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1 Introduction

Let Q = Bgr(0) = {z € R";|z| < R}. Consider the nonlinear diffusion
problem
u — Au = f(u), re, t>0,
u(z,t) =1, r e d, t>0, (1.1)
u(z,0) = up(z), = €Q,

where the initial function satisfies 0 < ug(z) < 1, Aug(z) + f(up(z)) < 0,
up(£R) = 1, up(x) is radial, ie., ug(z) = ug(r) and ugy(r) > 0, (r = |z).
We assume that the reaction term f(u) is singular at the origin in the sense
that lim, o f(u) = —oo. For u > 0 we take f(u) to be smooth and to satisfy
(=DFf®(u) < 0; k=0,1,2.

Of special interest in the analysis of equation (1.1) has been the situation
where the solution u(z,t) approaches zero in finite time. The reaction term
then tends to infinity and the smooth solution ceases to exist. This phe-
nomenon is called quenching. We say that a is a quenching point and 7" is a
quenching time for u(z,t), if there exists a sequence {(z,,t,)} with x, — a
and t, T T, such that u(x,,t,) — 0 as n — oo.

In most of the papers that deal with the quenching problem for the equa-
tion (1.1), the reaction term is a power singularity, i.e., f(u) = —u™?, p > 0.
In this case it is well-known that for sufficiently large (2 quenching occurs in
finite time [1, 2, 14, 16]. A feature of the quenching problem that has been ex-
tensively investigated is the qualitative behavior of solutions and in particular
the asymptotic behavior of solutions in space and time near the quenching
points. See the detailed review articles [15, 17].

In [19, 21] the equation was studied in the case where we have only a
logarithmic singularity, i.e., f(u) = In(au), « € (0,1), for Q = (-1,1) C R".
It was shown there that in spite of this weakening of the singularity, quenching
occurs for sufficiently large [. Furthermore, it was proved that the set of
quenching points is finite. This analysis has been extended to a more general
class of weakly singular reaction terms in [20]. More precisely, it was assumed
that

" f® ()] = o f(w)]), n=1,2, (1.2)
as v | 0. Furthermore, we defined f (s) = —e® - ]{,((e:s)), s € R, and assumed
that

Fls(1+0(1)) = (1+o(1)) f(s), (1.3)

as s — oo. This requirement means that for a(s) — 0, as s — oo there is
b(s) — 0, as s — oo such that f(s(1+ a(s))) = (14 b(s))f(s), as s — oo.
Note that (1.2) implies f(s) — oo, as s — co. A more detailed discussion on
(1.2) and (1.3) can be found in [20].

Of particular interest for the quenching problem (1.1) with power singu-
larity has been the analysis of the local asymptotics of the solution as ¢ T T
in a neighborhood of the quenching point. Especially, it has been shown that



the quenching-rate satisfies

lsn (i (T — )70 = (14 )04, (14)

uniformly for |z —a| < C+/T —t. In one dimensional z-space this result was
first established by Guo [9] for p > 3, and subsequently generalized to p > 1
by Fila and Hulshof [4]. For the weaker singularity 0 < p < 1, (1.4) has been
shown in [11]. The result (1.4) for higher dimensions has been obtained in
[10] for the case p > 1 and in [5] for the case p > 0. These quenching-rate
results have been refined in backward parabolas, see [6].

The main result in [19] concerns the asymptotic behavior of the solution in
a neighborhood of a quenching point. It was proved there that the quenching-
rate for the logarithmic singularity satisfies

1 u(@t)  qr
li (1 - —) ~0 1.5
m Tl T (1.5)

uniformly, when |z —a| < Cv/T —t, for every C' € (0,00). This Theorem was
extended to nonlinearities satisfying (1.2) and (1.3) in [20], with symmetric
initial data. Note that (1.5) reduces to (1.4), if we substitute f(u) = —u~?
in (1.5).

In [21] the quenching-rate estimate (1.5) of [19] was refined in backward
parabolas. More precisely, it was proved that (under certain assumptions)
for any C' > 0 and € > 0 there exists ¢y such that

sup | u(z,t) P G e >_2>|:
o T =) (= (T — 1)) 8In(—In(T —1)) (L6

O(ln(—ln(T—t)))’

as t > tg. Note that the quenching point is (0,7).

In this paper we prove the result (1.5) for the equation (1.1), where the
conditions (1.2) and (1.3) hold and z € R". This in done in Theorems 2.11
and 2.16 below. Furthermore we give two examples of refined asymptotics

for nonlinearities of type (1.2) and (1.3). These results are formulated in
Theorem 3.5.

2 Preliminary results and quenching rate es-
timates

We first show that for sufficiently large R quenching occurs.

