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1 Introduction
We consider the nonlinear diffusion problem

Ut — Ugz = h(u), ze (=1), te(0,1),
u(z,0) =up(x), = e€[-11], (1.1)
u(xl,t)=1, te€]0,7T),

where the initial function satisfies 0 < ug(x) < 1 and uo(£l) = 1. Here T" and
[ are positive constants. We assume that the reaction term h(u) is singular

at u = 0 in the sense that lim, o h(u) = —oo. For u > 0 we take h(u) to be
smooth and to satisfy (—1)*h®)(u) < 0; k =0,1,2.
Originally the equation (1.1) was studied when h(u) = —u™!, see [12].

This equation arises in the study of electric current transients in polarized
ionic conductors (see [5, 12, 16] and references therein). The special interest
taken in [12] for the equation (1.1) is motivated by the possibility that the
solution u(x,t) approaches zero in finite time. The reaction term then tends
to infinity and the smooth solution ceases to exist. This phenomenon is called
quenching. We say that a is a quenching point and 7' is a quenching time
for u(z,t), if there exists a sequence {(z,,t,)} with x,, — a and t,, T T, such
that u(z,,t,) — 0 as n — oo.

After Kawarada’s paper [12], the quenching problem for the equation (1.1)
has been studied extensively by many authors, see for example the detailed
review articles [13, 15]. In most of the papers that deal with the quenching
problem for the equation (1.1), the reaction term is a power singularity, i.e.,
h(u) = —u™®, p > 0. The results concern existence and nonexistence of
quenching points, qualitative properties of the quenching set, asymptotic
behavior of the solutions in space and time near the quenching points, etc.
For a power singularity it is now well-known that for sufficiently large [
quenching occurs in finite time [1, 2, 14]. It is also known that the set of
quenching points is finite [§].

In [17] the equation (1.1) was studied in the case where we have only
a logarithmic singularity, i.e., h(u) = In(au), « € (0,1). It was shown
there that in spite of this weakening of the singularity, quenching still occurs
for sufficiently large [ and that the set of quenching points is finite. The
main result in [17] concerns the asymptotic behavior of the solution in a
neighborhood of a quenching point. It was assumed that

ug () + In(aug(x)) < 0. (1.2)

Then, it was shown that the quenching-rate satisfies

1 u@t)  qr
I (1 - ): 1.3
tlTIII} +T—t 0 In(ar) (1.3)
Corresponding

uniformly, when |z — a| < Cv/T —t for every C' € (0,00).
8, 9, 10].

results for power singularities are well-known, see [3, 4, 8,



In this paper we refine the asymptotic result (1.3). The main result
(Theorem 1.1) gives a precise asymptotic expression for the solution in a
backward space-time parabola near a quenching point. The analysis is based
on methods developed in [6, 7, 11]. These techniques were first developed for
so-called blowup problems of reaction diffusion equations in [7, 11]. Then, for
example, h(u) = uP or h(u) = e* in (1.1), and blowup means that u(z,t) —
oo in finite time. Subsequently these approaches were applied to quenching
problems with a power singularity in [6].

Let us first explain briefly how (1.3) is proven in [17]. Without loss of
generality we may assume that the quenching point is the origin. Define new

variables:
T

T—t

Yy = , s=—In(T —1).

Then the inverse transformations z = z(y, s) and t = ¢(s) are well defined.
By these variables we define the function w:

1 u(x,t) dr 1 u(z(y,s),t(s)) dr
=14+ — =14+ — . (14
wly, s) =1+ T—t In(ar) Tz t(s) / In(ar) (14)
Then the equation (1.1) can be written in the form
1
Wy = Wyy — =YWy + w + F), (1.5)

2

where F' = (ln(Och 2, and (y,s) € (—lez®,le2*) x (—InT,00). Observe that
the nonlinear effects are contained in the F-term. The result (1.3) can now
be formulated in the form:

w(y,s) — 0, (1.6)

uniformly for bounded y, as s — oo.

In [17], the result (1.6) was derived in two steps. In the first step it was
shown that w(y, s) — w(0,s)(1 — 34*) — 0 uniformly for bounded y and in
the second step that w(0,s) — 0.

