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1 Introduction

Pseudodifferential operators are a generalization of linear partial differen-
tial operators, arising from studies of elliptic partial differential equations.
Pseudodifferential calculus provides essentially constructive means for solv-
ing elliptic problems. The roots of this discipline stem from the theory of
singular integral operators, notably from the work of A. P. Calderén and A.
Zygmund. In 1965 J. J. Kohn and L. Nirenberg defined the first modern
pseudodifferential operator classes and studied their basic properties, and
soon this work was carried on especially by L. Hérmander.

The fundamental idea in pseudodifferential calculus is to replace alge-
bras of operators by function algebras via a process resembling the freezing-
coefficients technique familiar from solving variable coefficient partial differ-
ential equations. One establishes a bijective correspondence between opera-
tors and certain functions called symbols, and restricts the operator classes
by setting demands on the symbol functions in order to distill some essential
features of partial differential operators. Although the operator-to-symbol
mapping is not an algebra homomorphism, it still approximatively preserves
the elementary properties of the original operator algebra, and it is definitely
easier to treat symbol functions than the corresponding operators. One starts
by defining pseudodifferential operators on the Euclidean spaces, and since
many of the operator classes are diffeomorphism invariant, the calculus can
be transfered to smooth manifolds by using partitions of unity.

Symmetries of a manifold sometimes permit powerful tools for pseudo-
differential calculus: Consider, for instance, a Dirichlet problem of an elliptic
partial differential equation in a domain diffeomorphic to the unit disk of the
plane R?, with a smooth boundary. The resulting boundary integral equa-
tion can be efficiently treated using Fourier series and fast Fourier transform
(FFT). Related pseudodifferential calculus for Fourier series was studied by
M. S. Agranovich ([4], [3], [2]) and others, and fast algorithms for solving
equations were presented by, e.g., G. Vainikko ([34]).

Naturally, it would be desirable to construct efficient methods for solving
boundary integral equations on other manifolds as well. For example, the
surface S? of the unit ball B®> C R* would be an interesting case. In general,
pseudodifferential calculus on a torus resembles very much the Euclidean the-
ory, and this is due to that T" = R" /Z" is an Abelian group; unfortunately,
the sphere S? lacks such an algebraic structure. However, the special orthog-
onal group SO(3) acts transitively on S? and much of the analysis on the
sphere can be derived from harmonic analysis on the symmetry group. E.g.,
spherical harmonic functions on S? are a byproduct of the representation
theory of SO(3). Actually, S? is just an example of homogeneous spaces.

R. Strichartz treated the calculus of convolution type pseudodifferential
operators on Lie groups in [26], and in 1984 M. E. Taylor (see [30]) presented a
pseudodifferential calculus for Lie groups, studying operators as convolution
operator -valued functions on the groups, and constructing a symbolic calcu-
lus there; however, operator classes on a group were defined using Euclidean



symbol inequalities in the exponential coordinates in a neighbourhood of the
neutral element; no symbol inequalities on the group were given.

In this thesis we study pseudodifferential calculus on compact homoge-
neous spaces, mostly on compact Lie groups, and special attention is paid to
the case of the tori T". We present a characterization of pseudodifferential
operators on closed smooth orientable manifolds by studying Sobolev space
boundedness of certain iterated commutators. We combine this commutator
approach with M. E. Taylor’s pseudodifferential calculus [30] to character-
ize symbols of pseudodifferential operators on compact Lie groups. We also
define amplitudes (or generalized symbols), and we study symbol calculus.
In particular, we construct asymptotic expansions for a parametrix of an
elliptic pseudodifferential operator. Finally, we show how pseudodifferential
calculus on compact Lie groups can be exploited to create some calculus on
compact smooth orientable homogeneous spaces, especially on spaces of the
form G/K with K a torus subgroup of G, like S? 2 SO(3)/T"' = SU(2)/T!.

2 Results and connections to earlier research

Fourier transform is the main tool in pseudodifferential calculus, other impor-
tant machinery including the theory of distributions (especially the Schwartz
kernel theorem) and the classical Taylor expansion of smooth functions.

