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1 Introduction

In this article we treat pseudodifferential analysis on orientable homogeneous
spaces G/K, where G is a compact Lie group with a closed subgroup K.
This research continues the work in [11], where such analysis on compact
Lie groups was studied. Apart from pure theoretical interests, there are
applications which call for the present treatise: e.g. Dirichlet boundary value
problems in a domain diffeomorphic to the unit ball of R* may be considered
within the framework of harmonic analysis on the two-sphere S? C R?. Taylor
(see [7]) has characterized pseudodifferential operators on the spheres S™ by
studying the smoothness of certain operator-valued functions on a large group
of symmetries, but this result cannot be used for our purposes here.

We explain how a pseudodifferential operator on a compact Lie group
GG can be “projected” to a pseudodifferential operator on orientable compact
homogeneous spaces G/K in a way respecting the algebraic structures. The
other way round, given a pseudodifferential operator on G/K when K is a
torus we construct an “extended” pseudodifferential operator on G; the “pro-
jection” of this “extension” in turn returns the original operator. “Extended”
operators can be used to calculate asymptotic expansions for operators on
G /K using operator-valued symbolic calculus on G (see [8], [11]).

Vector space notation

The space of the continuous linear operators between topological vector
spaces X and Y is denoted by L£(X,Y), and we write £(X) := L(X, X);
the dual space of X is X' := L(X,C). If X is a nuclear Fréchet space,
X ® X' stands for the complete locally convex tensor product.

2 Pseudodifferential operators on R? x TY

For general treatments of pseudodifferential calculus on the Euclidean spaces
or manifolds, see e.g. [3| or [9]. Periodic pseudodifferential operators, i.e.
pseudodifferential operators on tori expressed utilizing Fourier series, were
introduced in [1], and their complete symbolic calculus is presented in [12].

Let T? = R?/Z4 be the g-dimensional torus group. In the sequel we shall
identify R® and Z° with the set {0}, and R? x T is identified with RP. Let
SR xT9) = {f € C°(RP xT?) |Vy € T? : (x — f(z,y)) € S(R")} be
endowed with the natural Fréchet space structure of the test functions. In
this space, we define the Fourier transform f — f by

f(é—) — /Rp qu(x) €7i27r:1:-§ d.ﬁEl .. 'dprrq:

where £ € R? x Z%. Let eg(z) = €™ and let A € L(S'(RP x T?)); then
ee € §'(RP xT7), and we can define the symbol oy : (R? xT?) x (RP xZ9) — C
of A:

oa(w,8) == ee(z) " (Aeg)(z), (1)



and it is clear that o4 is C'*°-smooth with respect to the variable x € RP.
Then A can be retrieved from its symbol o4 by

(Af)(x) = / S ouw 8 fO) e dg - dg, (2)
p§p+1 ~~~~~ Ep+q€L

The symbol class S™(RP x TY) consists of those C'*-smooth functions
oa: (R x T9) x (RP x Z%) — C for which

sup |0f AL 0o a(w,€)] < Cagpm (€)™ (3)
T€RP X T4
for every multi-index a@ = o/ +a”,8 € NJ™%; here a = o + o/, o =

(o1, 05,0,...,0), and (£) = (1+Y077¢2)"/2. Here Ag is the ath forward
difference operator defined by

« _

2 = 3 ()0 o+ (@)
0<7<a N7

la| = 1 implies (Ago)(§) == o(§ + a) — o(§). Operator A € L(S(RP x TY))

is called a pseudodifferential operator of order m € R, A € U™ (RP x T?) =

OpS™R? x T9), if o, € S™(RP x T9).

3 Analysis on closed manifolds

Let M be a C*°-smooth, closed (i.e. compact, without a boundary) orientable
manifold. The test function space D(M) is the space of C*°(M) endowed with
the usual Fréchet space topology. Its dual D'(M) = L(D(M), C) is the space
of distributions, endowed with the weak-x-topology. The duality is expressed
by the brackets (¢, f) = f(¢) (p € D(M), f € D'(M)). Embedding D(M) <
D'(M) is interpreted by

(6,0) = /M o) (x) dr.