The purpose of the present paper is to conclude how fast this limit value
is reached and to determine the asymptotic form of w with respect to y.

In order to deduce an asymptotic form for w(0, s), we first have to derive
a corresponding ordinary differential equation for w(0, s). However, there is
a technical difficulty, because F' cannot be expressed explicitly as a function
of y, s and w. Therefore we first replace the transformation (1.4) by (1.7)
and subsequently the equation (1.5) by (1.8). Define

u(z,t)
(T —t)(—In(T — 1))

oy, s) = ~1. (1.7)

In terms of the function ¢, the equation (1.1) can be written in the form

6= L6+~ f(9) +9(s), (1.9



where

f(¢) =In(1+¢) — ¢, (1.9)

g(s) = é(ln(as) —1)= lnis) (1+o0(1), s—o00 (1.10)
% y o

:6—y2—§a—y+1. (1.11)

Using Theorem 4.2 and Lemma 4.18 in [17], it can be concluded that (1.6)
is equivalent to

¢(y,s) =0, (1.12)
uniformly for bounded y, as s — oo.

We shall now discuss how the result (1.12) might be refined for ¢(y, s).
Because ¢(y, s) — 0, it is evident that the linear part will eventually dominate
in the equation (1.8). We will study the equation (1.8) as a dynamical system
in the space Li(R), where p(y) = exp(—y*/4). Therefore we expand the
function ¢(y, s) with respect to the eigenfunctions of £ in that space, i.e.,
» =Y a;(s)hj(y). Here the functions h;(y) are scaled Hermite polynomials
and form an orthonormal base on L2(R). The spectrum of this operator
is {\j|\; = ?,j = 0,1,2,..}. By projecting the equation (1.8) to the
subspaces generated by the functions h;(y), we get the ordinary differential
equations for a;(s):

f(9)

/ k .
@) = (1= Das(s) + (B2 g by 5 =0,1,2,... (1.13)

By analogy with classical ODE theory, we expect that one term in the Fourier
series is dominant, i.e., ¢(y, s) ~ a;(s)h;(y), for some j as s — oo. Linear-
izing for the nonzero eigenvalues, we get ¢(y,s) =~ c;exp (%s)hj(y). The
positive eigenvalues (j = 0, 1) are incompatible with the result (1.12), and
therefore the nonlinear part has to dominate the positive eigenspace in (1.13).
For the zero eigenvalue (j = 2), we can see that the linear part vanishes and

after some calculations that as(s) satisfies
1
as(s) = —c*g(l +o(1))as(s)?,

from which we obtain after integration that ¢(y, s) =~ h?Ts) (2 — y2).

The goal in this paper is to give a proof for this formal argument. The
presence of a nontrivial null space for the operator £ suggests the use of
center manifold theory. More precisely, we use the methods developed in
[6, 7, 11] for the analysis of infinite dimensional dynamical systems. The

main result of this paper gives a refined asymptotics of the quenching:

Theorem 1.1. Assume that h(u) = In(au) in (1.1) and that (1.2) holds.
Furthermore assume that u(x,t) quenches at (0,T). Let ¢(y, s) be defined by
(1.7) and assume that |as(s)| > M(In(s)/s)? for some M > 0. Then for any
C >0 and € > 0 there exists sq such that

(v*—2), _
1) gy 1= )

(1.14)



when s > sg.
Restated in terms of u, (1.14) becomes

u(x,t) 1 x?

T 0mT =)~ T shemm ) Tt 2

(1.15)

in the sense that the difference is o((In(—In(7 —t)))~') as ¢ 1 T, uniformly
in parabolas |z|? < C(T —t).

2 Preliminaries

We shall study the equation (1.1) as a dynamical system in the space Lﬁ(R).
Therefore we first extend the equation (1.1) to all z € R. This extended equa-
tion has the same solution in the region {(z,t) € R?|x € (—I,1),t € (0,T)}
as the equation (1.1). The technical construction below is done similarly as
in [18] or in [8], see also [17]. Without loss of generality, we may assume [ = 1
in the equation (1.1). So let x € R and following [18] define the kernels:

ZL’2 €T .%'2

1
V(r,t) = —=exp(——), Wiz, t) = ——exp(——
when r € R and 0 < t < 0.
Differentiating these, we can see that V, = =W V, =V, and W, = W_,.
Define the extension @ of u(x,t), when > 1 and ¢ > 0 by

)7

u(z,t) = (x—1)/OtW(a:—1,t—7)ux(1,7)dr—|—1. (2.1)

Here wu,(1,t) is obtained from the solution of the equation (1.1) (u,(1,t) =
lim,qy u,(2,1)).