2.1 Commutative background

Already S. G. Mikhlin in the 1940s and A. P. Calderén and A. Zygmund in
the 1950s represented a singular integral operator as a family of convolution
operators: we start with the Schwartz kernel K4 € S(R")®S'(R") of a linear
operator A € L(S(R")), defined by the duality

(Ka, [ ®¢) = (A0, f),

where the tensor product ® is the completed tensor product of the nuclear
locally convex spaces S(R") and S’'(R"). Formally we can define sy(z) €
S'(R") by sa(z)(y) == Ka(z,z — y), and then

(Ag)(z) = Ka(x,y) ¢(y) dy

R

= / sa(z)(z —y) d(y) dy.

Hence (A¢)(z) = (sa(z) * ¢)(x); in a sense the convolution by s4(z) is the
frozen version of A at point x € R". In [15] J. J. Kohn and L. Nirenberg went
on to define the symbol function o4 : R” x R* — C as the Fourier transform
of s4, more precisely

L ——

oa(z, &) = sa(z)(§).



Let us assume that 04 € C°(R" x R") satisfies
1080704 (,€)| < Caapm (€)1, (1)

for every 7 € R" and o, B € NZ, where & + (€) = (14+|£[%)Y2, and Cyapm is a
constant depending only on A, o, 8 and m. These symbol inequalities define
the symbol class S™(R") and the corresponding class ¥™(R") = OpS™(R")
of pseudodifferential operators of degree m € R. It should be noted that the
index m in the coefficients C4npm is essential: Consider, for instance, the
case where g 4(x,&) = log || for large |£]| for every x € R. Then A is of any
degree m > 0, but not of degree 0, and lim,,, ,o+ C400,» = 00. An operator
A € U™(R™) belongs to L(S(R")), L(S'(R™)) and L(H*(R"), H>~™(R")),
where H*(R") is the L?-type Sobolev space of order s € R. We may write

(46)(w) = [ oula€) b(e) e de: @

the symbol o4 can be regarded as a weight for the inverse Fourier transform.
Various other symbol inequalities, that is conditions resembling estimates
(1), have been introduced to restrict symbol classes for suitable occasions.

The symbol o4 contains all the information about an operator A, and
while operator algebras may be difficult to handle, the symbol function al-
gebras enable practical calculations, and the operations in these algebras
are closely related to each other: For example, approximatively o45(z, &) ~
oa(z,8)op(z, &) and o4+ (x, &) = 04(x, ), whereas actual calculations for the
composition AB and the adjoint A* might be tremendous tasks. For in-
stance, if 04 € S™4(R") and o € S™#(R"), we have oup — 3,y 0c, €
Smatms=N(RM) where

0o (7, 8) = (O 0a)(2,€) (0708)(2,€).

In such a case one writes o4 ~ Y <0 0c, or AB ~ > _ C,, which are
called asymptotic expansions for the composition of pseudodifferential opera-
tors. The constructions of such formulae mainly rely on using the traditional
Taylor expansion of smooth functions, familiar from undergraduate calcu-
lus. Similarly one can construct asymptotic expansions for the adjoints and
transposes of pseudodifferential operators (see [14], [31], [32]).

Since asymptotic expansions obviously reveal information only modulo

S7TOR?) = Nmer S™(R"),

these symbols of arbitrarily low degree may be regarded as inessential. A
pseudodifferential operator A is called elliptic if it is invertible modulo class
OpS~°(R"), i.e. there exists a pseudodifferential operator B such that op_;
and og4_; belong to S™°°(R™). Such a formal inverse B is called a parametriz,
for which one may calculate an asymptotic expansion using the expansion for
the composition of operators. Moreover, while differential operators are local
in the sense that they do not increase the support of a distribution, other



pseudodifferential operators are only pseudolocal: if a distribution f € S'(R™)
is C*°-smooth on an open set U C R", so is Af for A € U(R").

We assume that the definition of a manifold contains the second countabil-
ity axiom: this means that the topology has a countable base. For compact
Hausdorff spaces, second countability axiom is equivalent to the metrizability
of the space. On a smooth manifold M one defines pseudodifferential opera-
tors by localizing with partitions of unity; the class ¥ (R") is diffeomorphism
invariant, and hence the corresponding class U™ (M) is well-defined.

