Helsinki University of Technology Institute of Mathematics Research Reports
Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja

Espoo 2004 A477

MOSER’S METHOD FOR A NONLINEAR PARABOLIC EQUATION

Tuomo Kuusi

é

TEKNILLINEN KORKEAKOULU

TEKNISKA HOGSKOLAN

HELSINKI UNIVERSITY OF TECHNOLOGY
TECHNISCHE UNIVERSITAT HELSINKI
UNIVERSITE DE TECHNOLOGIE D'HELSINKI






Helsinki University of Technology Institute of Mathematics Research Reports
Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja

Espoo 2004 A477

MOSER’S METHOD FOR A NONLINEAR PARABOLIC EQUATION

Tuomo Kuusi

Helsinki University of Technology
Department of Engineering Physics and Mathematics
Institute of Mathematics



Tuomo Kuusi: Moser’s Method for a Nonlinear Parabolic Equation; Helsinki
University of Technology Institute of Mathematics Research Reports A477 (2004).

Abstract: We show the Harnack type estimate for a weak solution of the
equation

O(urt
div(|DulP~?Du) = %
by using Moser’s method.

AMS subject classifications: 35B55

Keywords: Doubly nonlinear parabolic, Caccioppoli estimates, Harnack’s in-
equality, parabolic BMO

Correspondence

Tuomo Kuusi ttkuusi@math.hut.fi Institute of Mathematics, PBox 1100, FIN-
02015 TKK

ttkuusi@Qmath.hut.fi

ISBN 951-22-7369-1
ISSN 0784-3143

Helsinki University of Technology

Department of Engineering Physics and Mathematics
Institute of Mathematics

P.O. Box 1100, 02015 HUT, Finland

email:math@hut.fi ~ http://www.math.hut.fi/



1 Introduction

Let €2 be a domain in R", t; < t; and 1 < p < co. We define a positive weak
supersolution (subsolution) of the equation

div(|DulP~2Du) = a“gt_ ) (1)

as a function in the local parabolic Sobolev space L? (t,ty; W,bP(Q)) satis-
fying the equation

to
/ /(|Du|p—2pu-pn—up—1@)dxdt2 (<)0 2)
o ot

for all n € C§°(Q x (t1,t2)), n > 0. A weak solution of equation (1) is both
supersolution and subsolution.

As far as we know, equation (1) occured the first time in [Tru68], where the
Harnack inequality for a weak solution was proved. The proof was given
via parabolic BMO. The article generalized Moser’s famous article [Mo64].
The main result in [Mo64] was the parabolic version of the well-known John-
Nirenberg Lemma. Twenty years later, in [FaGa], the proof of this Main
Lemma was further simplified. The approach via BMO, however, is techni-
cally involved. Consequently, we prefer to give a simple proof using Moser’s
techniques in [Mo71]. In the article he used ideas of Bombieri [Bomb], [BoGi].
Some generalizations to Moser’s article were also made in chapter 5 of [SaCo].

We show that the parabolic Harnack inequality holds for a weak solution of
(1). For any fixed 0 < ¢ < 1, 7 € R and for a ball B(z,r) C R", r > 0, we
define

1 1 1 1
oU" = B(z,01) x (T + §Tp — s(or)P, 7+ orf + S (or)P),

2 2 2
U™ = B(z,0r) x (7 — o — Lorp,r — Lo Lo
oU™ = B(z,or T =gt = lor)h T —orf 4 g (or

and
Q = B(z,r) x (T —rP, 7+ 71P).

Our result is the following theorem.

Theorem 1.1. Let u > p > 0 be a weak solution of equation (1) in Q and
let 0 <o < 1. Then we have

esssupu < Cessinfu, (3)
oU— oU™t

where the constant C' depends only on n, p and o.



It has come to our attention that a similar question has been studied in a
recent work by Gianazza and Vespri [GiVe| using a different method.