The Schwartz kernel theorem states that £(D(M)) is isomorphic to D(M) &
D'(M); the isomorphism is given by

(A9, f) = (Ka, [ ® ¢), (5)

where A € L(D(M)), ¢ € D(M), f € D'(M), and distribution K4, € D(M)®
D'(M) is called the Schwartz kernel of A. Then A can uniquely be extended
(by duality) to A € L(D'(M)), and it is customary to write informally

(Af)(x) = /M Kalz,y) f(y) dy

instead of ¢ — (¢, Af) (¢ € D(M)). Recall that L*(M) = H*(M), D'(M) =
User H*(M) and D(M) = Nyer H* (M), where H*(M) is the (L?-type) Sobolev
space of order s € R.



An operator A € L(D(M)) is a pseudodifferential operator of order m € R
on M, A € U™(M), if (MyAM,), € U™(RImM)) for every chart (U, k) of
M and for every ¢,v € Cg°(U), where M, is the multiplication operator
f— of, and

(MyAMy)nf = (MgAMy(f o k)) o 671 (f € C%(sU)).

We sometimes treat write MyAM, € ¥™(R¥™M) thus omitting the sub-
script x and leaving the chart mapping implicit. Equivalently, pseudodifferen-
tial operators can be characterized by commutators (see [11]): A € L(D(M))
belongs to U™ (M) if and only if (A;)52, C L(H™(M), H*(M)) for ev-
ery sequence of smooth vector fields (Dg)?2, on M, where Ay = A and
A1 = [Dyir, Ail.

A smooth left transformation group is

(G7 Mi m)7

where G is a Lie group, M is a C*°-manifold and m : G x M — M is a
C*-mapping called a left action, satisfying m(e, p) = p and m(z, m(y,p)) =
m(zy, p) for every x,y € G and p € M, where e € G is the neutral element
of the group. The action is free, if m(x, p) = p implies = e. It is evident
how one defines a right transformation group (G, M, m) with a right action
m:MxG— M.

A smooth fiber bundle is

(E:BaFapE%B)a

where E, B, F are C*°-manifolds and pr_,p € C*°(E, B) is a surjective map-
ping such that there exists an open cover Y = {U; | j € J} of B and
diffeomorphisms ¢; : p~1(U;) = U; x F satisfying ¢;(z) = (pp—5(z),¥;(2))
for every x € p,', 3(U;). The spaces E, B, F are called the total space, the
base space, and the fiber of the bundle, respectively. The cover U is called
a locally trivializing cover of the bundle. Sometimes the mapping pg_, 5 is
called the fiber bundle.
A principal fiber bundle is

(EaB:F:pEﬁBam):

where (E, B, F,pg_,p) is a smooth fiber bundle with cover & and mappings
®;,; as above and (F, E,m) is a smooth right transformation group with
a free action satistying pr_,g(m(z,vy)) = pr_p(z) for every (z,y) € E x F

and v;(m(z,y)) = 1;(z)y for every (z,y) € pyl,5(U;) x F.

4 Harmonic analysis on compact Lie groups

Let G be a compact Lie group. Let g be the normalized Haar measure of G

The starting point of harmonic analysis on G is the left regular representation
of G, which is the homomorphism 77 : G — L(L*(G)) defined by

(mo(y)f)(z) = fly 'x) (6)



for almost every x € G equivalently we could begin with the right reqular
representation T : G — L(L*(G)) defined by

(mr(y)f)(z) = f(zy) (7)

for almost every = € G.
The Fourier transform of a distribution f € D'(G) is said to be the
operator 7(f) € L(D(G)) defined by

m(f)g=[*g, (8)

i.e. the left convolution by f. Let A € L(D(G)) with the Schwartz kernel

K 4. The symbol of A is the mapping o4 : G — L(D(G)) defined by o4(z) =

7(s4()), where K4(x,y) = (sa(x))(xy 1) in the sense of distributions. Then
we denote A = Op(04), and we have

(Af)(x) = (oa(2)f)(z)
= Tr(oa(e) n(f) me(2)") (f € D(G), = € G).

