = Kas(z,y )
= [ Kalw ™) Ksln,2) dua)
G

KA(J“a yilx)
= SA(.ZU, y)

Any distribution s € D(G) ® D'(G) can be considered as a mapping
s:G—=D(G), xw— s(x),

where s(z)(y) := s(z,y). If D € L(D(G)) and M € L(D'(G)) then (D ®
M)s € D(G)®D'(G). For instance, D could be a partial differential operator,
and M a multiplication; these examples will be of great relevance for us in
the sequel.



Definition. The symbol of A € L(D(Q)) is the mapping
oa:G— L(D(G)), x> 7m(sa(x)), (13)
where s4(z)(y) = Ka(z,y™'z) as in Lemma 1.

Now
(Af)(z) = / Ka(z.y) 1(9) duc(y)

= [ sa@a ) 1) dualy
a

= (oa(@)f)(x)

= Tr(oa(z) 7(f) mp(2)").
Hence we can consider the symbol o4 as a family of convolution operators
obtained from A by “freezing” it at points x € G. Moreover, if A € L(D(G))
is a right-invariant operator, i.e. Amp(x) = mr(x)A for every z € G, then
its symbol is the constant mapping = — oa(x) = A (A is a left convolution
operator).

Conversely, let us be given a function o : G — L(D'(G)) such that o(x) =
m(s(x)), where s € D(G) ® D'(G). Then we can define Op(o) € L(D(G)) by

(Op(0) f)(x) = (o(2)f)(x). (14)

Let us define derivations of symbols of operators A € L(D(G)) in the
following way: Let D € L(D(G)) be a partial differential operator, and
(Doa)(xz) = Dos(x) := op(x), where

SB = (D® id)SA.

Then B = Op(Do4) € L(D(G)), because D € L(D(G)), id € L(D'(G)).
The next theorem is an adaptation of M. E. Taylor’s result (see [15]).

Theorem 2. Let G be a compact Lie group of dimension n and o €
CH(G, L(L*(@))) with k > n/2. Then Op(o) € L(L*(Q)).

Proof. We clearly have
10p(0) fllZ26) = /G|(0(x)f)(x)|2 dpc ()
< [ swllow) N duota).

yeG

and by an application of Sobolev embedding theorem we get

sup (o (y).f) (@) < Cx Y /GI((é);‘ff)(y)f)(fﬂ)|2 dpc(y)-

yead la|<k



Therefore using Fubini theorem to change the order of integration, we obtain

00l < X [ [ @0 @ duata) dua(y

\ <k
< Y sw / ((00) () D)(@)? dpic(a)
|<ky€G
= Gy Z SUPH (0°0) (W) fll 2
o<k Y€€
< Gy Z Su]D|| (0*) W2 20 1 F 11 2@
lal<k YEC

The proof is complete, because G is compact and o € C*(G, L(L*(G))) O

Let A be the bi-invariant (right- and left-invariant) Laplacian of G, i.e.
the Laplace operator corresponding to the bi-invariant Riemannian metric
of G (see [17]). The Laplacian is symmetric, I — A is positive; let = =

o aysz(z) = (I — A)Y2. Then Z is bi-invariant, so that it commutes with
every convolution operator. Moreover, =° € L(D (G)) and Z° € L(D'(G)) for
every s € R. Let us define

(f: g)HS(G) — (Eisfa Eisg)Lr—)(G) (f7 g e D(G))

The completion of D(G) with respect to the norm f + || f||ms(c) = (f, f)l/2

is called the Sobolev space H*(G) of order s € R. Thereby HO(G) LQ(G)
This definition of H*(G) coincides with the definition obtained using any
smooth partition of unity on the compact manifold G.

Notice that o= (z) = Z"0a(x) = 04(2)=" (A € D(G)), and that =" is a
Sobolev space isomorphism H*(G) — H*"(G) for every r, s € R. Therefore
Theorem 2 yields a simple consequence:

Corollary 3. If G is a compact Lie group, A € L(D(G)) and Z ™o, €
C=(G, L(L*(@))) (or equivalently o4 € C®(G,L(H™(G),H*(G)))) then
Ae L(H™G),H(Q)).