A well-known result is that the Holder continuity of the solution in the
parabolic case is a consequence of the Harnack inequality [Mo64] as p = 2.
In general, due to the nonlinearity of the term (uP~!);, the same proof is not
valid for equation (1). This leaves the role of the Harnack inequality open in
the proof of solution’s Holder continuity.

The method used here also covers more general equations

A(uP~1)
ot

— divA(z, u, Du) = 0,

where the function A is only assumed to be measurable and satisfy the struc-
tural conditions (see e.g. [DiBe|, [DBUV], [WZYL))

A(z,u, Du) - Du > Cy|Dul?,
|A(@,u, Du)| < Ci|DufP~,

where Cy and (' are positive constants. We can use similar argumentation
as in [Tru68] to show Caccioppoli type estimates in section 2.1. After that
our method does not use any information about the equation. Therefore, for
expository purposes, we only consider equation (1).

[ would like to express my gratitude to Juha Kinnunen for his encouragement

and valuable suggestions. I also wish to express my thanks to U. Gianazza
and V. Vespri for their helpful interest.

1.1 Preliminary results

In the appendix we show some consequences of the definition of a superso-
lution (subsolution). Especially, we show that it is possible to substitute a
test function depending on w in (2). The result is

0 < (2) @—m/ﬂzijMQWWwamT (4)

+ / / |DulP~2Du - Dy f'(uP™') dzdr
T Q

; {Aﬂwﬂmﬂi;ffAﬂWH%mw

for almost every 71,7y, t; < 71 < T» < ty, where f € C*(0,00), f/ > 0 and [’
is bounded on the range of u?~!.

We start with an elementary lemma.



Lemma 1.1. Suppose that u > p > 0 is a supersolution. Then v =u""' is a

subsolution.

Proof. Let n € C§°(2 x (t1,t2)), n > 0, and 71,72 be such that n(z,m) =

n(z, ) =0 for every x € Q. By substituting the function f(s) = —s~! in

(4) we have

T2
0 < —2(p—1)/ /|Du|pu1_2pndxd7

+ / / |Du|P~2Du - Dy u?1=P) dde—I—/ / dxdT

an
< —/ / |Dv[P~2Dv - Dy — vP~ L Gadr.
- Q 07’

and the result follows by letting 7 — ¢; and 75 — t5. O

Next, we formulate two well known results. The first lemma is a straight-
forward consequence of standard Sobolev’s inequality and the proof can be
found from [DiBe].

Lemma 1.2. Suppose that u € LP((ty,t5); Wy P(Q)), where k > 1 Then there
exists a constant C' = C(n,p, k) such that

/ / |u|™ dzdt < C’/ / | Dul? dzxdt - (ess Sup/ || (=L d:v) "
t1<t<teo

Following [SaCo], we call the next result as an Abstract Lemma. The original
idea is due to Bombieri [Bomb)].

Lemma 1.3. Fiz 0 < < 1. Let~, C be positive constants and 0 < ag < 00.
Let f be a positive measurable function on Uy = U which satisfies the reverse
Hoélder type of inequality

1/a—1/ag
oot < (@) Ul

where Uy C U, C R™ for all o,0',a such that 0 < 6 < o' <o <1 and
0 < a <min{l,ap/2}. Assume further that f satisfies

p{z e U log f > A}) < Cu(U)A™!

for all X > 0. Then
1 llao.0s < Ap(U)* /20

where A depends only on d,~,C and the lower bound on «y.

Remark The assumption that log f belongs to weak L'(U), can be relaxed.
It is sufficient to assume that log f belongs to weak L"7(U) with any positive
7. One can check this easily (Moser’s proof in [Mo71]). Actually, in the
proof, the only thing where we use the term A™! is that log()\)/\ tends to
zero as A tends to infinity. Naturally, this is also true for log(A)/A".



2 Estimates for super- and subsolutions

2.1 Caccioppoli estimates

Results stated in following three lemmata are essentially consequences of the
inequality (4) proved in the appendix for a supersolution (subsolution).