In the sequel A is the bi-invariant Laplacian of G (i.e. the left and right
translation invariant Laplacian, or the Laplacian corresponding to the bi-
invariant Riemannian metric of G), and we define = := (I — A)Y?; then
E™ is a Sobolev space isomorphism H*(G) — H* ™((G), and it is also bi-
invariant.

In the notation of [11], let us define

Qn(s) =7(y = daly) s(y)),

where if s € D'(G), and ¢, € C*(G) (a € Ngim(G)) satisfies
1 o
do(exp(z)) = i
when z belongs to a small neighbourhood of 0 € g, the origin of the Lie
algebra g of G; technical details can be found in [11]|, where we presented the
following characterization of pseudodifferential operators:

Definition. An operator A € L(D(G)) belongs to V™(G) if and only if
o4 € S™(G) =2 SPHG); here op € S§*(G) if and only if

IZ Qo5 () | cr2()) < Chagm (9)
uniformly in x € G for every a, 8 € Ngim(G); op € S8 (G), if
op € Si(G), (10)
[08;,08] € S;"(G), (11)
(Qa5,)a4 € 57 7(@) (12)
and
(Q"04)00, € SP17NG) (13)

for every j € {1,...,dim(G)} and v € Ngim(G) with |y| > 0, where {0; | 1 <
Jj < dim(G)} is a basis for the vector space of the right-invariant vector fields
on G.



5 Harmonic analysis on compact homogeneous
spaces

Let (G, E,m) be a smooth left transformation group. The manifold M is
called a homogeneous space if the action m : G x M — M is transitive, i.e.
for every p,q € M there exists © € G such that m(z,p) = q.

Let us give another, equivalent definition for a homogeneous space: Let
G be a Lie group with a closed subgroup K. The homogeneous space G/ K
is the set of classes K = {2k | k € K} (z € G) endowed with the topology
co-induced by x — xK and equipped with the unique C'*°-manifold structure
such that the mapping (z,yK) — xyK belongs to C*(G x (G/K),G/K)
and such that there is a neighbourhood U C G/K of eK € G/K and a
mapping ¢ € C®(U,G) satisfying ¢ (zK)K = xK. The group G acts
smoothly from the left on the manifold G/K by (z,yK) + z7'yK. Ac-
tually a smooth homogeneous space M is diffeomorphic to G/G,, where
Gp ={z € G | m(z,p) =p}.

Notice also that (G,G/K, K,z — =K, (z,k) — zk) has a structure of a
principal fiber bundle (see [2]).

From now on we assume the Lie group G to be compact. We can regard
functions (or distributions) constant on the cosets K (z € G) as functions
(or distributions) on G/ K it is obvious how one embeds the spaces D(G/K)
and D'(G/K) into the spaces D(G) and D'(G), respectively. Let us define
Pajx € £(D(G)) by

(Peyief) (o) = [ 1(ok) dun(r (14)

Hence Pg/xf € C*(G/K), and Pk extends uniquely to the orthogonal
projection of L?(G) onto the subspace L?*(G/K). Let us consider operators
A € L(D(G)) with the symbol satisfying

oalzk) =04(z) (x€G, k€ K); (15)
this condition is equivalent to
sa(zk)(y) = sa(x)(y)
in the sense of distributions, or
Ka(zk,yk) = Ka(z,y).

Then A maps the space D(G/K) into itself. Of course, for a general A €
L(D(G)) this is not true, but then we can define an operator Ag/x €
L(D(G)) by

SAG/K = (Pg/K®id)SA. (16)

Recall that 04 € C®°(G, L(H™(G), H*(G))) when A € ¥™(G), so that then

Tacyule) = [ oa(ak) duc(h) (a7)



exists as a weak integral (Pettis integral), see [4].