Theorem 2.1. Assume that u(z,t) is the solution of the equation (1.1),
where the reaction term f(u) satisfies (1.2) and (1.3). Then for R sufficiently
large, u(x,t) quenches in finite time.



Proof. By [1] it is sufficient to show that the corresponding stationary equa-
tion
Au+ f(u) =0, xr € Q,

u(z) =1, x € 0N0. (2.1)

does not have a solution u € (0, 1] for sufficiently large z-domains. We assume
that (2.1) has a solution, and show that this assumption yields a contradiction
for sufficiently large R. We apply the idea of [13] below. Note that by [8] a
solution of (2.1) is symmetric, and therefore we study the radial nonlinear
Poisson equation with the boundary conditions u(R) = 1 and «’(0) = 0.
Substituting v(p) = u(r) — 1 in (2.1), where p = r/R, we can derive that

N -1
V' ——v + R*f(v+1) =0, p € (0,1),
p

(2.2)
v(1) =0, v'(0) = 0.
The corresponding (linear) eigenvalue problem is
N -1
u, + ul, = Ay, p€(0,1), 23)

u,(1) =0, u (0) = 0.

The eigenvalues of (2.3) are negative, i.e., 0 > A; > Ay > .., and the corres-
ponding eigenfunctions can be expressed by certain Bessel functions. Denote

the radial Laplacian by A, = 32 + %8@, and define the inner product on

L*(0,1) with weight p™¥~1 by f g) fo pNtdp. From (2.2) and
the later part of (2.3) it follows that

(Agv ) + R(F(0(p) +1),un) = (0, M) + B2(F(0(p) + 1), 1,) = 0.

Therefore, by (2.3), we get A (v, u,) +R*(f(v(p)+1),u,) = 0, for all n. Take
n =1 to obtain that A\; < 0 and u; > 0, when p € (0,1). Then we conclude
that W >

—A1Y, U

<M < 0.

{(f(p) + 1), w)
Note that v € (—1, 0], and then that the second term in this equation has an
upper bound which is independent of R. Therefore the claim follows from
this provided that we choose R large enough. O

R? =

We also recall two Theorems from [3] which are valid in the N-dimensional
case. The first says that the quenching points are bounded away from the
boundary. The second concerns the asymptotic behavior of the solution.

Theorem 2.2. [3] The set of quenching points is a compact subset of ).

Theorem 2.3. [3] Assume that the initial function satisfies Aug(r)+f(up(r)) <
0 and that quenching occurs at t = T'. Then there exist positive constants
0B,l1 and t1 such that



(a) up — Bf(u) < 0, when r € [0,1;) (the quenching points belong to this
interval) and t € [t1,T).

(b) uy blows up, when u quenches.

(¢) u(z,t) — f(u(z,t)) >0, when t € (0,T), and x is a local minimum point
of u(z,t) with respect to x.

We shall now study the local asymptotics of the solution u(x,t) as the
quenching point (0,7") is approached. Note that for sufficiently large R and
for the radial initial data we know that the solution quenches (at least) at
(0,7).

We assume in this paper that

Aug(r) + f(uo(r)) < 0. (2.4)

This condition guarantees that wu(r,t) is decreasing in time (for fixed r €
[0, ).
Define new variables by

Y= ) s=—1In(T —1t).

T—t

Then define the function w in terms of these new variables by

L uewaus) gy L e gy
w(ya S) =1+ YR
0

T 1(s) i ), T Y

By differentiating (2.5) and using the equation (1.1), we obtain
1
wszAw—gy-Vw—i—w—i—F, (2.6)

where F' = %f’(u)

Because the initial function wug(x) is radial, then by the maximum prin-
ciple the solution u(z,t) of (1.1) is also radial, and consequently the solution
w(y, s) of (2.6) is radial. Therefore we need the equation (2.6) in radially
symmetric form. By defining p = r/+/T — t, we can write the equation (2.6)
in the form

p N-—-1

ws_wpp+(§_7)wp_w:F>

1 ! dr

w,(0,5) =0, w(Re2® s)=1+¢° 70 (2.7)
0

uo(r) g

w(p, —In(T :1+1T/ —,
o= =147 [

where (p,s) € (0, Rez*) x (—In(T),00) and F = %f/(u).
We embark on the proof of Theorem 2.11. The main ideas are those of
[19, 20]; however, significant alternations are necessary in the proofs. We



first present a few technical lemmas with proofs in case the proofs of [19, 20]
do not carry over.

At first we present the equations (2.8), (2.9) and the inequality (2.10),
which are essential in what follows.

From (1.2) we can verify that

/0 " F(r)dr = uf(u) +of / " f(r)dr)) (2.8)

Y odr U Y odr
0 m:m”'/o Gk (29)
as u — 0.