Lemma 2.1. The function u satisfies:

t
T~ T = 20,(LOV (e = 10)+2 [ Vie = Lt = D (L, )i
0

when x > 1.

Proof. See [17]. O
Correspondingly; in the extension of u to the left of x+ = —1 the term

u,(1,t) in the equation (2.1) is replaced by the term u,(—1,¢) and V(z—1,¢)

by V(z + 1,%).

An extended equation is now defined
Up — Uy = fU(x,1)); x e R\{x1}, 0<t<T, (2.2)
where

(1) u(z,t), when |z| <1,
O u(w,t), when |x| > 1,



_. | In(au), when |z| <1,
f@) = { g(x,t), when |z| > 1, (2:3)

and
g(z,t) = 2u,(1,0)V(z — 1,t) + 2 /t V(e —1,t — T)ug- (1, 7)dr. (2.4)

We can see that @ € C'(R) (fixed t), but f is not continuous at z = +1, and
therefore u is not twice continuously differentiable.

Because u(z,t) cannot quench at x = +1, the functions u,(1,¢) and
Uyt (1,t) are uniformly bounded for ¢ € [0, 7).

Lemma 2.2. The functions u(x,t) and g(z,t) satisfy for some positive c;
and ¢y that 1 < u(x,t) < ¢; < 00 and 0 < g(z,t) < g < 00, when |x| > 1
and 0 <t <T.

Proof. See [17]. O

We can now define:

~ u(z,t
= -1 2.
where 2 € R and t € (0, 7).
Differentiating (2.5), we get
- N
b= L5+ —(3) +g(s) + F (2.0
where f and g are defined by (1.9) and (1.10). Furthermore
2u,(1,0)V (z — 1,6) + 2 [ V(z — 1,t — T)ug (1, 7)dr
F_XB'< “In(T —¢) *
iz, 1) 1 1
1— — Z(In(1+¢) — @) — =1 1
- m gy 50+ 6) = 9) = Slinfas) - 1)),
where B = {z € R||z| > 1}.
It can be seen easily that
<t 2.7

when |z| > 1 for sufficiently large s. One can also verify the following estim-
ates

6(y,s)| < C(y* +1), (2.8)
and
|6y (y, )| < C(ly| +1). (2.9)

Consider now the extended equation (2.6) as a dynamical system in the
space

I2(R) = {g € I2,(R) /R 9(y)2p(y)dy < oo}, (2.10)



where p(y) = exp(—- ®). Note that (2.8) and (2.9) imply that ¢ € L2(R). For

simplicity we from now on use the notation ¢ = ¢. Then

6= Lo = _1(0) +9ls) + F. 2.11)

The space Li is a Hilbert space with an inner product

(r9) s = /R F@)9(y)p(y)dy

Concerning the linear operator L it is known that it is selfadjoint [7], i.e.,
that

(Lf,9)r2 = (f.Lg)r2- (2.12)

with spectrum A\, = 1— %k:; k=0,1,2,... The corresponding eigenfunctions
are hi(y) = ayHy(3y), where Hy, are the (standard) Hermite polynomials and
ay, = (r2281k) "2, The first three eigenfunctions are

1 —1 1 -1 1 =1 1
ho=-—=n1, h=-miy, hy=—-7m1(zy*—1). (2.13)

V2 2 2 2

The Fourier-expansion of ¢ with respect to this space is:

=>4y, (2.14)

where £ has eigenmodes:

+(y,5) < ag(s)holy) + ar(s)h (y), (2.15)

de

oy, s) = as(s)ha(y), (2.16)

$) L D as(s)hy(y). (2.17)

We have now presented the functional framework, which is needed in the
proof of Theorem 3.1. The importance of the decomposition above will be-
come clear in the next Section.