Suppose we are given symbols of pseudodifferential operators A;, A, on
G satisfying the K-invariance (15). If we look at the asymptotic expansion
formulae for 04, 4,, 0a; and o4 in [11], we see that all the terms there are
K-invariant in the same sense. Moreover, for an elliptic K-invariant symbol
the terms in the asymptotic expansion for a parametrix are also K-invariant.

Theorem 1 and its corollary show how to 'project’ pseudodifferential op-
erators on G to pseudodifferential operators on G/K:

Theorem 1. Let G be a compact Lie group with a closed Lie subgroup K.
If A e ¥™(Q), then Ak € ¥™(G).

Proof. First, notice that Pg/k is left-invariant, and hence
(07 ® Mg, )(Poyx @id)sa = (Pojx @1d)(9 © Mg, )sa

for a right-invariant partial differential operator 97 and a multiplication M,
for every a, § € Nﬁlm(G). Therefore

Op(Qo‘afaAG/K) = (Op(Qo‘a,faA))G/K .
Since A € U™ (@), we have
”Qaa:fUA(x)”E(Hmfla\(G),HO(G)) < Caapm;

and so the mapping k — Q*0%0 4(xk) belongs to C=(K, L(H™ 1*(G), H*(G)))
for every z € GG. Then

/K Qo a(xh) dux (k)

1Q 070 ¢ ic ()| (101 110)
L(Hmf\od ’HO)

< / 1Q 0 0 4 (k) | g 1ol 0y dpurc (k)
K

< sup||QaanA($k)||L(Hm—|a‘,H°)
keK

< sup ||Qa550A(?J)||£(Hm—|a‘,H°)
yel

S CAaBm-

This proves that o4, € OpSg*(G). Let B € L(D(G)) be any right-invariant
(left convolution) pseudodifferential operator. Then og(z) = B for each
r € G and x — sp(x) is a constant mapping G — D'(G), B = Bg/k, and

(Op(oaos))a/x = Op(0ag,0B)

and
(Op(0Boa))a/xk = Op(0BoAL )



Assume that we have proven oc,, , € Si(G) for every C' € U'(G), for every
r € R. Using Lemma 6, Theorem 9 and Proposition 11 in [11], we hence get

Op([03j7UAG/K]) = Op([o-aj’O-A])G/K € OpSIT(G)a

Op((Q00,)01,) = OD((Q105,)04)eyx € OpSy ™ 1(G)
and

Op((Q704,,)08;) = Op((Q"04)005,) /K € Ops; (@)

this means that o4, , € S;;(G), and then by induction we get 04, €
S™(G) = MiZeSE(G) B

Corollary 2. Let G/K be orientable. Then Ag/k|pc/xy € V"™(G/K) for
every A € U (G).

Proof. Let
V" (G)a/x = {Aq/x | A € T™(G)}

and
U"™(G)a o/ ry = {Ac/klper) + A€ V™(G)}.

By Theorem 1 we know that V™ (G)q/x C ¥™(G). Let D be a smooth
vector field on G/K. Since (G,G/K, K,z +— xK, (x, k) — zk) is a principal
fiber bundle, there exists a smooth vector field X = X4/ on G such that
Xl|p/xy = D (see [5]). Then

[D,V"™(G)a/k /) = [X, ¥ (G)a/kllpe/xy C Y™ (G)ak |,

and this combined with V" (GQ)q,k|pc/x) C LIH™(G/K), H*(G/K)) yields
the conclusion due to the commutator characterization of pseudodifferential
operators on closed manifolds O

Hence at least sometimes a pseudodifferential operator on G/K has a non-
unique extension to a pseudodifferential operator on G. If B; € ¥ (G/K)
has an extension C; = (Cj)g/x € V™ (G) (ie. Cjlp/x)y = Bj), then
C: € U™ (G) is an extension of the adjoint operator Bf € U™ (G/K),
and B1B, € ¥™*"(G/K) has an extension C1Cy € U™ (G); and if
C, is elliptic with a parametrix D € =™ (G), then D = D¢/ and By €
U™ (G/K) is elliptic with a parametrix D|pg/x) € V7™ (G/K).