Convention: Let D be a right-invariant vector field on G. Then op(x) =
D for every z € G, so that the reader must be cautious! In the sequel Do 4(z)
refers to the derivative (Do 4)(z) of the operator-valued function o 4, whereas
opoa(x) means the composition of two convolution operators, namely op
and o4(x). More precisely, Do(x) = op(x) with sp = (D ® id)sy4, and
opoa(x) = oc(x) where so(x) = sp(z) * sa(z).

Let D = 0,; be a first order right-invariant partial differential operator
with constant symbol op(z) = D. Then for A € L(D(G)) we have DA €
L(D(G)), and it is clear that x + opoa(x) is a symbol of an operator
belonging to £L(D(G)). Then

opa(x) = (0y;04)(x) + opoa(x).



Lie algebra: Traditionally the Lie algebra g of a Lie group G is the set of
the left-invariant vector fields on G. In this work, however, we define the Lie
algebra g of a Lie group G to be the set of the right-invariant vector fields on
G. This non-conventional practice simplifies our notations; recall that right-
invariant operators are left convolution operators. Hence our Lie algebra
g can be identified with first order scalar right-invariant partial differential
operators on G. Of course, g = T.(G) = R", where T.(G) is the tangent
space of G at e € G, n = dim(G). In the sequel, {0; = 0, | 1 < j < n}
denotes a vector space basis of g.

3 Pseudodifferential operators on compact
manifolds

In this paper all the pseudodifferential operators are of the Hormander type
(p,9) = (1,0). Recall the appearance of the pseudodifferential operators on
the Euclidean spaces,

(ANE) = [ oate€) F(e) e a, (15)

where f belongs to the Schwartz space S(R"), and the Fourier transform
f € S(R") is defined by

~

F@=[ flz) e ™™ du;
R

the symbol 04 € C°(R" xR") is said to belong to S™(R"), the set of pseudo-
differential symbols of order m € R, if

100050 4(2, )| < Canpm(L + €)™, (16)

uniformly in x € R” for every o, € N”, and then A is called a pseudo-
differential operator of order m, denoted by A € OpS™(R"). Imitating
the analysis on compact groups (see the previous section), we can denote
by oa(xg) (xg € R") the convolution operator with the symbol (z,&) —
oa(zo,€), and then (Af)(z) = (oa(x)f)(z). Now A € L(S(R")), A €
L(S'(R")), and oa(z,£) = ec(z) "' (Aeg)(z), where e¢(z) = '*m<.

On a closed manifold M the set W™ (M) of (1,0)-type pseudodifferential
operators of order m € R is usually defined using locally the definition for
the Euclidean case, see [8], [16] or [17], and one defines the Sobolev spaces
H™(M) using any smooth partition of unity on M. On the torus M =
T" = R" /Z™, however, we can apply the Fourier series, as first suggested by
Agranovich [3]. More precisely, for A € L(D(T")) we can write

(Af)(x) = oalx,€) f(£) €, (17)

gen



where the Fourier transform f of f € D(T") is defined by
J?(f) — f(x) o 12mTeE dz;
Tn

the symbol 04 € C(T" x Z") is said to belong to S™(T"), the set of pseudo-
differential symbols of order m € R, if

| 22080 4(2,6)| < Canpm(1+ [E)™ 1, (18)

uniformly in z € T" for every o, € N' and then A is called a periodic
pseudodifferential operator of order m, A € OpS™(T"). Here A¢ is a differ-
ence operator,
[0 « o—
8¢l = 3 (7)) ole +)

7<a Y

Again, o4(z,€) = eg(x) *(Aeg)(x). The fact OpS™(T") = ¥™(T") was
proven by Agranovich [2]|, and the result was generalized by McLean [10] for
more general (p,d)-classes on the tori.