Let T" := R" /Z" be the n-dimensional torus. M. S. Agranovich was first
to prove ([2]) that an operator A € U™ (T") can be presented in the form

(Af)(2) =) oala,&) f(€) e (3)

gezn
such that o4 € S™(T"), the class S™(T") defined by the symbol inequalities
2807 04(2,€)] < Caapm (™, (4)

for every o, 8 € Nj and x € T", where C4qpm is a constant depending only
on A, a, f and m. Here Ag is the forward difference operator,

€ =3 (%) C0Fl ot )

v<a v

Pseudodifferential operators on the torus T" are sometimes called periodic
pseudodifferential operators. In [17] W. McLean defined the naturally gen-
eralized symbol classes S7';(T") (where S™(T") = S7{(T")) and proved that
the operator class OpS]s(T") for 1 — p < 6 < p < 1 coincides with the
traditional one obtained locally from OpS}’;(R").

In article [I] we present the elementary symbolic calculus of periodic
pseudodifferential operators, providing asymptotic expansions for the com-
positions, adjoints and transposes of operators and for amplitude operators,
and thus we generalize the results of Elschner and Amosov ([12] and [5]), who
have considered the case of classical pseudodifferential operators. The form
of the asymptotic expansions was proposed by G. Vainikko, and the validity
of the expansions was proven by the author of this thesis. Curiously, in ar-
ticle [I] an asymptotic expansion for a parametrix B of an elliptic periodic
pseudodifferential operator A ~ Z?io A; on T" is missing, so let us fill this
gap here: the construction follows the lines of the corresponding treatment
in paper [III], and we get o ~ > 22, 0p,,

O.Bo(xaé‘) = 1/0—14(1'76) (5)

for large |€|, and

N—-1N-k

opy (1,6) = o (1,6) Y > Y (Dloa(@,6) AVap,(1,€). (6)

=0 j=0 y:j+k+|y|=N



Here

n Yp—1
o0 =111 @, —aD),
p=1 q=0

where 0,, = (i27) 1(9/9z,) and o =1.

2.2 Commutators

A striking feature calls for our attention: pseudodifferential operators A €
Uma(R") and B € ¥™B(R") almost commute in the sense that [A, B] =
AB — BA € ¢matms—1(R") although both AB and BA belong usually only
to Wmatms(R™). This property is a not-so-distant-relative to the degree drop
in the commutator of two partial differential operators, due to the Leibniz
formula for derivations,

D(f g) = (Df) g+ f (Dg).

Special cases of the almost-commutation property are

U[az]- LA] (I,E, 6) = 8$j0A(x: 6) (7)

and
O—[A,Mz,_mk} (.ZE, 6) = afk 0A (fl?, 6)7 (8

)
where My is the multiplication operator (Mg)(z) = f(x) g(x). Beals (|6])
used this discovery to characterize pseudodifferential operators in terms of
Sobolev space boundedness of iterated commutators of the type (7) and (8).
This gave a spark for several other investigations, e.g. [8] and [9]. In article
[IT] one form of this commutator characterization is given on the Euclidean
spaces.

Commutator characterizations for pseudodifferential operators on com-
pact manifolds have been given by R. R. Coifman and Y. Meyer in [8] and
J. Dunau in [11], and we present other commutator characterizations in pa-
pers [II] and [ITI|. In article [II] this is applied to prove that the definition of
the periodic pseudodifferential operator class OpS™(T") coincides with the
class ¥™(T™). Let M be a compact smooth manifold without a boundary.
R. R. Coifman and Y. Meyer have proven that A € W°(M) if and only if
[Dys1, [Dy, - -[Dy, A]---]] € L(L?(M)) for every sequence of smooth vector
fields Dy on M. We generalize this to get the following:

Ae \I,m(M) if and only if [DkJrla [Dk7 T [DI: A] o ]] S ‘C(Hm(M)7 HO(M))
for every sequence of smooth vector fields D) on M,

where H*(M) is the Sobolev space of order s € R on M. This result is used
in paper [III] to characterize operator-valued symbols of pseudodifferential
operators on compact Lie groups.



2.3 Harmonic analysis on Lie groups

On our way to pseudodifferential calculus on homogeneous spaces, the next
step is to establish analysis on Lie groups.