Lemma 2.1. Suppose thatu > p > 0 is a supersolution and let 0 < e < p—1.
Then there ezists a constant C' = C(e,p) such that

/ / | Du|Pu—c"1 pd:):dt+esssup/ uP~ 1P dr
t1<t<to

<(J/ /u” . 1|D<P|pdxdt+0/ / pme=lppl g@'d dt
holds for every ¢ € C§°(2 X (t1,t2)) with ¢ > 0.
Proof. We choose the function f so that
p—1y _ p_]' p—1—e 1, p—1y _ , —€ ", p=1y € 1-p—e
flr ) = P p ) —et e = -5

and n = ¢P, where p € C§°(€2 x (t1,12)) and ¢ > 0. Substitution of f and n

in (4) gives
0 < —5/ / | DulPu=c" P dadt
T Q

—|—p/ / | DulP~ 1P Dep| u ¢ dadt

//pglaso
—5—1

T2
—1—7{/#517’6&;}
p—€—1 t=71

-1 —1
p(p )13+ p I
p—e—1 p—e—1

P=1 dxdt

= —8[1 —I—pfg +

Young’s inequality yields

T2 e —1 p—1
I, = / / <|Du|gpu_ ;1)10 <|D¢|u_£+(5+1)7> dadt
Eal Q

T2
< ahive) [ [ IDelu 0 dad
1 Q

T2
— ey [ [ Do dadt,
1 Q
where v > 0. Thus, we have

2(p — 1 Wele/2p) [ 2y — 1
Il - g(p(_pi_)l]?) < pc(g/ p) / / |D(,0|pup_€_1 dedt + (é _) 14’
p—e—1) € Q e(p—e—1)



where we have chosen v = ¢/2p. Furthermore, by choosing 7, < ty and
71 > t; such that

1
/up—l—a(a:,ﬁ)@p(:v,ﬁ) dr > S ess SUP/ WP da
o Q

t1<t<to

and ¢(x,79) = 0 for every = € ), we obtain

esssup/ PI=E P da

t1<t<to

<C/ / |Dp|PuP==" 1dxdtx+C’/ /up 1-e —’ Pl dydt
7—1152 t2

SC’/ / | Dop|[PuP—=1 dxdt—l—C'/ /up_l_e —‘gpp_l dxdt
t1 Q t1 Q at

for the parabolic term. The result follows now easily with the constant C'
depending on ¢ and p and having singularities at e =0 and e =p—1. [

Next, we want to show a corresponding result for a subsolution. Observe that
in the following lemma we may have quantities which are a priori not nec-
essarily finite. Nevertheless, we can make our calculations with (12) instead
of (4). After we have control of the quantities, we obtain results by letting
k tend to infinity by the dominated convergence theorem. In fact, this also
justifies formal calculations in the proof of Lemma 2.5.

Lemma 2.2. Suppose that v > p > 0 is a subsolution and let € > 0. Then
there exists a constant C' = C(g,p), which is such that

/ / | Du|Pus™? pd:r;dt—i—esssup/ uP P da
t1<t<to

0
<c/ /up 1+6|D<p|pdxdt+(]/ /up e pl 890‘ drdt
for every ¢ € C§°(2 x (t1,t2)) with ¢ > 0.
Proof. This time we choose the function f so that
p—1y _ A p—1l+e 1 p—1\ _ )€ "(,p—1y _ L e—p+1
flar ) = P P ) =

and 7; and 7 such that
1
/up1€<l',72)(pp($,T2>d$ > —esssup/ uP~ 1P d
0O t1<t<ta JQ

holds. The assertion follows as in the proof of Lemma 2.1 and the constant
C has a singularity point at ¢ = 0. U

Finally, we show a Caccioppoli type estimate for the logarithm of a superso-
lution.