3 Refined asymptotics

In this Section we prove the main Theorem 1.1 of this paper. This is done
by first concluding the claim in Theorem 3.1 in an L?)—sense. Then we extend
this result by showing that the convergence is uniform on compact subsets.
In this Section ¢(y, s) is the solution of (2.11).

In the following we use the notation

p
1y, 9)ll2p = /mmp 2az) "



We assume throughout this paper that

In(s))?
ooty iz > (3.)
for some C > 0.

Let us briefly comment on this assumption. Note that the equation (2.11)
is now nonhomogenous because of the term ¢(s) (unlike the corresponding
situation in [6, 7, 11]). Due to the nonlinearity of the equation this difficulty
cannot be avoided by a simple transformation. However we believe that the
behavior in Theorem 3.1 is generic and that the cases where (3.1) does not
hold are exceptional, but we are unable to prove it. Finally observe that by
Theorem 3.1 the assumption (3.1) specifies the asymptotics of the solution
in detail.

Theorem 3.1. If (3.1) holds, then ||¢(y, s) — %fn—_(j))HLg = o(ﬁ).

The first fundamental fact in the proof of Theorem 3.1 is Lemma 3.4.
The proof of this Lemma is based on [7, Lemma 3.1, p.836]. We formulate
this Lemma here as Lemma 3.3. Before that we introduce Lemma 3.2. This
Lemma gives an asymptotic form of the function ag(s) (as s — o0), which
is essentially a consequence of the term g¢(s) (only dependent of s) in the
equation (2.11).

Lemma 3.2. Let ao(s) be as in (2.14) and (2.15). Then

aols) = ~(1-+ o) VER ),

as s — OQ.

Proof. Projecting the equation (2.11) to the subspace generated by hg, we
get by (2.12) and (2.13) that

ah = ag + V21 g(s) + é<f(¢), ho)rz + (F' ho) L2

Using (2.7) and Hoélder'’s inequality, we derive that

c [ 2 C
(Fho)sgl < S [ lotns)le " dn < oty s)

s
2

and from (1.9) that [(f(¢), ho)rz| < Cll¢(y,s)[zz- Hence it follows from
(1.12) and (2.8) that

1 1 1
o) = a0+¢§ﬂ1/4¥(1+o(1))+g0(||¢(g, 9)llzz) = a0+¢§ﬂl/4%5>(1+0(1)).
(3.2)
Furthermore, Parseval’s formula and (1.12) imply that
lim ag(s) = 0. (3.3)

S§—00



By the equation (3.2) it holds that:

1
(eap(s))s = (1 + o(1))vEr/te~+208),
s
where the claim follows from a partial integration and from (3.3). O

Lemma 3.3. [7] Let x(t), y(t) and z(t) be absolutely continuous, real valued
functions which are non-negative and satisfy: (a) 2" > coz — e(x + y), (b)
|2/ < e(z+y+2), (¢)y < —coyt+e(x+2), (d) z,y,2— 0, ast — oo, where
co 1S any positive constant and € 1s a sufficiently small positive constant.
Then: either (i) x,y,z — 0 exponentially fast,  or else, (ii) there exists
a time ty such that z +y < bex for t > ty, where b is a positive constant
depending only on cg.

Lemma 3.4. Let ¢y and ¢_ be defined by (2.16) and (2.17). If (3.1) holds,
then

lax(s)ha (Y2 + lo-(y, s)llLz = o(l[do(y, 5)|L2)-

Proof. We prove the inequalities (a), (b) and (c) in Lemma 3.3. Let z(s) =
160(y, $)llzz, y(s) = l9-(y,5)llzz and 2(s) = [las(s)h1(y)|lzz. Furthermore,
note that the condition (d) follows from (1.12) by Parseval’s formula.

By (3.1) and Lemma 3.2, we get

In(s Cs
o) = 10+ o()Var ) < Eo iy o)l )
s In(s)
(a) The inequality for & = %HM(S)M(@HLgI Projecting the equation
(2.11) to the subspace generated by hy, it follows that
1 1
a = gar+ S0 ha)eg + (Fy haprs.