Let G be a compact Lie group; the group structure is now encoded in
of the test function algebra D(G) in a subtle way. Let (z,y) — zy denote
the group operation G x G — G, e € G the neutral element, and 27! € G
the inverse element of x € G. Let D(G) ® D(G) denote the complete tensor
product of the Schwartz spaces, isomorphic to D(G x G) (see [33] or [19]).
Let us define the co-product

A:D(G) = DG)@D(G), (Af)(x,y) = f(zy),

the co-unit

:D(G) =T, <(f) = fe),
and the antipode
S:D(G) = D(G), (Sf)):=flz )
The multiplication of the function algebra can be extended linearly to
m: D(G)©D(G) = D(G), m(f®g)(z):= f(x) 9(x),
and there is the natural embedding
n:C—=D(G), nlz)(x):= =2

The structure (D(G), m,n, A, g, S) is called a Hopf algebra (see [1], [28]), and
from it one can retrieve the group structure of G. The convolution product
is the transpose A’ : D'(G) ® D'(G) — D'(G) of A with respect to the dual
pairing

((¢,f) = (o, [)) : D(G) x D'(G) = C;
notice that A'(f ® g) = f* g, the usual convolution product of distributions,
formally

(f * 9)(z) = / Fay™) o) dua(y). (9)

Here pg is the Haar measure of the compact Lie group G, i.e. the unique
translation-invariant regular Borel probability measure on G. The “global”
Fourier transform (in the words of Stinespring, [25], see also [22]) of a distri-
bution f € D'(G) is defined to be the convolution operator 7(f),

m(flg=[~*g. (10)
and 7(f) € L(D(G)). In the weak sense,

7(f) = / f(2) 70(2) dpa(z),

10



where and 77, : G — L(L*(G)) is the left regular representation,

(rr(z)g)(y) = g(a'y) (11)

for almost every y € G.
Due to the Schwartz kernel theorem, operator A € L(D(G)) can be rep-
resented by its Schwartz kernel K4 € D(G) ® D'(G) by

(Ka, f©¢) = (A9, [),

where the duality is evaluated by help of the Haar measure. On the other
hand,

ka(z)f = (Af)(x) (12)

allows us to think K4 as a function ks : G — D'(G), ka(x)(y) = Ka(z,y),
and in a sense k4 € C°(G,D'(G)). Now let us define

sa(@)(y) = ka(z)(y~'z) (13)

in the sense of distributions; then s, € D(G)®D'(G), or s4 € C°(G,D'(G)).
The symbol of an operator A € L(D(G)) is the mapping 04 : G — L(D(G))
defined by the Fourier transform,

oa(x) :=7(sa(x)). (14)
In [30] M. E. Taylor examined a more restricted class of symbols. To our

knowledge, the definition of the symbol 04 of A € L(D(G)) is a new concept,

presented first time in paper [III].
Let f € D(G). Then

Te(n(f) = / Koty (@ 1) lys dpic(z)

N /c:f(fﬂy‘l)ly:x dpc(x)
= fle);

Let ¢, € D'(G) be the Dirac delta distribution at € G. Thereby

(Af)(=) =

When A = I, this yields the inverse Fourier transform

f(x) =Tr(x(f) mo(zh)).

11



These formulae are important in numerical calculations, but we do not con-
sider those questions in the thesis. One should yet notice the resemblance
of

(Af)(2) = Tr (oa(z) 7(f) 7r(z™")) (15)

and formulas (2) and (3).

In paper [III|, we characterize ¥ (G) by operator norm inequalities for
symbols; we define classes S™(G) of symbols such that for the corresponding
operator classes

OpS™(G) = ™ (G). (16)

Let us be more precise: Let = = I — A, where A is the bi-invariant Laplacian
of G, and let Q%0 4(x) = 7(y — Ga(y) sa(z)(y)) with ¢, € C*(G) satisfying
do(exp(z)) = z* for z in a small neighbourhood of the origin on the Lie alge-
bra g of G. The underlying idea for operators Q* comes from the observation
how the Euclidean Fourier transform converts multiplications by polynomi-

N

als to differential operators: ]\/47(@ = (0g f)(§) for (M f)(z) = 2®f(x). The
symbol o4 of an operator A € L(D(G)) is said to belong to S§*(G), if

12" Q 30 4 (@)l er2(ey) < Caapm (17)

uniformly in z € G, for every multi-index «, 5 € Ngim(G), where the constants
C aapm depend only on A, «, 5 and m; notice similarities to (1) and (4). Then
we recursively define S}, (G) C S;*(G) with the idea that ojp 4] € S} (G) for
every smooth vector field D if o4 € S, (G) (for a more accurate definition,
see paper [III]). Then S™(G) = My, STH(G).