Beals discovered in [4] that pseudodifferential operators on the Euclidean
spaces can be characterized by studying Sobolev space boundedness of iter-
ated commutators by differential operators. Related studies (also on closed
manifolds) were pursued by Dunau [7], Coifman and Meyer [5] and Cordes
[6]. In [18] another variant of commutator characterization was given on
closed manifolds (i.e. compact manifolds without boundary), equivalent to
the following definition:

Definition. Let M be a closed smooth orientable manifold. An operator
A € L(D(M)) is a pseudodifferential operator of (1,0)-type and of order
m € R, denoted by A € W™ (M), if and only if A, € L(H™ (M), H°(M))
for every k € Ny and for every sequence C = (Dy)32, C L(D(M)) of smooth
vector fields, where Ay = A and Agy1 = [Dis1, Ak], deo = 0 and de g1 =

521 (1 — deg(Dy)).

Here deg(D;) is the order of the partial differential operator Dj, i.e.
deg(My) = 0 for a multiplication operator My, and deg(0®) = |B]. A vari-
ant of this definition was applied in proving that periodic pseudodifferential
operators are traditional pseudodifferential operators [18].

Let us give another equivalent criterion for pseudodifferential operators,
simpler in formulation:

Theorem 4. Let M be a closed smooth orientable manifold. An operator
A € L(D(M)) belongs to W™ (M) if and only if (A)>, C L(H™(M), H°(M))
for every sequence (Dg)3; C L(D(M)) of smooth vector fields (i.e. contin-
uous derivations of the function algebra D(M)), where Ay = A and Axyq =
[Diy1, Ak

10



Proof. Let Op™ denote the set of operators satisfying the the property
expressed by the iterated commutators in the claim. In fact, ¥™(M) C
L(H*(M),H*™(M)) for every s,m € R, and there is the nice commutator
property [@™ (M), U™2(M)] c ¥™+"2-1(M), and hence it is clear that
v™(M) C Op™.

Now suppose that A € Op™. First, Op” C L(H"(M), H*(M)) for every
r € R Hence in order to prove the theorem it suffices to verify that [M,, A] €
Op™ ! for every ¢ € D(M). Let g be some Riemannian metric for M, and let
A, be the corresponding Laplacian (see [17]). Then I —A, is a Sobolev space
isomorphism H*(M) — H* ™(M) for every s,m € R. We write the second
order partial differential operator I — A, in the form Z” E;F; + F + My,
where F, E;, F; € L(D(M)) are some smooth vector fields and ¢ € D(M).
Now

[My, A] = [My, AT = Ag)(I — Ag) ™
= (Z([M¢Ez‘w4] — My[E;, A Fj + [My, AJ(F + Mw)) (I =24y
Here M, € L(H*(M)) for every s € R, and A € L(H™(M), H*(M)), so that
[My, A] € LIH™(M), H°(M)), and moreover
(I—=2g)7" € LH™N(M),H™ (M),
Fj, F+M, € L(H™"(M),H™(M)),
([MyEi, Al = My|E;, A]) € L(H™(M), H(M)).
This yields [My, A] € L(H™ Y(M), H°(M)). For a smooth vector field D we

clearly have
(D, [My, Al] = [My, [D, Al + [[D, My], A],
so that also [D, [My, A]] € L(H™ (M), H°(M)); notice that [D, A] € Op™.

Then assume that we know

[Di, [Di—1, -+ [Dr, [My, A]} -+ ]] = Z [My,, Ay,

where Jj is some finite index set, ¢, € D(M), A, € Op™, D; (1 < j < k)
smooth vector fields. Then

[Dit1; [Dry [Dr—1, -+ - [Dr, [Mg, A]] - -]

= Z ([M¢77 [Dk+17 A’Y]] + [[Dk+17 M¢’y]’ A’Y])

vEJk

= Z [M¢'y’ A’Y]

YE€EJ k41

for a finite index set Jyy1, ¢, € D(M), A, € Op™ when v € Jyy,. Hence
[My, A] € Op™ (M), so that Op™ C W™ (M) O

11



Let M be a closed smooth manifold. As it is well-known, for any given
sequence of pseudodifferential operators A, € V(M) (o € Nj) with m, —
—oc as |a| — oo, there exists a pseudodifferential operator A € Wma{ma}(pr)
satisfying the following: for every r € R there exists N, € N such that
A =3 <n Aa € UT(M) whenever N > N,. Then the formal sum }_ A, is
called an asymptotic expansion of A, denoted by