Lemma 2.3. Suppose that v > p > 0 is a supersolution. Then there exists
a constant C = C(p) such that

/ / | D(log u)|? pd:cdt—i—esssup/ | log u| P dz
Q

t1<t<ta

<C/ / \Dgp]pd:cdt—i—C’/ / |log u| !

for every ¢ € C3°(Q x (0,T)) with ¢ > 0.

dxdt

o

Proof. We choose the function f(s) = logs and n = ¢P, where ¢ € C§°(Q x
(t1,t2)) and ¢ > 0. By denoting v = logu we have from (4) that

T2
0 < —(p—l)/ / | Dv|PoP dxdt
ial Q
T2
ap [ [ Dol Dl o dnat
1 Q
T2
+/ / v? dxdt
1 Q
T2 ago
—p/ / vl =2 dadt
1 Q 8t
where t; < 7 < 5 < t5. Young’s inequality for the second term yields
T2
[ [ apeley el dsat
1 Q
p— 1 T2 T2
—/ / | Dv|PeP dxdt + c(p)/ / |Do|P dxdt,
1 Q 1 Q

where ¢ = ¢(p) is a constant depending only on p. Consequently, we have

/ /|Dv|p P drdt — [/ vgapdx}
t=71
<y / /|D<p|pdxdt—C2 / / Pl L it (5)

The claim follows now in the standard way as in the proof of Lemma 2.1. [J

Remark. In (5), the test function ¢ does not need to have a compact support
in time. We will use this fact in the future.

2.2 Reverse Holder inequality for a supersolution

Forany 0 <o <1,7 € R, n>1/2 and B(z,1r) C R" define

0@ =0Q(z,r,7,m) = Q(z,0r,7,mn) = B(z,07) x (1 —n(or)?, 7 + n(or)P).



In the following lemma the goal is to achieve a constant which is independent
of s. In the standard approach from Moser [Mo64] we only need to iterate
finite many times so we do not need to control the asymptotic behaviour of
the constant. In our approach the number of iterations can be indefinably
large and we have to make a certain geometrically convergent partition of
the cylinder () in order to achieve an uniform bound for the constant.

We will use the notation

1
][ fdadt = — / fdadt.
0 9] Jo

Lemma 2.4. Suppose that u > p > 0 is a supersolution in Q. Fiz 0 <6 < 1.
Then there exists positive constants C' = C(n,p,q,6,n) and v = vy(n,p) such

that
J C H 5
(7/ uqudt) < <—/) (7[ uﬂixdt)
a’'Q (U -0 ) K o

forall 0<d<o'<o<1 andforal 0<s<qg<(p—1)(1+2).

Proof. The starting point for the proof is the successive use of Sobolev’s
inequality and Caccioppoli’s estimate for supersolutions. Without loosing
the generality, we can assume that 7 = 1. We choose a function v = @u®/?.
Sobolev’s inequality stated in Lemma 1.2 for this function gives

D

/U”pd:cdt < C/ | D(ou®/P)|P dadt - (esssup/(@uo‘/p)pdx>n
Q t1<t<te JB

(/ |D(u®/P)|P dadt + ess sup/ oPu® dx)
t1<t<to B

= Il_'_[Q 9

IN

where we have denoted
Ii=1+£, a=p—1—¢, O<e<p-—1, ty=7—-1P ty=71+1"
n
Furthermore, a simple calculation yields that
L < C/ u®|Dep|P dxdt + Cozp/ u* P|DulPpP dxdt
Q Q
— [3 + [4.

This together with Caccioppoli’s estimate 2.1 for the terms I, and I, gives

/ |90ua/p]”pdxdt§0(/ ua|D<,0|pdxdt+/ u® P! 0¢ dxdt) :
Q Q Q ot

Thus, we obtain
(/ o d:pdt) -
Q




Op s
E‘ dxdt) . (6)

< (= (/ ua\Dg0|pdxdt+/ u“ P
Q Q

The following step in the proof is to iterate the inequality above. We fix o
and o’. We divide the interval (¢’, o) into k parts so that

o—o

, .
op=o0, ox=0, o0;=0j_1—c(k) ,7=1,... k.