By Theorem 2.3 (a) and (c) we have

[imsrtse =[5 ew

for some C > 0.
Note that in the inequality (2.10) u = u(z,t) is the solution of the equa-
tion (1.1) and u = u(0,¢). But in (2.8) or (2.9) u need not be the solution.

and

Lemma 2.4. Let u(r,t) be the solution of (1.1) and uw = u(0,t). Then
P(r,t) € Su2 + [* f(r)dr <0, when (r,t) € (0,R) x (0,T).

Proof. By (1.1) we derive that

P, = uptyr + up f(u) = up(uy —

Because by (2.4) u; < 0 and u, > 0, we get P. < 0. Furthermore, P(0,t) = 0,
and the claim follows. H

By this Lemma combined with (1.2) (where we take n = 1) and (2.8), we
get
Lemma 2.5. Let u(r,t) be the radial solution of (1.1). Then
(a) u(r,t) — 0 uniformly, whent T T and r < C\/T —t.
(b) F is uniformly bounded, when (r,t) € [0, R] x [0,T).
(¢) F — 0 uniformly, whent 1T and r < C\/T —t.

Appropriate bounds for the radial solution w(p, s) will be obtained in the
sequel.

Lemma 2.6. There exist positive constants ¢y, ¢z, ¢35 and d such that for all
—InT,

(a) —c1 < Aw(0,s) <0.
(b) —cy < Aw(p,s), when 0 < p < Rez®.



(¢) —csp < wy(p,s) <0, when 0 < p < Rez*.
) <1-4.
() —3c3p* <w(p,s) <1—06, when 0 < p< Rez*.
Proof. Items (a) and (b) can be obtained from the equation
Aw = Au F,
f(u)

by Lemma 2.5 and Theorem 2.3.
To conclude (c¢) we use the divergence theorem

w,(p,s)m(0B,) = /aB n - Vwdo, = /B Awdx > —com(B,),

P

by item (b). Here m is Lebesgue measure and B, = {z € R"|[z| < p}.
Therefore
m(B,)

B St 2
“m(0B,) =
Items (d) and (e) can now be deduced as in the one dimensional case, see
[19]. O

Lemma 2.7. Let l1(p) = (1 — %) be the second order Laguerre-polynomial
and b(s) a bounded function. Then

w,(p,s) > —c

(a) 7(s) ™ [ w(p.s)e ™t pNNdp — 0, when s — oo.
3 2
(b) foRe (w(p,s) — b(S)h(P))eTpN*ld,O — 0, when s — 0.

Proof. Multiply the equation (2.7) by pN~'e™5 to obtain

1 1 1 1
J'(s) — J(s) :((§R655w(Re§5, s) +wy(Re?®, s)) x
1, 2.11)
_ Lsy2 Re?2 9 (
X (Re%s)N_1 exp (%) + / FpN~te™ dp.
0

We can now conclude, by Lemmas 2.5 and 2.6, that J'(s) — J(s) — 0.
The claims (a) and (b) follow as in the one dimensional case.
U

Lemma 2.8. There exist positive constants vy, 01 and dy such that w,., —yu; >
0, when (r,t) € [0,01) X (T"— 02, T).

Proof. Let J = wu,; — yus, where the constant v will be determined later.
Then we get

N — N —
P =t

for all (r,t) € (0, R) x (0,T). Furthermore we see that J(0,t) = —yu:(0,t) >
0. By Theorem 2.2 we can choose 7 sufficiently large such that J > 0 on the

parabolic boundary of (0,d;) x (T'— d2,T). An application of the maximum
principle now yields the claim. O

Jy— A J + (

r2 Yur + f”<u)urut >0,



By this Lemma we obtain
ue(r; ) — (0, 1) =/ e (1, t)dn = 7/ w(n, t)dn =
0 0

T N _
7 [ty +
0
Because u(0,t) — f(u(0,t)) > 0 and u, > 0, we deduce that
0 < —uy(r,t) < —C(u(0,1)), (2.12)

Lo (m,8) + Fum, 0))dn > 7(us(ryt) + 7 (u(0,1))).

for some C > 0.

Lemma 2.9. Let w(p, s) be the solution of (2.7). Then limsup,_,  (Aw), <
0 uniformly for bounded p.

Proof. By differentiating the equation (2.6), we obtain (Aw), = Y, G
where

Gi(r,t) = T—tﬁ;), Ga(r,t) = —3\/T—tf(7"u)2f’(u),
Uy , U N —1,
Galr,t) = 2/T = (5 (14 F)f (W) + (505 = — W),
Gy(r,t) = —VT — t(f(u)) 1 (uw)u,.

We shall prove that limsup,, G1(r,t) < 0, and that G; — 0 uniformly
for bounded p, as s — oo and © = 2, 3, 4.