An ) A
a>0
if M = G is a compact Lie group, we also write
oa(z) ~ ZO‘AQ (x).
a>0
Notice that this asymptotic expansion defines the operator only modulo
Um2(M) = Mer¥"(M) = {B € L(D(M)) | B(D'(M)) C D(M)};

then the asymptotic expansions endow the set W (M) = U,cg¥" (M) with
a non-Hausdorff topology, but for ¥ (M)/¥~>(M) we obtain a complete
metrizable topology, where addition and composition of equivalence classes
of operators are continuous, i.e. we have a complete metrizable topological
ring. This division into classes modulo infinitely smoothing operators is
reasonable, if we are only interested in information related to the singularities
of distributions.

4 Operator norm symbol inequalities
for pseudodifferential operators

In this section we provide operator norm inequalities for symbols characteriz-
ing the classes ¥™((G) for compact Lie groups G; the main result is Theorem
9, in the end of the section. In the sequel, n = dim(G).

Taylor expansion: By identifying the Lie algebra g of G with R”, a func-
tion f € C*°(g) can be presented as a Taylor-Maclaurin expansion,

fe) = 3 (0" P)0) + (o) (19)

|| <N
where the remainder term Ry is of the form
1 o 6]
Ry(z)= > —2(9°f)(62) (20)
la|=N

with some 6, € (0,1). Let V,W C g be open balls centered at 0 € g, V =
B(0,ry) € W = B(0, ), such that the exponential mapping exp : g — G
is injective on W. Thereby there exist functions ¢, € C*°(G) satisfying

a(exp(®) =

a

12



when z € B(0,ry + ¢) C g with some ¢ > 0; the smooth functions g,
have “zeros of order |a| at the point e € G”. It is enough to construct
functions ¢, € C*°(G) for || = 1, and then define “higher order polynomials”
recursively by ¢u1s = ¢aqs for every o, € Nj. Furthermore, for every
x € G\ {e} we must have ¢,(x) # 0 for some o = o, € Nj with |a| = 1;
this condition will be explained right after the definition of the symbol class
SJ'(G). Tt is easy to see that this condition can be fulfilled: For instance,
let |a] =1, and let ¢ : [0,7w] — [0, 1] be an increasing C*°-smooth function
such that |0y, +e = 0 and Y|py, e ] = 1 where 0 < e < (rw — ry)/2, and
set

daexp(@)) 1= 10 ]} + (1 = v lal))o°

when x € W, and set ¢,(y) :=1 when y € G \ exp(W).
Consequently a function ¢ € C*°(G) can be presented by

o(x) = Y da(2) (3°9)(e) + Rn(a), (21)

la|<N

when z € exp(V), with the remainder

Ry(z) = ) qa(2) (0°¢)(¥()), (22)

la|=N

where ¢(z) € exp(V), and z — (0°¢)(¢)(z)) is C*°-smooth ; in the sequel
we abbreviate this by

$(x) ~ Y da(@) (979)(e).

Then let us define a “quasi-difference” Q* = 7 (Mj, ), that is,

Q0a(z) =m(y = da(y)sal)(y)). (23)

The idea of this definition stems from the Euclidean Fourier transform F,
which obeys (F(z = 2% f(x)))(€) = (9°F(£))(€); a multiplication by a poly-
nomial turns to a differentiation when put through the Fourier transform.

Let V = B(0,ry), W = B(0,rw) be as above, and let U = B(0,ry) C g
with 0 < ry < ry. Using a partition of unity we may present an opera-
tor A € L(D(G)) in a form A = Ay + Ay where Ay, A; € L(D(G)), such
that Ka,(z,y) = sa,(z)(zy™!) = 0 when zy ! & exp(V), and K4, (z,y) =
sa, () (xy™') = 0 when xy~ ' € exp(U). Suppose A is a pseudodifferential
operator; we know that the Schwartz kernel of a pseudodifferential operator
is C*°-smooth outside the diagonal of G x G, and consequently Ag is the
interesting part of A. Let {z;}}", C G such that {U; := z;exp(U)}}L, is an
open cover for G, and let {(¢;,U;)}}, be a partition of unity subordinate to
this cover. Let