6 Harmonic analysis on G/K, K a torus

In the sequel we always assume that the subgroup K of G is a torus, K = T9.



Example of special interest: Let B” be the unit ball of the Euclidean
space R", and S™! its boundary, the (n — 1)-sphere. The two-sphere S2
can be considered as the base space of the Hopf fibration S? — S2, where the
fibers are diffeomorphic to the unit circle S' C R?. In the context of harmonic
analysis, S? is diffeomorphic to the compact non-commutative Lie group G =
SU(2), having a maximal torus K = S' 22 T'. Then the homogeneous space
G/K is diffeomorphic to S% so that the canonical projection PGoG/K P T
xK is interpreted as the Hopf fiber bundle G — G/ K; in the sequel we treat
the two-sphere S? always as the homogeneous space G/ K. Notice that also
S% = S0(3)/T".

In [6] a subalgebra of U (S?) was described in terms of so called spherical
symbols. Functions f € D(S?) can be expanded in series

=3 F 0 Y (0,0), (18)

where (¢, 0) € [0,27] x [0, 7] are the spherical coordinates, the functions Y,
the spherical harmonics with Fourier coefficients

/ / 1(6,6) Y7 (,0) sin(6) do db. (19)

Let us define
(AF)(6,0) =" a(l) f)m Y"(6.0), (20)

where a : Ny — C is a rational function; in [6], Svensson states that A €
U™ (S?) if and only if
la(l)] < Cam(l+1)™. (21)

Let us present another proof for a special case of Theorem 1 and Corollary

Theorem 3. Let G be a compact Lie group with a torus subgroup K. If A €
U™ (G), then Aq/x € Y™(G) and the restriction Ag/k|pc/x) € ¥"(G/K).

Proof. Let dim(G) =p+q, K 2T Let V = {V; | i € Z} be a locally
trivializing open cover of G/K for the principal fiber bundle (G, G/ K, K, x +
oK, (x, k) — xk); Let U = {U; | 1 < j < N} be an open cover of G/K such
that for every ji,jo € {1,..., N} there exists V; € V containing U, U Uj,
whenever U;, NU;, # 0. Notice that we can always refine any open cover
on a finite-dimensional manifold to get a new cover satisfying this additional
requirement (proving this is easy, see an analogous treatment for partitions
of unity in [10]). Then each U; UU; (1 <1i,j < N) is a chart neighbourhood
on G/K, and furthermore there exist diffeomorphisms ¢;; : (U; UU;) x K —
p&LG/K(Ui U Uj) such that pg_q/k (¢i(, k) =  for every z € U; UU; and

10



k € K. To simplify notation, we treat the neighbourhood U; UU; C G/K as
aset U;UU; C RP, and p&LG/K(UiUU]’) C Gasaset (J;UU;)xT¢ C RP xT4.
Let {(Uj,v¢;) | 1 < j < N} be a partition of unity subordinate to U,
and let A;; = My, AM,, € U™ (G). With the localized notation we consider
Aij € Y™(RP x T7), so that it has the symbol o4, € S™(RP x T?). Then

O(Ag) K )ij (z,§) = O(Aij)ax (z,¢)
= / Oy (D1, T, Tpy1 + 21,0 Tpyg + 2436) dzy -+ dz,
Ta

and it is now easy to check that o € S™(RP x T9). This yields

(Ag/[()ij € \I’m(G), thus
Agix = Y (A/x)iy € U™(G)

i’j

AG/K)ij

O

Theorem 4. Let G be a compact Lie group with a torus subgroup K. Let
B € ¥"™(G/K). Then there exists an operator A = Ag/x € V™(G) such that