KJ
Observe, that the constant c¢(k) is uniformly bounded on k. More precisely,

we have
K—1

<c(k) <1

R

for every k. We have chosen such a partition because, as a result of the
iteration, we need to have a constant independent of k. Next, we choose test
functions which have following properties

Spt (SOJ) C Uj*lQa

OSQOJ S 1 in Uj—lQa @]:1 in CTjQ,

fij p.
SCQ@—ﬂ) n 2@

Substituting test functions in (6) we get inequalities

R j &
/ u™ dxdt < (Ciﬁ/) / u® dxdt
O"Q 7/'(0-_0-) Uj—lQ

for j =1,..., k. We can write inequalities above equivalently

<]{.Q u dxdt) ) = (%) % d;(r) <]{HQ u® dxdt) é , (7N

K 0p;
(o0 —0') ot

|Dyp;| < C
T

Q |~

where .
A)—“ﬁ@?7%2<7/)a
(oj7) e o;"
since
—p+p+n-— ]1) j[ g =

Observe that (7) holds only when 0 < o« < p — 1. This condition yields the
upper bound on gq.

For the iteration, we fix ¢ and s, ¢ > s, and choose k such that sk*~! <

10



q < skF. Let py such that py < s and ¢ = K"py. Denote p; = r/py for

7=0,..., k. Then we have

1

1 2 (p+n)/pr—1 P
q C k 1 O k—1
(][ ul dxdt) < ( " ,) L ][ uPt dpdt
o'Q 0g—0 ol Pk op-1Q

k

<
(k) _omtn \m 0
Cprod obT™n o PO
((O' — O'/>'\/* g’(p"!‘n)/"ik) U e dl’dt)
oQ
where
k—1 » k—1 i
Cproa(k) = C H (Hﬁl)pn R k= . 1(1 _ ka) <p+n.
J=0 j=0

The constant C' depends on ¢ since in Lemma 2.1 the constant had a singu-
larity point at € = 0. Obviously ¢p.q(k) is uniformly bounded on k. From
Holder’s inequality we obtain

G[ ul dxdt) ’ < (%) " (][ u® dmdt)
a'Q (U -0 )p " oQ

Furthermore, since sk*~! < pox*, we have py > s/k and consequently

S

(7[ u? d:vdt) ’ < (#) | (][ u® d:vdt) | ,
a'Q (U -0 )7 oQ

where v = (p + n)?/n. O

It follows from the result that one of the assumptions made in Lemma 1.3 is
fulfilled for the supersolution. We state this as a corollary.

Corollary 2.1. In addition to assumptions of the previous lemma, require
that 0 < s < min(1,q/2). Then we have constants C' = C(n,p,q,d,n) and
v =~(n,p) such that

1

([ o) Smr) ([, )

forall 0 <d <o <o <1 andforall 0<s<gq<(p—1)(1+2),
0 < s <min(1,q/2).

Proof. We obtain easily the right power for the measure of (). Because o /0’
is bounded and

[V

1
> )
- 2s

| =

the result follows with v = (p + n)*/n%. O

11



2.3 Estimate for the essential supremum of a subsolu-
tion

Lemma 2.5. Suppose that uw > p > 0 is a subsolution in (). Then there

exists a positive constant C' = C(n,p, s,o,n) such that

PN :
esssup u < (—) (7[ usdxdt)
o'Q (U - O-/)ern oQ
forall 0 <o’ <o <1 and forall s>p—1.

Proof. As in the proof of Lemma 2.4 we obtain from the Sobolev’s inequality
and from Lemma 2.2 that

1

< / o PuXxe dxdt) .
Q

< (Ca)= </ u®|Depl|? dxdt+/ u® P! aa—f’ dxdt) ) , (8)
Q Q

where »
x=14+= a=p—-—1+4+¢ >0
n

As we can see, this time « can be as large as we want. In particular, o must
be larger than p — 1. This yields the condition for the starting index in the
iteration as well as the condition in lemma’s assumptions. We also observe
that the constant C' in Lemma 2.2 has a singularity point at ¢ = 0 so the
constant C' in (8) depends on the lower bound on s.