In [30] M. E. Taylor characterized pseudodifferential operators on G by
studying the distributions (z,y) — sa(z)(y) in the exponential coordinates
when supp(s4) is contained in a small neighbourhood of (e, ) € G x G} his re-
sults are essential in the characterization of U (@) in paper [III]. Taylor also
presented asymptotic expansions for compositions, adjoints and parametrices
of pseudodifferential operators on G. We review these results in paper [I1I],
but we also construct an asymptotic expansion for the transpose, and we give
a more readily applicable expansion for a parametrix: Those pseudodifferen-
tial operators that are invertible modulo infinitely smoothing operators are
called elliptic, and an inverse of such an operator modulo infinitely smoothing
operators is called a parametrix. This definition for ellipticity is more general
than the standard one, and this condition may be often difficult to check,
but our definition has some aesthetic appeal. Let A be a pseudodifferential
operator with expansion A ~ E?io Aj, A; € ¥™(@), and assume that
x +— 04,(2)7" is a symbol of a pseudodifferential operator By € ¥~""17¢(q3)
(for some € > 0). Then A is elliptic with a parametrix B, o5 ~ Y ; 05,,
where

opo(7) = 0a(2) 7, (18)

oy () = =0, (2) Z Y. (@ (2) Oop,(x);  (19)

k=0 j=0 y:j+k+|y|=N

12



compare this to (5) and (6). Moreover, we introduce the concept of ampli-
tudes on G, in analogy to the Euclidean pseudodifferential calculus.

2.4 Harmonic analysis on homogeneous spaces

A homogeneous space is a quotient of a group by a subgroup, and thus
harmonic analysis on Lie groups provides the crucial step-stone for analysis
on homogeneous spaces.

A left transformation group is a triple

(GJ M7 m)i

where G is a group, M is a set and m : G x M — M a mapping called a left
action of G on M, satisfying m(e,p) = p and m(x, m(y,p)) = m(zy,p) for
every z,y € G and p € M. The action is free if m(x,p) = p for every p € M
implies x = e. The action is transitive if for every p, ¢ € M there exists x € GG
such that m(z,p) = ¢, and in such case M is called a homogeneous space.
One defines right transformation groups with right actions in the obvious
manner.

Let K be a subgroup of a group G. Let G/K be the set {zK |z € G} of
the classes t K = {zk | k € K}, and let us define an action m: G x G/K —
G/K by (z,yK) — 27 'yK. Evidently, G/K is a homogeneous space.

We assume everything to be smooth: hence above G is a Lie group, M
is a C*°-manifold, and m a C'*°-mapping. Let K be a closed subgroup of
G. The set G/K is endowed with the co-induced topology via mapping
(x = zK) : G — G/K, and there is a unique C*°-structure such that the
action (x,yK) — z 'y K is C*®-smooth and such that there exists a mapping
1 € C*°(U, ) in a neighbourhood U C G/K of eK satisfying (zK)K = 2K
for every x K € U. Homogeneous space G/K is in fact typical: if (G, M, m)
is a smooth transformation group with a transitive left action and p € M,
then M is diffeomorphic to G/G,, where G, = {z € G | m(z,p) = p} is the
isotropy group of p € M, i.e. that subgroup of G which fixes the point p.
For more information on homogeneous spaces we refer to [36] and |[7].