A|D(G/K) — B

Proof. Let K = T? dim(G) = p + ¢, and let {(U;,¢;) | 1 < j < N}
be the same partition of unity as in the proof of Theorem 3. Let B;; =
My, BM,, € ¥™(G/K). With the localized notation we consider By; €
U™(RP), so that it has the symbol op,, : R? x RP — C, and the mapping
(z,&) = o, (,&) is zero when x € R? \ (U; U U;). We use Lemma 5 in
Appendix to construct a pseudodifferential operator A;; € ¥™(RP x T?) such
that o4, : (R? x T9) x (R? x Z%) — C,
oa, (75 PE,0,...,0) = op, (Px; PE),
where Py = (y1,...,9,) (y € RF*). Hence A = Agx = >, ; Aij € ¥"(G)
and A|D(G/K) - \I’m(G/K) Let f = Zk fk € COO(G/K) C COO(G), fk =
f1bg; then
(AN) = Y (Ayfi)(@)
1,5,k
— Z Z UAij (fl?, f) fk (6) ei27rm-§ dé‘l Tt dé‘jﬂ
1,5,k R §p+17---7§P+q€Z
=Y / o, (7, PE0,...,0) fu(PE,0,...,0) e PP e, . . de,
irjk R
- Z/ UBij (P:Ev Pg) fAk(Pga 07 R 0) eiQF(Pm).(PO dgl e d{p
ik TR
= ) (Byfi)(Px)
1,5,k

= (Bf)(K) N

11



7 Discussion

Theorem 4 combined with Lemma 5 provides just one way of extending
operators, unfortunately destroying ellipticity: this is due to the apparent
non-ellipticity of the symbol y in Lemma 5. Let us discuss this problem and
provide other extensions.

Let us extend the identity operator I € W°(RP) using the process sug-
gested by Lemma 5. Of course, it would be desirable if I € W°(RP) could be
extended to the identity in WO(RF*?), but now o7(z,€) = 1, and thereby its
extension A € WO(RP™) has the non-elliptic homogeneous symbol o4 = x €
SO(Rp+q)_

Given an elliptic symbol o € S™(RP) we can occasionally modify the
construction in Lemma 5 to get an extended elliptic symbol in S™(RP*7).
Sometimes the following trick helps: Let 04, € S™(RPT) be an extension of
op, as in Lemma 5,

O A (1‘,5) = Xl(g) 0B, (1‘1, <. 7:Ep;§1a <. 75;0)7

where x; € S°(RPT9) is a homogeneous symbol satisfying x1|w xre)\go0,1) = 0,
X1|rexv = 1, where U C R? and V' C R? are neighborhoods of zeros. Take
any elliptic symbol op, € S™(R?), and modify Lemma 5 to construct an
extension o4, € S™(RPT?) such that

0452, §) = x2(8) 0B, (Tps - Tp1g5 &ps -+ Epta)

for a homogeneous symbol x» € S°(RP*?) satisfying Xo|wxrapro,) = 1,
Xa|@®exvngo,1) = 0. Then o4, + 04, € S™(RPT9) is an extension for op,
(modulo infinitely smoothing operators). For instance, if By = I € U'(RP),
let By =1 € WO(R?) and xo(&) =1 — x1(&) (for |€] > 1), then A} + Ay =1 €
WO(RPT) (modulo infinitely smoothing operators).

It may happen that any extension process for an elliptic symbol op €
S™(RP) constructs a non-elliptic symbol in S™(RP*). Consider, for instance,
a case where B € U™(IR?) is an elliptic convolution operator and & — f(£) =
op(x,€) is homogeneous outside the unit ball B(0,1) C R?. If the mapping
flg1 : St — C\ {0} is not homotopic to a constant mapping (i.e. f|g: has
a non-zero winding number) then no extension o4 € S™(R?) of op can be
elliptic.

Multiplications on G/ K have already been extended to multiplications G
via z — 2K, and A = Ag/k for any left convolution operator (multiplier)
A € L(D(G)) (in fact, then o4(z) = A for every z € G). Sometimes on
G/K we have operators that resemble convolution operators. Suppose we
are given a left convolution operator A € U™(SU(2)). Then the restriction
B = Alpsz € U™(S?) is of the form

(Bf)(.0) i > (Z f(l)n> Y™ (9,0), (22)

=0 m=—1 \n=-I

12



where the coefficients a(l),,, € C can be calculated from the data
{BY" |le Ny, me {-l,-1+1,...,1—1,1}}.