Oay;(7) == ¢j(2;7)0 4, (T)2); (24)
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then o4,(x) = Zjvzl 0 a,,(2; 'x), and supp(s4,, () C exp(V) =V for each
z € exp(U) 2 U and j € {1,...,N}. Notice that o4,,(2) = 0 when z ¢
exp(U). Hence we can interpret s,,  to be a distribution supported in a
small neighbourhood of the origin of the Euclidean space R" x R". Let

Bi)@) = [ san, @)~ 0) £0) dy 25

L

ie. 05, (1,€) = s, (2)(€) (2,6 €RY).
Notice that

——

0¢ 070, (1,6) = sp,,,(2)(§) (2,6 €RY), (26)

where o, ,(2) = Q004 ,(x) (x € G).
Taylor ([15], Propositions 1.1 and 1.4) states essentially the following:

Proposition 5 (Taylor’s characterization of V™ (G)). Let A € L(D(Q))
be as above. Then A € ¥™(Q) if and only if Ka, € C®(G x G) and
{oB, };L, € S™(R). O

It is noteworthy that Taylor deals with not only compact Lie groups, but
locally compact ones; in Proposition 5 we presented just a special statement
suitable for our purposes. In the course of proving a generalization of Propo-
sition 5, Taylor obtains also the following useful results (see [15], Propositions
1.1-1.4):

Lemma 6. Let A € V™A(G) and B € V™B(G). Then Op(oaop) €
Ymatms (G) and Op(ch) € V"A(G), where (040p)(x) = oa(x)op(x) and
0% (x) = oa(z)*. Moreover, Op(Q®dPc,) € WmA~1ol(Q) for every a, 3 € Ng
and o4 € C®(G, L(H™(G), H(Q))) O

Relation (26) motivates the definition of SJ*(G):

Definition. o4 € S§"(G), if
|27 Q000 4(2) || c22(6)) < Caapm (27)

uniformly in x € G, for every a, f € Nj.

Remark: The £(L?(G))-norm of a convolution operator o4(z) is just the
supremum of the ¢2 -operator norms of the finite-dimensional blocks of the
canonical matrix representation of o4(z) (see [15], p. 33).

By Corollary 3, OpSy(G) C L(H™(G), H*(G)). Now we are going to
recursively define symbol classes S (G) such that Si, ,(G) C S;*(G), and we
shall prove that U (G) = OpS™(G) with S™(G) = N2, S (G).
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Remark: Recall that the functions ¢,, || = 1, vanish simultaneously only
at the neutral element e € GG, and that g, 3 = gaqp for every o, 8 € Nj. This
implies that if 04 € S§"(G), then (z,y) — sa(z)(y) is C*-smooth function
on G x (G \ {e}), i.e. (z,y) — Ka(z,y) may have singularities only at the
(x = y)-diagonal. Moreover, notice that

feH™(G) = n(f) € LHG), HT™(G), (28)
7(g) € LIH™(G), H(G)) = VYr>n/2: g€ H*(m”)(G). (29)
On a non-commutative group G the multiplication of operator-valued
symbols is not usually commutative, and this causes some complications in
symbolic calculus. Recall Theorem 4; we now find additional requirements
for the symbols by studying the commutator characterization of pseudo-
differential operators.
Let A € U™(G), and let D = M40, be a derivation on D(G). By Taylor
[15]
op.a(r) = ¢(x) [UaﬂUA( )]
+ Y (¢(2) (Q0s,) dJoa(z) - (876(x)) (@ oa(x)) 00,)

0<|y|<N

+ Z R, (z)

[v|=N

~ )[aa],m z)]
+ > (0(2) (Q05) dloa(z) — (370(2)) (Qoa(2)) 0a,)

lv>0
is an asymptotic expansion of the symbol of [D, A, where R, € ¥ N(G).
This expansion inspires new demands on symbols:
Definition. o4 € S (G), if
oa € SHG),
[00,,04] € S{"(G),
(QWUaj)UA c S,TH_M(G)

and

(Qoa)os, € 5 7M(@)
for every j € {1,...,n} and v € Nj with || > 0.

Definition.
S™G) = MZeSy (G).