Let the choices of the test function and o; be as in the proof of Lemma
2.4 with an obvious exception that o, — ¢’ as k tends to infinity. Moreover,
we fix s > p — 1 and choose pg = s and p; = pox?, j =0,1,.... From (8) we
have

1/k ain _P == =
%5 <£/> i ][ X dzdt < ][ u® dxdt )
0j-1 (0 -0 ) 0;Q 0j-1Q

Consequently, Moser’s iteration yields

% 1/k HTn —pl pi
(7[ u® d:cdt) > 9 (—C - po) ’ (][ uf? da:dt) 1
oQ 0o (0' - ‘7) 01Q

>
Cprod
> P — o)
2 s (0 —0o) esi%up u,
where . .
. _p
Vzpzxij :p+n> cprod:H<ij) Pi.
=0 =0

12



It is easy to see that the constant c,.q is finite. O
The exponent s in the previous lemma may be replaced by any exponent

t with 0 <t < s.

Corollary 2.2. The statement of Lemma 2.5 holds true for 0 < s < oo.

Proof. Choose s =p and 0 < ¢ < p. From lemma 2.5 we have

1 1
esssupu < (%) ’ (][ updxdt)p
o'Q (O' — g )p oQ
C v ’
< esssup ur [ —— ][ uP"dxdt
oQ (U - 0—/)p+n (8]

C o= o=
< —_ P=Adxdt
< 6essgzupu+c(6) ((0_0/)p+n) (][UQU T ) ,

where we used Young’s inequality with ¢ > 0. By a standard argument (see
e.g. [Giaq] Lemma 5.1) we obtain the result. O

2.4 Logarithmic estimate for a supersolution

We already have reverse Holder inequalities for both super- and subsolutions.
Next, we will show the condition for the logarithm in the assumptions of Ab-
stract Lemma (1.3).

Let 0 <o <1, 7€ R, n>0and B(z,7) C R". We define
oQ"(n) = 0Q" (2,7,7,n) = B(z,01) x (1,7 +nr?),

0oQ~(n) =o0Q (z,7,7,n) = B(z,0m) X (T =¥, 7)
and () as
oQ(n) = B(z,0r) x (T —nr?, 7 +nr?).
In the case p = 2 we know that if u is a solution, then log u is a subsolution.

However, for general p, logu is not a subsolution of equation (1). More
precisely, one can show that logu is a subsolution for p-parabolic equation.

Lemma 2.6. Suppose that w > p > 0 is a supersolution in Q(n). Further-
more, suppose that ¢ € C§°(Q(n)) depends only on the spatial variable x in
Q(n') where 0 < n’ < n. Moreover, ¢ is radially non-increasing and for
0 <o <1 we have

/

A A A
p _ p —— p p —
0< P < et (dQ(n)) = pl |Do(z,t)P < D’ /B(”) oz, )P dx = 1,

where (z,t) € Q(n') and A = A(n,o0), A" = A'(n,0) are constants. Let

g = / o(x)Plogu(x, 7) dx.
B(z,r)

13



Then there exist constants C' = C(n,p,o,n') and C' = C'(n,p,n’) such that

[{(2.1) € 0Q () | logu > A+ B+ C'}] < o510 @(n)],
|{(a:,t) coQt(n) | logu < =\ + 3 — C”}| < )\il\aQ+(n')]
for every A > 0.
Proof. We can assume without loosing the generality that n’ = 1. We

simplify the notation by denoting @ = Q(n') = Q(1) and also
v(x,t) =logu(z,t) — 3, V(t)= / o(x)Pv(x,t) de,
B(z,r)

when we have V(1) = 0. From (5) we obtain

to t2 t2
/ / | DulPP dxdt — {/ vpP dx] < C(p) / / | De|? dzdt,
t1 B(z,r) B(z,r) t=t, t1 B(z,r)

where 7 —rP < t; <ty < 74P, since ¢ depends only on the spatial variable
in Q. Furthermore, modified Poincaré’s inequality (see [Lieb] p.113) yields