Multiplying this by sgn(ai(s)), and estimating the terms on the right-hand
side as in the proof of Lemma 3.2, we get

1 C
lar(s)ls = glaw(s)] = —llé(y, s)lrz.

Because [|¢]|12 = [|aoho + a1hy + do + ¢ ||z < [ao| + |ar| + [|@ol|zz + [|o-| 2,
then by the inequality (3.4)

1 C C

a1 (s)ls = (5 = —)laa(s)] = (

¢ C
2 s ey T3 10w )l = Slo-(g 5)lzz

Therefore it holds for sufficiently large s that

Llas(sm@las > (3 —2lar(s)] — <llooly, )z + 1o, )z} (35

(b) The inequality for 9% = 2 ||y (y, s)||zz: Projecting the equation (2.11)
to the subspace generated by ho, we get
1

ay = g(f(@a ha)rz + (F ho) 2. (3.6)

10



As in part (a), one can see that

las()l < 60w, )l < o) +har () + 003 iz +16- (3, )]s

Thus by (3.4)

0
|5 120, $)llzz] < elllar(s)haW)lizz + ooy, s)llzz + llo-(y, s)llzz}- (3.7)
¢) The inequality for 2 = 2|¢_(y, s)||z2: Projecting (2.11) to the neg-
Js Js <z P

ative eigenspace (2.17), we get

%¢ = Lo+ w(éf&b) +F). (3.8)

Multiplying by ¢_p and integrating with respect to y, we obtain

[ Grovo-n= [ (o0t

1 (3.9)
L[ @ye-pt [ 7 (Frop
SJR R
We now estimate the terms on the right-handside of the equation (3.9).
Because the greatest negative eigenvalue of L is —%, we conclude
€600 = [ (€ (X ashi)o =
R R >3 >3
2 1 (3.10)
[ ) whie < 561
R j>3 >3

For the two nonlinear terms in (3.9) we have

I/W—(f(sb))cb—pl < (/(W—(f(cb)))Qp)%llcb—lng < Cllollezllo-llrz,  (3.11)
R R
and

2 % 2 g 2 2
[ mPronl < ([ (-0 I0-uz < Sholglo- iz (12

Substituting the inequalities (3.10), (3.11) and (3.12) into the equation (3.9),
and using the inequality (3.4), we get for sufficiently large s that

10 1
Sl @ 8)Is < =519 5) 3 + <llo )z (looly, 9l g+

1oy 9)llzz + laa ()1 (W) 23).

and therefore

0
6 s)lzg < (5 + M6 9)zz + < (Ido(w, iz +llar(5)a )153)

(3.13)
An application of Lemma 3.3 to the inequalities (3.5), (3.7) and (3.13),
and recalling (1.12) and (3.1), gives the claim. O

11



The second crucial ingredient in the proof of Theorem 3.1 is to derive the
ordinary differential equation for as(s). This is done in Lemma 3.8. In order
to obtain that Lemma, we need the estimate

16(y, $)llrg < Cla)llo(y, s)ll Lz

for any ¢ > 2. This inequality is a consequence of Lemmas 3.6 and 3.7. Before
we prove these two Lemmas, we introduce some background from [11].

Let S(t) be the linear semigroup corresponding to the heat equation in
the strip S = [0,T) x R. Take ug(z) € L}, (R) satisfying suitable growth
conditions as |z| — oo, so that (S(t)ug(x)) makes sense in S. Define now
w(y,s) = S(t)ug(x), where y = (T — )2 and s = — In(T' — ). Then w(y, s)

satisfies
1

2
w(y,0) = wo(y) = uo(x), s=0.

Wy = Wyy — =YWy, ye R, s>0,

(3.14)

Then we have

Lemma 3.5. [11] Let w(y, s) be the solution of (3.14). Then for any r > 1,
q> 1 and L > 0, there exist si(q,) > 0 and C(q,r,L) > 0 such that

[w(y, s + so)lly < Cllwly, s)llzg,
for every s > 0 and every so € [sg, s§ + L.

This Lemma is used for our purposes below. More precisely, we estimate
the first term at the right-hand side in the inequality (3.19) to take the final
step in the proof of Lemma 3.6.

Lemma 3.6. Letr > 1 and L > 0. Then there exist si(r) > 0 and C(r, L) >
0 such that ||p(y, s+so)l|r; < Cllé(y, s)||r2, for every s > 0 and so € [s5, 5+
L.