1. and 2. ¢ = 1,2: Using the formulas (1.2), (2.9), (2.10) and (2.12), and
Lemmas 2.5, 2.6 and 2.8, we can derive the claims as in [20].

3. i = 3: We estimate the two terms of G5 separately. First we conclude
by the definition and Lemma 2.6 that

VT =Tl ()] = (T = ) (w)] < Cp(T = 0)f (u).

Because u
T—t<(C——7—, 2.13
~f(w) 219
we get from (1.2) that T —t oLl (u) — 0. The rest follows from Lemma
2.5.
In the second step we estimate by the definition of w and p, and Lemma
2.6 that

2 N-1 N -1 3
o VTS e = (T - ) <
oﬁﬂgiﬂw@—w-

The claim follows from (2.13) and (1.2).
4. i = 4: An application of (2.13), Lemma 2.4 and (1.2) (when n = 2)
we deduce the claim as in [20]. O



Lemma 2.10. Let w(p, s) be the solution of (2.7). Then limg_o ws(0,s) =
0.

Proof. We first show as in [19] that there exists a positive constant M such
that (T'—t)uy < M in some neighborhood N = (—aq,a1) X --- X (—ay, ay) X
(T'—6,T) of (0,7). Then by this fact and by a straightforward calculation
we obtain that

liminf (wss(0, s) — ws(0,5)) > 0. (2.14)

§—00

Next we prove that liminfs . w(0,s) > 0. By Lemma 2.9 it follows that for
every € > 0 and C' > 0 there exists s* > —In(7") such that (Aw), < &, when
p < Cand s > s*. Integrating with respect to p we get Aw(p, s)—Aw(0, s) <
pe, when p < C and s > s*. Applying the divergence theorem, we obtain

w,(p, s)m(0B,) — Aw(0, s)m(B,) < pem(B,)

and therefore )
w,(p, s) — Aw(0, 5)% < 6%.

Recalling the fact that w,(0,s) = Aw(0, s) +w(0, s), we get after integration

that )
lim sup (w(p, s) + Aw(0, s)(1 — ;—N) —w,(0,8)) <0, (2.15)
uniformly for bounded p.
The inequality (2.15) together with Lemmas 2.6 (a) and 2.7 (b) imply

that liminf, ., ws(0,s) > 0. Finally this and (2.14) gives the claim. O

Theorem 2.11. Let w(p, s) be the solution of (2.7). Then

7
w(p,s) —w(0, s)(l — ﬁ) — 0,

as s — 00, uniformly for bounded p.

Proof. By Lemma 2.10 and (2.15) we get

2
- P
1 —w(0,8)(1—=—)) <0
imsup (w(p, s) —w(0,8)(1 ~ 55)) <0,
uniformly for bounded p. Combining this with Lemmas 2.6 and 2.7 (b), we
conclude the claim. O

Our next goal is to prove Theorem 2.16. In order to do that, we study
the equation (2.7) as a dynamical system in the space L9 .(R"). Therefore
we have to extend the domain of u(x,t) to the entire RY. This is done in
Lemma 2.12 below. Note that we actually first cut a small piece from the
x-domain, and then extend the solution wu(r,t), where r € [0, R — ¢) for all
r > 0. We do this extension in this manner because of Theorem 2.2, and
because we are interested in a local asymptotics of the solution.

10



Lemma 2.12. Let Q = Br(0) and let u(x,t) be a positive, radially symmetric
solution of (1.1), which quenches at (0,T). Let to € (0,T). Then there exist

€ (0,R), u(xz,t) and g(z,t) such that u(x,t) = u(x,t), when |x| < 7,
to <t<T and

) fw),  when |z| <.
At = { g(x,t), when |x| > r,.

Moreover there exist positive constants Cy and Cy such that Cy < u(x,t) +
lg(x,t)] < Cy, when (x,t) € RN\ B, (0) X (to, T).

Proof. The idea of the proof follows that of [18] where certain blowup prob-
lems were studied. Because we know by Theorem 2.2 that the set of quench-
ing points of u(z,t) is a compact subset of 2 = Bg(0), we can find constans
M, > 0 and 7y € (0, R) such that

0< M <u(z,t) <1, (2.16)

when t € (0,7) and ro < |z| < R. Let 0 < 7o < 7. <711 <719 <r3<R. By
classical regularity theory for parabolic equations, we have

u(z,t) + |[Vu(z, )] + |[Au(z, t)| < Ms, (2.17)

when t € (0,7) and r, < |z| < r3, for some positive constant Ms. Let now
£ € C°(RYN,R) be a radially symmetric function such that

{(z) =1, if |z <y,
&(x) =0, if |z| > rq,
0<{(x) <1, ifr; <|z| <re.