C
/ Doprdr > P / o — V(t)Pe? da
Ber) sup(@?) 1" Sz

C

lv =V (t)|P dx
rrte /O'B(z,r)

where the constant C' depends only on n and p. It follows that

>

C t2 C/(n P O')(tg — tl)
— p o ) 1
i [, v Vi) - Vi) < SRR
By denoting
C'(t — C'(t —
w(e,t) = o, + ST wi — v+ LD Wi —o
P rpP
we obtain
c ("
. / / w — WP dedt + W () — W(ts) < 0
TP ti JoB(zr)

whereby W (ty) > W(ty) for all 7+ rP >ty > t; > 7 —rP. Since W is a
monotonic function it is differentiable almost everywhere. As a consequence
we have

C

rntp

/ lw—W ()P dx —W'(t) <0 9)
oB(z,r)
for almost every t € (t1, ). Next, choose t; =7 — 1P, t5 = 7 and let

By (t) = {(x,t) € Q™ | w(z,t) > Al

14



We find that
/Bm—m«mwwzuxuMA—ww»%zwnwwz

because W (t) < W(r) =0as 7 >t >t —rP. Thus, we have

W' (t E(t
LW B0
(A= W(t)» Q|
for almost every 7 >t > t —rP?. We integrate this over (7 —r”, 7) and obtain
T < C(n, p, a).

t=7—rP — )\p—l

2N B —(p—1)
Bl < e iy

This yields
C
{(@t) €0Q7 | logu> A+ 3+ C} < |E{| < 1 =10Q7],
Now, choose t; = 7, to = 7 + rP and let
Ef(t) ={(z,t) € 0Q" | w(x,t) < —A}.
Similarly to the case of @~ we conclude that

/B( ) w =W de = |ES(H](A+W(1)" = |Ex ()X,

because W (t) > W(r) =0as 7 <t < t+rP. Thus, from (9), we have

W(#) EN0GI
- e <0, T<t<t4+rP
(A+W(t) Q7
for almost every 7 <t <t + rP. An integration over (7,7 + r?) gives
|E:\~_| _(p—1)17t+"P C(n,p, O')
< —C[A+W(t)~ D <
Bl <—coarwoy oy < S
This yields
C
{(z,t) € 0Q™ | logu < —A+ 3 —C" }| < |Ef| < /\p_1|0Q+|
and the claim follows. O
3 Harnack’s inequality
For any fixed 0 < 0 <1, 7 € R and B(z,r) C R" we define
1 1 1 1
oU" = B(z,0or) x (T + =r" — =(or)?, 74+ =rP + = (o7)P),
2 2 2 2
U™ = Bz,o) x (7 = 317 = 5(0r V7 = 317+ S(o7))
oU™ = B(z,0 — =P — = - = —(or)P).
yor) X (T = 3 S (7)) 7 =51+ 5 (o

We define @) as
Q= B(z,r) x (T —=rP, 7 +71P).

We have the weak Harnack inequality.
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Lemma 3.1. Let u > p > 0 be a supersolution in () and q be fived with
0<q<(p—1)(1+2). Then there evists a constant C' depending on n, p, 0

and q such that
1
G[ uqdacdt) < Cessinf u,
SU- U+

Proof. We fix 0 < 0 < 1. Let ¢ be as in the assumptions of Lemma 2.6.
Let 8 and C’ be the corresponding constants depending on u. We define

where 0 < § < 1.

vt =41’ and v~ = ue#¢. We apply Lemma 2.6 for the function u
and have
1+ (5 n 149
— 1
‘{xt € Ut | log(v* >)\}‘_>\p 5
1490, 1+0
{(z,t) € —U | log(v™ >)\}' < w1 o —U~ '

with the constant 3, which depends on u, and the constant C', which depends
only on n, p and 6. Here we have chosen ' = ((146)/2) in the assumptions
of Lemma 2.6. From Lemma 1.1 we obtain that v is a subsolution in Q.
Consequently, Lemma 2.5 yields