A smooth fiber bundle is

(EaB:F:pEﬁB):

where E, B, F are C*°-manifolds and pr_,p € C*°(E, B) is a surjective map-
ping, and B has an open cover Y = {U; | j € J} and diffeomorphisms
¢; : pp-5(U;) — U; x F such that ¢;(z) = (pp_p(x),v;(x)). Spaces E, B
and F' are called the total space, the base space and the fiber, respectively;
PE_ B is the projection of the bundle. A principal fiber bundle is

(EaBaFapE—)Bam)a

where (E, B, F,pg_,p) is a smooth fiber bundle and (F, E,m) is a smooth
transformation group with a free right action satisfying prp_,p(m(z,y)) =

13



pe—p(r) and such that the mappings ¢; : E — F above satisfy ¢;(m(z,y)) =
Y;(z)y for every (z,y) € E x F.

Homogeneous spaces can be thought as base spaces for principal fiber
bundles: (G,G/K, K,z — zK, (k,x) — xk) is a principal fiber bundle for a
Lie group G with a closed subgroup K (see [7]). In the sequel, we assume
that G is compact and G/ K is orientable.

Those functions (or distributions) on G that are constant on each class
xK can be thought of being functions (or distributions) on G/K. The Haar
measure on K provides us with a procedure to “project” functions (or distri-
butions) via mapping Pg/x : C®(G) = C*(G/K),

(Poyic ) (2K) = /K f (k) dpge (k). (20)

In fact, Pg/x is surjective, and we consider C*(G/K) to be embedded into
C*(G). Since (G,G/K, K,z — zK, (k,z) — xk) is a principal fiber bundle,
every smooth vector field on on G/K is a “projection” of a smooth vector
field on G (see [23]). Let A € L(D(G)) with (Af)(z) = (oa(z)f)(x) =
(sa(z) x f)(x) as above. In paper [IV]| we introduce the “averaged” operator
Ac/k € L(D(G)) defined by

SAG/K = (Pg/K®1d)SA (21)

We prove that Ag,x maps D(G/K) into D(G//K), and if A belongs to U (G),
so does Ag/k, and even Ag/k|pa/k) € V™(G/K). The characterization of
pseudodifferential operators on G in paper |II1] is exploited in obtaining these
results for G/K. The history of averaging processes for pseudodifferential
operators can be traced at least back to the work of M. F. Atiyah and I.
M. Singer in the 1960s, and H. Stetkaer studied related topics for classical
pseudodifferential operators in [24].

Should an elliptic pseudodifferential operator B on G/K be extendable
to an elliptic pseudodifferential operator A = Ag/x on G, we could use
the symbol-operator calculus on G (see paper [III] and [30]) to calculate a
parametrix C' = Cq/k for A, and then Clp k) would be a parametrix for
B = Alpx)-

Paper [IV] continues with assumption that K is a torus subgroup of G,
i.e. K is isomorphic to the torus group T?¢ for some ¢ € N. Although this
follows from the previous results, we prove in another way that Aq/k |pc/x) €
U™(G/K) whenever A € ¥™(G). Then, given B € U (G/K), we present a
method to construct an operator A = Ag/x € U™(G) such that A|pq/x) =
B. The method involves extending a symbol op € S™(RP) to a symbol
oa € S™(RPT?) g0 that

oa(@; &1, ,6,0,...,0) =0p(21,...,2p: &1, ..., &p). (22)

It may also happen that B above is elliptic on G/K, but its extension A is
not elliptic on G; this is discussed especially in the case G/K = S2 and we
make other remarks on the subject.
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Hence paper [IV| provides some methods for solving pseudodifferential
equations on compact homogeneous spaces G/ K, especially for a torus sub-
group K.

In [27] Svensson dealt with pseudodifferential operators on the sphere S*
Let f € D(S?) and B € L(D(G)) such that

o0 l

(BA(,0) = > b(1) f(D)m Yi"(6,0) (23)

=0 m=-—I

where {Y;™ | I, m} is the L?*(S?)-orthogonal basis of the spherical harmonic
functions and f(1),, is a spherical Fourier coefficient (see paper [IV]). Assume
that [+ b(l) is a rational function. In this case Svensson proved that B €
U (S?) if and only if b(1) = O(I"); the class of such operators contains many
interesting operators originating from geophysics (|27]), but the class is quite
restricted as it is not diffeomorphism-invariant. Our results in paper [IV]
imply that actually every B € ¥™(S?) can be presented in the form

BA@) =) > (Z b(, ) f(l)n> Y"(z)  (z€S),  (24)

=0 m=—1 \n=-I

where z > b(x, [), belongs to C°°(S?) such that there exists A € ¥™(SU(2))
with the symbol o4 : SU(2) — £(D(SU(2))) having a matrix presentation

o0

oal@) ~ P a O, Do)y (x €SUE2) (25)

=0

for some constants ¢; depending only on [ € Nj.