Define the extension @(z t) in [tog, T) x RN by

u(z,t) +1—¢&(x), when |z| <rj,
when |z| > rs.

We can verify that @, — At = f, where f equals

f(u)a if ‘Qf’ Srla
§(x) f(u) = 2VE(x) - Vu(z, t) —u(z, ) AL(x) + Ag(x), if ry <la| <3,
0, if |z| > r3.

Finally we can see that u(x,t) and g(x,t) satisfy the desired properties. [

Let @(z,t) be the extension of u(x,t) to all x € R given by the proof of

Lemma 2.12. Define
1 a(@t)  qr
i =1 — 2.18
i) =1+ [ (218)

where y and s are as earlier. Differentiating (2.18), we obtain

; —Aw+%-vw—wzﬁ, (2.19)

11



where F = |V“|2f’(u) = F, when |y| < r.e2; and for |y| > r.ez, F is

f(u)?
F, if r*e2 < |yl < 7“1€§
G [Val? e
@ Lt e (@), i
_17 if |y| Z T3€§7

where G = &(x)f(u) — 2VE(z) - Vu(x,t) — u(z, t)Aé(x) + Af(z). We can
conclude that @ has same properties as w in Lemma 2.6 for y € RV, i.e.,p €
R.

Because the solution w(y, s) is symmetric with respect to y, we will need
the weighted spaces of radially symmetric functions:

LZ}T(RN) ={g € LZ(RN) g(z) = g(Jz]) forall xe RN},

H;”T(RN) ={g € Hg(RN) g(z) = g(|z|) forall z e RN},
where
LURY) = {o € L (RY): [ lo(@)fip(a)de < o0},
Hg(RN) ={g € LZ(RN) : D% € Li(RN), a=(ay,..,ay), |af <p},
with p(z) = exp( — %), r € RY and D%g = %, where o =

(v, ...,an), ; is a nonnegative integer for 1 < i < N and |a| = Zfil Q.
We define the inner product in L2 (R") by

{f,9) = - f(@)g(x)p(x)dr,

where f,g € L2 (R") and the norm in L4(R") by

o= ([ | @ p(ode)"

The operator £ with domain H?, (RY) is self-adjoint in L2 .(R"), with ei-
genvalues A\, =1—mn, (n=0,1, 2 ..) and corresponding elgenfunctions

L —c (=1L @
n(z) = Cn( ) ( 4 )a
with v = %, where

Cn = Cp(N) = (47T)N/4(%+/?\)[/2))1/2

)

and
d

)e)

r

Lo (ry=¢éer> (

n

is the standard n-degree Laguerre polynomial of order v, so that ||L,|2, =1
and ' denotes the standard Euler’'s gamma function.

12



We have now presented the functional framework, which we need in the
proof of Theorem 2.16. With this preliminary material at hand, we begin to
prove it. Obviously, @(y, s) may be expanded as a Fourier-Laguerre series:

@y, 8) = D bals) Lu(y)- (2.20)

. 1/2
Lemma 2.13. Let by (s) = —bi(s) %X, where ¢ = (473)% -(Jfﬁ@g) . Then

bi(s) —w(0,5) — 0, as s — oco.

Proof. Set ¢(p,s) = w(p, s)—w(0, s)(l—%). Then the projection to Ly (p) =

—C, (% - % yields

2

(@, L1) = () buLn, Ly) —w(0,s)((1 - ;—N),L1> = by(s) — w(0, s)(Ly, Ly),

where L; = 1 — %. By Lemma 2.7 (¢, L) — 0, and the claim follows from
a straightforward calculation. O
The proofs of Lemmas 2.14 and 2.15 below are essentially the same as

in the one-dimensional case. For the purposes we have in mind the function
g(s), defined by

_uf'(u)
lim —In(u)) = 1. 2.21
tim 28 ) (221)
This function satisfies o g
lim . (2.22)

= Jie g(s)

The condition (1.3) on slow variation remains true if we replace f by g. This
is essential in Lemmas 2.14 and 2.15.

Lemma 2.14. The inequalities 0 < f'(u)(T — t)g(—In(T —t)) < M < o0
hold on the set [—R, R| x [0,T).

Proof. See [20]. O

Lemma 2.15. For the solution u(r,t) one has

ﬂmnmauﬂm4MT—m‘1—w&@E@fﬁo

uniformly when r < CVT —t, ast 1 T.

Proof. We replace hs in [20] by Ly, which is defined in the proof of Lemma
2.13. Otherwise the proof is the same as in [20]. O

Theorem 2.16. w(0,s) — 0, as s — 0.

13



Proof. This Theorem can be obtained in the same way as the corresponding
Theorem in the one-dimensional case in [20] provided minor changes are
made. For the readers convenience we present the argument here.