Proof. Multiplying the equation (2.11) by the function sgn(¢) and using
Kato’s inequality (Ag - sgn(g) < A(|g|) in D'(RY)), we get by (2.7) that

%ch(y, s)| < Alg(y, s)| + (1 4 ¢)|o(y, s)| + g(s), (3.15)

where A = a £ — %aﬁ. We now replace s by 7 and multiply (3.15) by the

v
function e(1+0)(5+50 Telsts0-1A where

e 2
con{- Y

Z(y7 50) = \/7—6 777 S0 dna

to obtain the inequality (3.15) in the form

a C)I(STS0—T ST+S0—T C)I(STS0—T ST+S0—T
{0y )]} < Tl DAy (7). (3.16)

es.A

12



Integrating (3.16) with respect to 7, from s to s + s, we conclude that

s+s
lo(y, s + s0)| < 6(1+c)50680«4|¢(y, s)| + / ’ 6(1+C)(S+SO_T)6(S+S°_T)Ag(r)d7'.

(3.17)

(s+80*T)Ag(7-) = cg(7). Further-

Because g depends only on time, we have e
more, So < L, and thus

s+so
/ e(1+c)(s+sof7')e(ersofT).Ag(T)dT < C€(1+C)Sog(8).

Therefore the inequality (3.17) yields

|6y, s + s50)| < Ce oy, s)| + Cy(s). (3.18)
Applying now Minkowski’s inequality to (3.18), we deduce
l¢(y. s+ s0)llz5, < Clle™ |6y s)lll; + Cyls). (3.19)
Finally, by using Lemma 3.5 (take ¢ = 2 there) to the first term on right-hand
side of (3.19), and Lemma 3.2 to the last term, we get the claim. O
Lemma 3.7. Let L > 0. If (3.1) holds, then there exists C = C(L) such
that
16(y, $)llrz < Cllo(y, s + L)z,
for all s.

Proof. Define I} = ((f(¢)), ha), and Iy = (F, hy),. By Hélder’s inequality,
we can see that

C
151 < — Nz, (3.20)

when j = 1,2. Multiplying the equation (3.6) by sgn(asz), we conclude by
(3.20) that

C
ax(s)ls > =10l (321)
On the other hand, by Lemma 3.4 it holds that
16(y, s)l|rz < Cllao(s)] + laz(s)]). (3.22)
Combining the inequalities (3.21), (3.22) and (3.4), we obtain
C C
|az(s)]s = —(m + - lax(s)l = =Claz(s)]. (3.23)
An integration with respect to s yields
lag(s + L)| > e=|ay(s)]. (3.24)

Using the relations (3.22), (3.24) and Lemma 3.2, we get
l6(y, s + D)llzg > Cmax {las(s + L), ao(s + L]} >

max { Ce™|a(s)], C(L)ao(s)| } = C(L)16(y, ) |3
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Lemma 3.8. The function ay(s) satisfies az(s) — 0 and the ordinary differ-
ential equation (¢; > 0,1 =1,2):
In(s) In(s)

S

sah, = —c1 (14 0(1))a3 + co(1 + o(1)) as + O|( )3, (3.25)

as s — OQ.

Proof. We first conclude by Parseval’s formula and by (1.12) that as(s) — 0
as s — 00.
Then write the equation (3.6) in the form

ay(s) = é(f(cb), ha)rz + (F, ha) 2 = %1 +J. (3.26)

We estimate the term J. It can be seen by (2.7) that for s sufficiently large
it holds: |F| < €|¢(y, s)|%, and then by Lemmas 3.6 and 3.7 we obtain

C C
1< Sty 9lEe < Zlot, 5)l5;. (327)

Define

F(6) = £6) + 3¢ (3.25)

Then we get: 3
(i) When |¢| < 1, then, by Taylor’s expansion, |f(¢)| < Cl¢[°.
(ii) When |¢] > 1, then |f(¢)| < C¢* < C|p|*. Therefore

(@) < Clof. (3.29)

Using the formulas (3.28), (3.29), Holder’s inequality, Lemmas 3.6 and 3.7,
we conclude (as s — 00)