Lemma 7. Let A, A; € L(D(G)) such that 0, € S™(G) and Ka_a; €

CI(G x G) for every j € N. Then o4 € S™(G). Moreover, Yo, € S™(G)
for every ¢ € C*(G).
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Proof. For any multi-indices o, f € Njj we can evidently choose j,3 € N
so large that

2" Q 0] 0, , (@)l 2y < Cla—a,,ym:

and hence 04 € SJ'(G); the first step of induction is established. Next,
suppose we have proven op € Sj(G) whenever there exists (0p,)%2, € S"(G)
such that Kp_p, € C/(G x G) (for every r € R). Now

[O-aw UA] = [0-3“ O-Aj] + [Uaia JA—Aj];

we know that [0s,,04,] € S™(G) for every j € N, and that the Schwartz
kernel corresponding to [0s,, 0.4 4;] gets arbitrarily smooth when j tends to
infinity. Thereby

00, 04] € Si7(G);

similarly one proves that
(Q o004 € 5" 1(G)

and
(Q04)0s, € S NG).

Thus 04 € S",(G). Consequently we have proven that o4 € S™(G), the
first claim of Lemma 7.

By induction we will get the result C*°(G)S;*(G) C SP*(G). Indeed, for
k = 0 this is trivial. Assuming

C®(G)SH(G) C SP(G) for every m € R,
let ¢ € C*(G) and op € S| (G). Then Yop € SP*(G),
l0a,,008] = [0, V]op + P]os,, o8] € SF(G),
(Q05,) (o) = ¥(Q0a)os € 5" (G)
and

(Q"(¢op))os, = ¥(QTop)os € S (G).
Thereby C*°(G)Si,(G) C Si 1 (G), so that C°(G)S™(G) € S™(G) O

Lemma 8. Let oy € S™A(G), o € S™8(G). Then

can@) = 3 (QUou(x) op(a)

la|<N

+ Z URN,a (LE),

la|=N

where for every j € N there exists Nj € N such that Kg, , € C/(G x G)
when |a] = N > N;.
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Proof. Observe that

(ABf)(z) = (sa(z)* (Bf))(z)

— /G/SA zzl ) s5(2)(zy™") duc(2) f(y) dug(y)

— //SA (27 Ga(zz™") 0%sp(z)(2y™ ") duc(z)
|| <N
)dMG( )
+ sa(2)) (227" da(227") NGz, 2)(2y7") dpa(2)
> L)
f(y) dpc(y)

where

sp(2)(y) = Y dalwz ') Osp()(y)

la|<N

+ 3 Galzz™) roal@, 2)(1),

la|=N

with the remainder terms (z,z) — 75 n,4(7, 2) in C°(G x G, H "57"(G))
for every r > n/2. Hence

can@) = 3 (QUoalx) Fon(s)

la|<N

+ Z TRy (T)

la|=N

where
Kry. (7,y) = /GSA(x)(le) Go(r27 ) reNa(T, 2)(2y ) dua(2).

Notice that (z,y) — $4(2)(y)da(y) gets arbitrarily smooth as N = |«| grows
(cf. the behaviour of z + Q%0 4(x)), so that the kernel Kg, , gets indeed
smoother with growing N O

Theorem 9.
U™ (G) = OpS™(G).
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Proof. Let A € U (G). By Lemma 6 we have
04 € C%(G, LH™(G), H'(@))),

and
Op(QO‘BfUA) € \pm—\al(G)'
Thus
U™ (G) C OpSY(G).

We shall proceed by induction: Assume that U (G) C OpSy*(G) for every
m € R. By Lemma 6, we have

Op((Q70,)04), OP((Q0a)0s,) € T™H1I(G).

Moreover,
Op([os;, 04]) € ¥ (G),

because [0y,,04(7)] = 0y, a1(x) — (Fjo4)(x). Hence U™ (G) C OpSY,,(G),
so that we have proven
U™ (G) C OpS™(G).