2.5 Applications to boundary integral equations

Aspects of numerical analysis and computation are not treated in papers
[I-TV], but let us have a word on potential applications. Pseudodifferential
calculus plays an important role in solving boundary integral equations sug-
gested by many problems in physics, arising from, e.g., electro-magnetics and
mechanics (as in the case of geophysics in [27]).

Integral equations on closed curves (diffeomorphic to T') and on open
arcs have been studied profoundly (see [21]| and [20]). Sometimes equations
on R" can be treated as periodic, i.e. equations on T", as for instance in
[34]. Usually the integral equations from applications are of classical type
(]35]), but also general pseudodifferential equations can be studied easily.
Efficiency in numerical computations on T" is essentially due to the fast
Fourier transform (FFT).

So far, little is known of computationally efficient numerical solving of
pseudodifferential equations on compact spaces other than the tori. In re-
cent years, FF'T methods for compact Lie groups and homogeneous spaces
have been introduced ([16]). Efficient Fourier transforms have been studied
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especially in the case of the sphere S? (see [10], [13]). From the application
point of view, it will be an important task to provide computational algo-
rithms for solving pseudodifferential equations particularly on S, but this is
outside the scope of the thesis.

2.6 Related research on operator-valued mappings

In Beals-Cordes -type characterizations of pseudodifferential operators on
homogeneous spaces one examines an operator-valued mapping obtained by
conjugating an operator with a unitary representation of a symmetry group
([6], [9])-

Let M = G/K be a compact smooth homogeneous space and let 7 : G —
L(L*(M)) be the regular representation of G on L?(M),

(m(9)f)(x) = f(g 'z)

for almost every x € M. Given A € L(L*(M)), one studies the operator-
valued mapping g — A, = m(g)An(9)~", G — L(L*(G)). The smoothness
of this mapping is not enough to guarantee that A € W°(M) ([18]), and A
with smooth g — A, might even be non-pseudolocal. Enlarging the group
of symmetries may help: In that way pseudodifferential operators on R were
characterized by H. O. Cordes in [9]. In [29] M. E. Taylor described ¥°(S")
by the smoothness of the mapping g — A(g) = U(g)AU(g)~", where U :
SO.(n + 1,1) — L(L*(S™)) is the representation (U(g)f)(z) = f(g~'x) of
the conformal group.

Nevertheless, we have not treated operator-valued functions of Beals—
Cordes -type in the thesis, as they do not help us in constructing a symbolic
calculus for pseudodifferential operators. It should also be noted that the
structure of the operators A, and A(g) is essentially as complicated as the
structure of A € L(D(G)), whereas for the symbol o4 : G — L(D(G)) the
evaluation o 4(x) is a left convolution operator for every x € G.

3 Summary

In this thesis we study Hormander (1, 0)-type pseudodifferential calculus on
an orientable homogeneous space G/K, where G is a compact Lie group and
K its closed subgroup. In a joint paper [I] with G. Vainikko we start with
the case G = G/K = T", and develop symbolic calculus there. The rest
of the papers are written solely by the author of the thesis. In article [II
we present a commutator characterization of pseudodifferential operators on
compact smooth orientable manifolds without boundary; a derivation of the
symbol inequalities on a torus from commutators is a special example. In
paper [III| this commutator characterization is modified to construct sym-
bol inequalities for pseudodifferential operators on compact Lie groups, and
we present symbolic calculus there building on earlier results [30] by M. E.
Taylor. Finally, in paper [IV] the pseudodifferential operators are studied
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on a compact smooth orientable homogeneous space G/ K. We calculate the
average of a pseudodifferential operator A on G along classes zK (z € G)
to obtain a pseudodifferential operator Ag/x on G such that the restriction
Ac/k|p(e/K) is a pseudodifferential operator on G/K. If K is a torus sub-
group, we show that every pseudodifferential operator on G/K is obtained
by this averaging process, as we extend or lift operators from G/K to G.
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