It is even true that the original operator A can be retrieved from the coeffi-
cients a(l),- In fact, any operator B € £(D(S?)) of the form (22) can be ex-
tended to a unique left convolution operator belonging to £L(D(SU(2))). Now
a natural question arises: given a pseudodifferential operator B € ¥™(S?) of
the form (22), does its extension to the left convolution operator belong to
U™(SU(2))? This is an open problem. An interesting special case is

BN = [ w0 16) du (23)

where k € D'(S?), (z,y) — z-yis the scalar product of R*, and the integration
is with respect to the angular part of the Lebesgue measure of R®. Then

(Bf)(¢,0) = chl m Y™ (¢,0)

=0 m=-1

for some normalizing constants ¢; depending only on [ € Nj.

8 Appendix

Lemma 5. Let x € C®°(RPTY) be homogeneous of order 0 in RFT9\B(0,1),
i.e. x(&) = x(&/||&]) when ||£]| > 1. Furthermore, assume that x satisfies
X|(U><]RQ)\[B(0’1) =0, X|gexv =1, where U C R? and V C R? are neighborhoods
of zeros. Let op € S™(RP) and

oalz,§) == x(§) op(Px, PE),

where P(xy,...,Tp1q) = (x1,...,2p). Then o4 € S™(RPTY). Moreover,
UA|(RP><R‘1)><(RP><ZG) € S™(RP x T?).

Proof. We shall first prove that
(97)(E)] < Oy (PE)T (€)1 (24)

for every 7 € R and for every v € NJ™. It is trivial that (z,&) — x(&)
belongs to S®(RPT?). If r > 0 then obviously (24) is true. Since we are not
interested in the behaviour of the symbols when [|£]| is small, we assume that
|€]| > 1 from here on. There exists 7o € (0,1) such that x(£) = 0 when
|PE|| < ro. Let 7 < 0 and € € supp(x). Then ||P&|| > rol|€]|, and thus

@70 < ¢, (M
= G, (PO (P& (&)™
< Oy (PEYTT (ref) ()7
< Cyrp (PE)T (g
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Hence the inequality (24) is proven. Now

085oa(x.E) < Y (:) (O ()] (007 0) (P, P

7<a

> (j) Cor (PE (&) Coaryom (PEYP—

r<a
S CBaﬂmX <£>m7 o] 3

if we choose r, = m — |a — y|. Thereby 04 € S™(RP*?). Clearly we can
consider this symbol as a function o4 : (R’ x T?) x (R? x R?) — C and
study its restriction UA|(Rprq)X(RpXZq) we claim that this restriction belongs
to S™(RP x TY). Indeed, Taylor expansion of a function o € C*°(R?) yields

86 = X ()0 ole )

— ; (g) (_1)|7—5|
x (Z G @O+ %M (ago—)(§+956)>
lol<|v| o=l
= Y @O (§) o
lol< || p‘ <y <5>
+> ) —5ﬂ (020) (& + 056)
6<y |pl= |7|
= > > —5ﬂ (020)(€ + 050),
0<y |pl= M
because
> (D (D)7 = A€]e=0 = 0

whenever |p| < |vy|. Therefore

(Ao < > > —5ﬂ (020) (& + 056))

0<y |pl= |7|
< ¢y sup [(GFo)(E+ ),
NESy,|pl=[7]

where S, is the hyper-rectangle [[7_,[0,7;]. Let o’ = (Pa,0,...,0), o =
a — o'; then
0 A Dloa(e )] < Co sup  |0FO}oa(w, &+ )
nESqms|pl=1a|

< Cq Canpm sup (€ + nymle
NESa
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NESa

< Cy Caapm 9lm—|al <a>|m—\all <§>m—\a|
= Cz’ﬁlaﬂm <€>m7‘a|7

notice the application of the Peetre inequality
€+ < 2P (e ().

Hence 0 4|(rex1o)x (e xza) € S™(RP x TY) O
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