Now we are going to prove that [D, OpS™(G)] C OpS™(G) for a partial
differential operator D = M,d; € U'(G); by Theorem 4 this would mean
OpS™(G) C ¥™(@G), because OpS™(G) C L(H™(G), H(G)) due to Corol-
lary 3. Let 04 € S™(G). Lemma 8 yields

op,a(r) = ¢(x)[og;,0a()]

+ > (6(2) (QUon,) Bloa(@) — (316(x)) (Qoa(x)) 0s))

where the remainder terms Ry, behave nicely enough: the corresponding
Schwartz kernels Kg,  become arbitrarily smooth as N grows (see Lemma
8). Thereby due to Lemma 7 we get opp 4 € S™(G); combining this with
OpS™(G) C L(H™(G), H°(G)) we have proven that

OpS™(G) € T™(G)

5 Symbolic calculus

In this section we present some elementary symbol calculus on compact Lie
groups, and the results resemble closely the Euclidean case (see e.g. [8], [16]
or [17]) and the torus case (see [19]). Strichartz constructed a calculus for
left-invariant pseudodifferential operators on Lie groups in [13], and Taylor
for the class ¥™(G) in [15]. We review some of Taylor’s results. We also get
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some new results: we define and study a class of amplitudes in analogy to the
Euclidean case, and present an asymptotic expansion for transposed opera-
tors. The culmination is the final Proposition 14 yielding another asymptotic
expansion for a parametrix of an elliptic operator.

So far we have studied a pseudodifferential operator A as a family z —
oa(z) = m(sa(x)) of convolution operators, where

(Af) (@) = (oa(2) f)(z) = /G sa(@)(zy ) f(y) dua(y)-

Suppose we are given a two-argument family (z,y) — a(z,y) = 7(to(z,y))
of convolution operators, and formally define an operator Op(a) by

(Op(a)f)(z) = / (e y) (2 Y) F) dua(y). (30)
More rigorously:

Definition. A convolution operator-valued function a : G x G — L(D(Q))

is called an amplitude of order m € R, denoted by a € A™(QG), if the mapping
(z,y) = E ™a(x,y) belongs to C*(G x G, L(L*(G))) and the mapping x
80)a(x, y)|y=a belongs to S™(G) for every 3,y € Nj.

Example. Clearly S™(G) C A™(G), and if o € S™(G) then also (z,y) —
o(y) belongs to A™(G).

Proposition 10 reveals us that Op(a) belongs to OpS™(G) whenever a €
A™(G):

Proposition 10. If a € A™(G) then Op(a) = A € OpS™(G) and the

symbol has an asymptotic expansion

oa(x) ~ Z Q03 a(x, 2)| =4

a>0

Proof. Examining (30), first we develop t,(z,y) into Taylor series in vari-
able y at x:

ta(z, ) (wy™) = > dalzy™) 02 tal, 2)(2y™")| o=
|a|<N
+ Z (ja(zyil) Ta,N,a(xazaxyilﬂz:ma
la|=N

where (2, 2,9) = Ga(y)Tan.a(T, 2,y) gets arbitrarily smooth on G x G x G
as N grows (la] = N). Lemma 7 then yields the conclusion O
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Example. One may encounter operators A € £(D(G)) having amplitudes
of the form a(z,y) = ¥(z,y) 7(k), where Kk € D'(G) and ¢ € C®(G %
G); classical pseudodifferential operators on torus arising from mathematical
physics may have this form (see [20]). By Proposition 10, such an operator
has an asymptotic expansion

oa(z) ~ Y Op(,y)ly=e Q ().

Let us therefore take a look at the pseudodifferential operator algebra spanned
by multiplications and left convolution pseudodifferential operators, com-
pleted by asymptotic expansions: Let

oa@) ~ 3 ba() 7(ra)

and

on(x) ~ Y vs(x) m(Ag),

B>0
where ¢, 15 € D(G), Ka, Ag € D'(G). Then AB has an asymptotic expan-
sion

oap(r) ~ Y dalt) (0745)(2) (Q'7(ka)) T(As)

;3,720

= D bal@) (O2vp) (@) m((Mg,ka) * Ag).

;3,720

i.e. this expansion is of the same form as those for o4 and op.

Remark. Recall that A* € ¥™(G) if A € ¥™(G). An amplitude of the
adjoint A* is then given by (z,y) — 04(y)*, because

sa-(z)(zy™") = Ka-(z,y)
= Ku(y,z)
= sa(y)(y~'2)
= Za(y)(zy™).