1 . 1
- /R Phap + /R F(@hap = —3 /R Ghap+ 00y 5)[2)  (3.30)

Let: I; = —% R¢2h2;0, I, =I—-1 and ¢,.(y,s) = al(s)hl(y)"‘zjig a;(s)h;(y).
Therefore

1 1 1
I = —5/ aghihap — 5/ azhyp — 5/ ¢rhap—
R R R

6 (3.31)
— CL()CLQ/ hohgp — Clo/ hohgﬁbrp - CLQ/ hg(brp = Z B
R R R s
Because the base {h;}32, is orthogonal and hy is constant, then
P1 =0 and P5 =0. (332)

Furthermore we can verify that £ [ h3p = ¢ [,(y*—2)? exp(—%)dy =c; >0,
therefore
P2 = —clag. (333)
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Correspondingly [, hoh3p = ¢z > 0, thus by Lemma 3.2

In(s)

(1+o(1)). (3.34)

Py = coay

Using Holder’s and Minkowski’s inequalities, and also Lemma 3.2, we obtain

1
|Ps + FPs| = | / —§¢r(¢r + 2asha)hap|
R (3.35)

< Cllonly: )z { 160 (y: o)l 23 + ealas(s)

from which follows, by Holder’s inequality and Lemma 3.4, that (as s — o)

1Py + Pol < olJas()){ 116 (g 5) 13 + ealaa(s)] . (3.36)
Next we show that (as s — 00)

Py + Pg| < o(1)]as(s)| max {C’M

Jax(s)|}- (3.37)
If [[¢(y,s)llzs < C'max {C@, |a2(5)]}, as s — oo, then (3.37) follows
immediately from (3.36). On the other hand, if there exist sequences ¢; — oo

and s; — oo such that

In(s;)

)

, ]ag(si)\} (3.38)

H@(y» 5;) HL;‘; > ¢;max {C

then, by Lemmas 3.2 and 3.4, one concludes: ¢, (y, s;)|zs = Ceil|¢(y, si)| z2-
Applying Lemmas 3.6 and 3.7 to this, and also making use of the triangle
inequality, we can see that

hl(Si)

7

160 (g )Ml = Ceilloly, si) ey = Ceid 60y, 5i) g — O = laz(s:)|}
The assumption (3.38) now yields: ||¢,(y, si)|lrs > C~'Z~||¢r(g, si)||ry, where
C; — oo and s; — co. This is a contradiction, and so (3.38) does not hold
and (3.37) is true.

Combining items (3.31), (3.32), (3.33), (3.34) and (3.37), we can conclude

that (as s — 00)

In(s)

I = —c1(1+ o(1))as(s)? + ca(1 + o(1)) as(s). (3.39)

Invoke the formulas (3.27) and (3.30), and also (1.12) to get: s(+1, + J) =
O{||#(y, s)||3.}. Finally note that the formulas (3.26), (3.30) and (3.39) imply

(as s — 00)

In(s)

say(s) = —cr(1+o(1))az(s)*+ea(1+0(1)) ——as(s)+O{ll¢(y. )l 72} (3.40)

15



By Lemmas 3.2 and 3.4 we know that

In(s)

oty iz < /B 1 as(oe < (i

S

[+ aa(s)]).
Hence the equation (3.40) can be written in the form

In(s)

sag(s):—c1(1+o(1))a2(s)2+c2(1+0(1))1n§)a2(s)+0[( )3]. (3.41)

O

c*4o(1)
In(s) ~

Lemma 3.9. The solution of the equation in Lemma 3.8 is as(s) =
as s — 00.

Proof. We show that the term (—c1(1+40(1))az(s)?) is dominant on the right-
handside of the equation (3.41).
From the equation (3.41) we get the estimate

pi(as, 5) < saj < pa(as, 5), (3.42)

where (C' > 0)

pi(as, s) = —c1(1+ o(1))as(s)? + ca(1 + (1)) ™ ay(s) — C
pa(az, s) = —ci1 (14 0(1))az(s)? + co(1 + 0 C

We shall determine under what conditions as(s) is increasing or decreasing
for large s. Therefore we solve the equations: p; = 0. An elementary calculus
yields

an(s) = L. 2(1 4 o(1)) ) [1 + \/1 —4(0) 21+ o(1)) 2]

2 S c5 s
and thus
as(s) = 3 - 21+ 0(1))@ 1+£41-203(1+ 0(1))1n£8) , when p; =0
2
as(s) =3 2(1+o(1)™ |1 £ 1+ 204 (1 + o(1))2 11 when py = 0.