We begin by projecting the equation ws = Lw + F' to the subspace gen-
erated by the function L. By the orthogonality and the self-adjointness of
the base {L,}22,, we can conlude that

2

Cols(s) = [ (7 =0 (o~ In(T = D) Lr(p)exp(~ )" dp.

We write the right side as a sum of four term [;; i = 1,2, 3,4; where

2

I = /OOO(T — 1) (w)g(s) (w? — w(0, 5)%0%) L (p) exp(— L) o™ dp,

b= [0 =01 Wal9) — g w05 L) exp(— )0,

ey 2

b= [ b 0.8 =P exp(— )0 dp.

and
~ 2

_ [T e LN
I4 - A 17w(07s)i]1(p) Ll(p) eXP( 4 )p dp
By Theorem 2.11, Lemmas 2.13, 2.14 and 2.15 we may conclude that

lim sup(g(s)b} (s) + csbi (s)?) < 0,

§—00

for some positive constant cz. By this equation combined with (2.22) it
follows that b;(s) — 0, as s — oo, and also by(s) — 0, as s — oo. Finally,
Lemma 2.13 gives the claim. O

3 Examples of refined asymptotics

In this Section we investigate the refined asymptotics of quenching for two
examples of reaction terms in (1.1) that satisfy conditions (1.2) and (1.3).
The first case is f(u) = —|In(u)|? , and the second one is f(u) = —|In(u)|P —
| In(u)|?, where p > ¢ + 1.

The considerations below are strongly based on results in [21], where we
have used the methods devoloped in [6, 7, 12, 22]. An essential tool in the
analysis is the functional framework presented in the previous Section.

The first fundamental ingredient is Corollary 3.1. This result gives the
quenching rate-estimate in the form which can be used after the change of
variables (3.2). More precisely, (3.2) makes it possible for us to analyze
the asymptotics of the solution with respect to space- and time variable in
backward parabolas |z| < C'v/T —t of the quenching point (0,7).

14



Corollary 3.1. Let u(r,t) be the solution of (1.1), where f(u) = —|In(u)?,
p > 0. Assume that (2.4) holds and that u(r,t) quenches at (0,T). Then

, u(r, t) B
T mT oy -

uniformly when r < C\/T —t.
Proof. We first show that

In(T —t) Y
In(u)
as t T T uniformly when r < C+v/T — t. By Theorems 2.11 and 2.16, and the
formula (2.9) we can obtain that

(3.1)

u N u _ u {f(u) B 1} 0
—w(T =) flu)(T—1) —fu)(T -1 w
and
u
S ———
fu)(T —1)
as t T T uniformly when » < C+/T —t. Therefore, %t) — 1. An
application of I’Hospital’s rule yields Lo:))) — 1 and j hgf;i = 1,

(u(
because w, — 0 by Theorems 2.11 and 2.16. We derive (3 1) from this and
from the fact that u, > 0.

Furthermore, ]:lj(fgiq; = —ihqy: hence we can take g(s) = s/p in (2.21).
From Lemma 2.15 and Theorem 2.16 we get

p
f'(ulr, )T —t)s

Finally from this and from (3.1) after some calculations the claim follows. [

— 1.

Motivated by this Lemma we define

B a(x,t) B
¢@@‘(T—m—m@—oy L (3:2)

where @(z,t) denotes the extended solution, which is defined in Lemma 2.12.
From now on we simply denote v = @. Then we obtain by (1.1) that
y !
6 -0+ L. Vo—p=L+1-Lii4) (33)
where f is defined as in Lemma 2.12. This equation may be written in the
form

b= Do+ 5 -Vo—6=C+H xp (3.4)

where B = {|y| > re¥/?},

G- _(1 _pln(s) ln(1+¢))p+1 _§<1+¢)’

S S

15



and

PO TN
s s
() f(u) —2VE(x) - Vu(z,t) — u(z, ) A{(z) + A{(z)
sP '
On B one has, by Lemma 2.12, that il—f < ¢ < % Thus: |H - xg| <
Ce]g].
We study the term G. Write
In(s In(1 + p
Gy (1-Pl) 1+ o)y

S S

An expansion of this yields

pp—1)

L (pln(s) + In(1 + 6))+

G =1— g(pln(s) +1In(l + ¢)) +

pln(s) + In(1 + ¢) )3] '

Ol(

Therefore we get

o[l E Dy
Finally,
G =L(pm(s)—1- P - ;l(1n<s))2)+
“(n(1+¢) - ¢) - vl _31) () (1 4 ) %p@ - 1)(ln(13+ 0))2
ottty s,
h (3.5)

After these preliminary considerations we begin to study the refined
asymptotics of ¢(y,s) when |y| < C. More precisely, we expand ¢(y, s)
in (3.6), and assume that (3.7) holds. Then we apply a dynamical system
approach to the problem. Because the solution is symmetric, we study the
situation in the space LgvT(RN ), which we have already presented in the
previous Section. Actually the goal is to prove that the term b;(s)Li(y) is
dominant in (3.6), which will lead to the desired results.