Operator AB has an amplitude (z,y) — o4(x)op-(y)*, since
(ABf)(z) = (AB™[)(x)
= [ [ @) s @) 1) dils) dial2)

_ / te(z,y)(2y™") f(y) dpaly),

where t.(z,y) = sa(z) * $p+(y), hence c(x,y) = oa(x)op:(y)*. Thereby
Proposition 10 combined with Theorem 9 and Lemma 6 would provide asymp-
totic expansions for the symbols of the adjoint operator and the composition
of operators. However, we shall give short explicit constructions of asymp-
totic expansions in Propositions 11 and 12.
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Proposition 11. Ifos € S™A(G) andop € S™8(G) then oap € S™AT"5((G),

aap() ~ Y (Q0a(2)) (050p)(x).

a>0

Proof. The expansion arising from Lemma 8 yields the result, once we
notice that  — oa(x)og(x) belongs to S™A1"5(G) because of Theorem 9
and Lemma 6 O

Proposition 12. Let 04 € S™(G). Then the adjoint A* € OpS™(G) has
an asymptotic expansion

o (@) ~ 3 QU (oala)").

a>0

Proof. Formally

| 10T duat) = [ (49)(@) 5 duao
- / / sa(@))(@y™) £(y) dualy) 90@) duo(@)
_ / f / (@) () g(x) duc(x) duc(y)
~ X [ 10 [ aala) @) o)

a>0

dpc(z) dpc(y)
= Z/f Q*((0g04)(y)*9)(y) duc(y),

a>0

because 7(¢)* = m(¢). Due to Lemma 6, z — o4 (x)* belongs to S™(G), and
the behaviour of the remainder terms in expansion is studied as in the proof
of Theorem 9. Hence the asymptotic expansion for o4« follows O

An asymptotic expansion for the transpose A' € U™ (G) of A € ¥ (G)
can be derived in analogy to the proof of Proposition 12, recalling that

w(0) = m(d):
oar(x) ~ Y Q0oa(x)". (31)

a>0

Definition. We say that an operator A € W*(Q) is elliptic, if there exists
B € U*(Q) such that AB ~ I ~ BA. B is said to be a parametriz for A.
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Proposition 13. Ifos € S™(G) with x — o4(x)~" belonging to S~ ¢(G)
for some € € [0,1) then A is elliptic with a parametriz B € OpS "™%*(G),

op(z) ~oa(z ZUR’

where R € OpS™'"¢(G),

or(r) ~ Y (Q%a(x)) O (aa(x) ™).

|a|>0

The proof of this proposition follows traditional lines, applying the asymp-
totic expansion for composition of operators, see analogous treatment in [15].
Notice that since we do analysis only modulo infinitely smoothing operators,
it is enough to require that z — o4, p(z)~! belongs to S™™"(G) for some
P € U=*(@); indeed it is not necessary to assume that o4(x) be invertible.

Let us finally present another expansion for a parametrix:

Proposition 14. Let 04 € S™(G) with an asymptotic expansion o4 ~
Ym0 0a;, where 04, € S™I(G) when j > 1 and x> o4,(2)"" =2 o, ()
belongs to S™™1(G) for some € € [0,1). Then there exists a parametriz
B € OpS™™"(Q) for A, having an asymptotic expansion B ~ > 7° By,
where By € OpS™m~1=N(@),

N—-1N-k

oy (@) = =05,() DD D (Qoa,(2) o, (2).

k=0 j=0 vy:j+k+|y|=N

Proof. Due to Proposition 11,

oan(@) ~ Y Qo) Non(x)

N—k

> (Q704;(x)) 8y0p, (v)

N=0 k=0 j=0 y:j+k+|y|=N
= ]

- Y

i.e. AB ~ I. On the other hand, there exists B’ € OpS ™%*(G) such that
B' ~ %7 By, where Bj = B; and

op, (z) = —op () > (Qop(x) doa,(x);

=0 j=0 yij+k+|y|=N

Bl

Then B'A ~ I, so that B' = B'l ~ B'(AB) = (B'A)B ~ IB = B, or
B' ~ B. Thus B and B’ are both parametrices for A O
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