(3.43)
Define the regions:

Alz{(aQ,s): 5 > So, a2(3)>z—?(1+8) . }

C
AQZ{(CLQ,S): 5> S, 6—2(1—|—5)( . - .

Az = {(ag,s) 18> Sg, ao(s) < —g(l +e)(
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B, = {(CLQ,S) s> s, Z—j(l _ E)IHES) < as(s) < Z_j(l +€)lnis)}

B, = {(ag,s) DS > S, _g(l +€)(1H£S))2 < ag(s) < C—C;(l +e)( p

Using the formulas (3.42) and (3.43), we can see that

{ as(s) is increasing in the region Ay

as(s) is decreasing in the regions A; and As. (3.44)

Because we know by Lemma (3.8) that: as(s) — 0, as s — oo, then by (3.44)
we can conclude that for sufficiently large s, (s,a2(s)) cannot belong to the
region As. Furthermore it follows from (3.1) that (s, as(s)) ¢ Bs. Hence for
s sufficiently large it holds: (s,ax(s)) € A; U By U Ay. By the fact (3.44) we
can see that for s sufficiently large there exists k£ > 0 such that

an(s) > k2 (3.45)

S

We prove next that for s suficiently large there exists 8 > 0 such that

(1n(s))*

as(s) > (3.46)

Define
z(s) = as(s) — 0 , (3.47)

where 3 > 0 is a constant, which will be determined later. Differentiating
with respect to s the equation (3.47) and using the equation (3.41), we get

In(s)

2
{1_ In(s) +c2(1 4 0(1)) —a(l+o(1)-

»

~

ln(ss)) )} +0 [(@)3] + 2z -1+ 0(1))@ _ 2201(1 +o(1)).
(3.48)

By the inequality (3.45) one may deduce that z(s) > —f M, thus from
the equation (3.48) it follows that

/< 5n(s))? 2 In(s)
2 g e (a9

cr(1+ o(1)) (22 + ﬁ@)} - C(lnis))?’ — 2211+ o(1)).

Because we know that as(s) — 0, then also by (3.47) it holds that z — 0, as
s — 00. Therefore from the ineqality (3.49) we obtain

(n(s))* _ ., In(s)

S S

1
sz > 56 )3 —2¢12%, (3.50)
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for s sufficiently large.

We shall now conclude the claim (3.46) from the inequalities (3.45) and
(3.50), and from the definition (3.47).

Let g = ﬁ(s*), and choose s* large enough. Then

(i) 2(s") >0,

(ii) 2/(s) > 0, when s > s* and z € [O,gw].

The claim (3.46) follows from the items (i) and (ii).

Substituting (3.46) in the equation (3.41), we obtain: saj(s) = —ci(1 +

o(1))ay(s)?. Integrating this it follows that

/az(s) dz _ /s(_cl(1 + 0(1)))d—77

2
az(so) # 50 T

and further
_1+40o(1) C*(1+40(1))

a2(s) = ciln(s) In(s)

Proof of Theorem 3.1. We can write: ¢(y,s) = ao($)ho(y) + a1(s)hi(y) +
®o(y, s) + &-(y, s), and then by Lemmas 3.2, 3.4 and 3.9 we get

C* O
||¢<g’ 8) - 1 h2(£)||L,% = HCLohg + arhy + Qbr + ¢0 — m

In(s)

ha(y)llez <

(3.51)

Finally we determine the constant C*. By the equations (2.13), (3.31) and
(3.33) it holds that

c———1 h3p = o 22—13}( —2/4)d
1 2P (y/ )ep(y/)y.
2 Jn 16 Jgr

A straighforward calculation yields ¢; = 2/7'/*4 and C* = «'/*/2. Further-
more by (2.13) we get C*hy(y) = (y* — 2)/8. O

From this Theorem and from (2.9) we can conclude that the convergence
is uniform, and the claim of Theorem 1.1 follows.
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