Let .
80,5) = S B L) (36)
where -
pn(s)| > oL 37)
for some C.
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Lemma 3.2. Let by(s) be as in (3.6). Then

bo(s) = —M (47) 7 In(s),

Proof. By projecting the equation (3.4) to the subspace generated by Lo, we
get
bg(s) = bo(S) + <G, L0> + <H * XB, L0>

Splitting the term (G, Lg) as in (3.5) and using Corollary 3.1 we obtain

(47T)N/4p2
S

bo(s) = bo(s) + (14 0(1))In(s).

The claim follows from this as in the one dimensional case [21, Lemma 3.2].
O

Lemma 3.3. Let b;(s) be defined by (3.6). Assume that (3.7) holds. Then

I Zbi(S)Li(y)Hz,p = o([b1(s)]).

Proof. We have now only one positive eigenvalue, i.e., A = 1, which corres-
ponds to by(s)x (constant) eigenfunction. Therefore the function z(¢) in [21]
(see also [7]) is now zero, and we only need inequalities for ||¢o(y, s)|2, and
|6—(y, s)|l2,, to conclude the claim. B

(a) Projecting the equation (3.4) to Ly, we derive

Vi(s) = (G, L1) + (H - x5, L1).

First we get from the orthogonality that (G, L) = 0. Then by (3.5) we
deduce that: |(Gy, L) < C||Ga|2 < €]|¢|l2. Correspondingly, (Gs, Ly)| <
o) 1plly and [(Ga, L1)| < G|jélla. The term G5 can be split in a part
which is only dependent on s and a part which is dominated by %Hgf)”g
Hence we obtain |(G, L1)| < £[|¢||>. On the other hand, it can be checked
that |(H - x5, L1)| < Ce™%%||¢||2. Then we estimate by (3.7) and by Lemma

3.2 that

16(y. $)ll2,0 < C(1bo()] + [br(s)] + 6=(y: 8)12,) <

< %]bl(sﬂ +1b1(5)] + Cllé—(y, 5)l2,p

After these preliminaries we can conclude that

[1b1(5)s| < &([ba ()] + 16— (y 5)l2p)- (3.8)

(b) Projecting the equation (3.4) to the negative eigenspace, multiplying
by ¢_p and integrating, we get

[ (o= [ oo+ [ G+ xw)oop

17



Because the greatest negative eigenvalue is —1 and arguing as in the part
(a), we can proceed as in [21] to conclude that

%Ilcﬁ—(g $)lzp < —=llo-(y, $)ll2p + e (llo-(y, 8)l2p + [0r(s)])- (3.9)

Now apply [7, Lemma 3.1] to Corollary 3.1, and recall (3.8) and (3.9) to
obtain the claim. l

Lemma 3.4. Let ¢(y,s) be the solution of (3.4). Assume that (3.7) holds.
Then

16(y, $)llgp < Cllo(y 8)ll2,p-

Proof. This Lemma can be derived in two steps as in [21].
(1) We first demonstrate the following claim: Let » > 1 and L > 0. Then
there exist s§(r) and C(r, L) > 0 such that

16(y; 5+ s0)llrp < Cllo(y, 5) 2, (3.10)

for every s > 0 and sq € [s§(r), s5(r) + L].
We obtain by Kato’s inequality (Ag - sgn(g) < A(|g|) in D'(RY)), and
from (3.4) as in the previous Lemma that

S 10(,9) < Aloly, )| + (1+ 0)l6(y, )| + Ca(s)

where A = A — % - V. From this we can verify as in [21] that

16(y, s + 50)lrp < Clie |6y, $)] ],y + CC1(s).

The right-hand side of this inequality can be estimated in two steps. First
we use [22, Proposition 2.1] to obtain the corresponding inequality as [21,
Lemma 3.5], and then apply this to the first term. The second term can be
handled by Lemma 3.2. These two inequalities yield the claim (3.10).

(2) In the second step we prove that: Let L > 0. If (3.7) holds, then
there exists C' = C'(L) such that

16(y, )2 < Cllo(y, s + L) |2, (3.11)

for all s.

We project the equation (3.3) to the subspace generated by L;, and
then notice that the necessary analysis may be carried out as in the one-
dimensional case [21]. O

We shall now derive an ordinary differential equation for b;(s). This is
done in the equation (3.15) below. By projecting the equation (3.3) to the
subspace generated by L; we get by (3.5) that

bi(s) = (Z Gi, L1) + (H - x5, L1).

=2



Here )
(G, L) = 5-(=6” + O(["), L).

The terms G;, when i = 3,4, 5, can be estimated as follows. By Lemmas 3.2,
3.3, and by the relations (3.5) and (3.7) we get

(G201 < () oty o)1, < (P2 (M 1 0y (9)) <
< c((lns(ij») 4 c(lns@) bi(s)] < 8%(1 + Clns) ) by (s)] -
Similarly,
(G, L) < SOM) (o)), (313)
and
(G, Ly)| < O(@)3 < Clns(j) : (lnf))Q < 01;12(5) bi(s).  (3.14)

Then we conclude that: [(H - xp, Li)| < Ce™%|¢]|.
Gathering these items we obtain
In(s)

sby(s) = =567 L) +{0(16[*). L) + O()

61(8).

Next we estimate the term (42, L1). Let: ¢ = boLg + b1 L1 + ¢,. Then we get
from the orthogonality that

4

(¢, L1) = (b1L3, L1) + (¢2, L1) + 2bobi (Lo L1, L1) + 2b1 (L1 ¢y, L1) = Z[j-
=1

We obtain that 55, = ¢ibi(s)?, where ¢ = E(L} Ly) and I3 =

—QIMZH(S) from Lemma 3.2. The term I, + I, can be analyzed

2, Jou(s)1 .

as in [21] to derive that |Io + ;] < Co(1)[by(s)| max {0
On the other hand by Lemma 3.4 we get

| /R B ()L ()N e 2| < C6JE, < Cllol,

These estimates yield

In(s)

In(s)
s ’l-
(3.15)

We remark now that this equation is essentially the same as [21, (3.42)].

Therefore by (s) = 0*1:(‘; ()1), as s — 0o. We formulate this as

sb)(s) = —e1bi (s)2(1+0(1)) + (2p° (14 0(1)) + O(1)) =L by (5) + O [(
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Theorem 3.5. Let f(u) = —|In(u)|? in (1.1), where p > 0. Assume that the
initial function ug(r) is symmetric and that (2.4) and (3.7) hold. Let u(r,t)
quench at (0,T). Then for any C' > 0 and € > 0 there exists ty such that

sup u(r,t) L N(4(17:2_t) -3) =
recyt=t (I' = 8)(=In(T" — £))? 2pIn(—In(T" — 1)) (3.16)
€
O(ln(— In(T — t)))7
when t > tg.

To complete the proof of this Theorem we have to determine the constant
c¢* above. This is done in two steps. First we derive that

De D / ~3N/4 2 \3/2 / s 3 _y2/4 N-1
==(L7, L) = — do- (4 (= —2N dr.
C1 2< 1 1> 128 Sy ( 7T) (N) 0 (T ) € r r

Then we calculate the integrals and apply properties of the gamma function
to conclude (3.16).
At the end of this Section we study the equation (1.1) when

f(u) = =[In(w)[” = [In(u)], (3.17)

where p > ¢ + 1.

First one can re-examine the proof of Corollary 3.1 to conclude that the
claim of that Corollary holds for (3.17). Then we change the variables as
in (3.2) and use the extension of Lemma 2.12. After some calculations we
obtain that ¢(y, s) satisfies

b= Do+ 2-Vo—¢=G+H- xz (3.18)
where B = {|y| > re/?},

G = —(1—%[}9111(3) +1In(1+ ¢)])p +1-—

B 259(1 +p) — 5T (1 — %[pln(s) +In(1 + Cb)])

q
)
and

H= (1 — é[pln(s) +1In(1+ ¢)]>p + sq_p<1 — %[pln(s) +1In(1+ ¢)]>q+
L §@)f(w) = 2VE(x) - Vu(z, t) — u(w, )Ag(z) + Af(z)

An expansion of G now yields

q(q—1)
252

G = Z Gi+s17P (1—%[}) In(s)+In(1+¢)]+ [p ln(s)+ln(1+¢)]2+...>,
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by (3.5). This equation can be written in the form G = Y27 | G, where

G, = g(p In(s) — 1 — P*(p— ;l(ln(S))z) + 597P(1 4 o(1)),
p*(p —1)In(s)

Gy ="2(n(1+9) ~¢), Ta=- In(1+)(1+o(1))

52

Gi— —2plp - D)1 o)), Gy — o E0)

We observe that Gy = G5 and that G; = (1 + 0(1))G;, when i = 1,3,4,5
(G; defined in (3.5)). Then we can conclude that Lemmas 3.2-3.4 remain
true for the reaction term (3.17) in (1.1). Because G5 = Gy, we obtain that
the multiplier function b;(s) in (3.6) satifies the equation (3.15). Finally, by
these remarks, we derive that the claim of Theorem 3.5 holds for the reaction

terms (3.17).
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