1

C s
t< P dadt
s’ < e (1, )

forall 6§ <o’ <o <(1+0)/2 and for all s> 0 by Corollary 2.2. We use
Lemma 1.3 and obtain

esssupvt < C*(n,p,d). (10)
U+

Furthermore, we have from the corollary of Lemma 2.4 for v~ that

(/ |v—|qudt)qg(L,|U—|—l) (/ |v‘|sdxdt>5
o'U—~ (O-_O-),y oU—

for every 0 < o' <o < (14+9)/2,0<s<qg<(p—1)(1+2)and 0 < s <
min(1, ¢/2). From Lemma 1.3 we again obtain

(/ |v‘|qudt)q <O U,
.

where C'~ depends on n, p, 6 and the lower bound on ¢. Multiplying this
with (10) gives

=

(f |u|qudt) ' < Cessinfu,
SU—- U+

where C' depends only on n, p, 0 and the lower bound on ¢ and the result
follows. O
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To proof Harnack’s inequality we simply collect the results of previous lem-
mata.

Proof of theorem 1.1. We apply Lemma 3.1 with § = (1 + 0)/2. The
result follows now from Lemma 2.5. O

4 Appendix

To justify formal calculations in the text we show some elementary properties
which are consequences of the definition. These results are standard for the
case p = 2 and also for the parabolic p-Laplace equation ([DiBe|,|WZYL]).

Let u be a solution (supersolution, subsolution). For w, it is equivalent to
write (2) as follows

T a T2
/ / |DulP~?Du - Dy — w12 gt + [/ uP~n dx] > ()0 (11)
T1 Q at Q t=11
for almost every 7y, 7, t; < 71 < T3 < t3. To show this we let j. be a standard
mollifier in one dimension and define

t—T1
ot)= [ iois
t—T1o
It is noteworthy that ¢.(t) — 0, t & (71,72), and ¢.(t) — 1, t € (11, 72),
as ¢ — 0. As a test function we choose ((x,t) = ¢-(t)n(x,t) where n €
Cee(2 x (t1,t2)) so that also ¢ € C§(€2 x (t1,t2)). We substitute the test
function in the left hand side of (2) and obtain

to on 72
/ / ’Du|p_2Du : DT] - up_l_ ¢s dxdt + je * / Up_l?? dx :
t QO at Q t=71

We let ¢ tend to zero, which yields the result. More precisely, we obtain the
pointwise convergence in Lebesgue points of [, u?~'nda.

Furthermore, we want to show that it is possible to substitute a test func-
tion to (2) which depends on wu itself and show inequality (4). We observe
that by a density argument we can choose test functions from the space
WhP(ty,to; WHP(Q)). Let Steklov average of u be

1 t+h
up(x,t) = E/ u(zx, s)ds.
t

We choose 7y = 7 > t1, » = 7+ h < ty and an admissible test function
C(z,7) = min{k, f'(vp(z, 7)) In(x,7), n € CF(Q X (t1,1t2)), where k € R,
v=uP"t and f € C*R), f' > 0, is to be defined later. We substitute 1 in
(11) and divide the result by h. This yields

[pup=2u-car+ [ s> (<)o
Q

Q
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We denote Q, (1) = {x € Q: f'(vp(x, 7)) < k}. If we take xg € Qp x(7) we
may choose h small enough so that xg € Qi (1) = {x € Q: f'(v(z,7)) < k} in
every Lebesgue point of v in time. As a consequence, the charasteric function
of 2, 1 (7) converges pointwise to the charasteric function of Q(7) as h tends
to zero for almost every 7. By denoting Qf , (7) = Q\Qx(7) and integrating
from 7 >t to 7o < ty we get

0 / / (|DufP~2Du)y, - D¢ + v € dadr
T1
= / / (|DulP~ 2Du) (D) f" (vp)n dzdr
T JQp(T)

+ /T2 / (|DulP~2Du)y, - Dnf'(vy) dedr

- [/ f(vn) ndfr] / / f(vn) —dxdT
Qp k(1) Qp i (T
k

T2
/ (|Du|p_2Du)h - Dy dzdr
T1 Qf (1)

+ k [/ U da:] — k:/ / Uh— dxdr
z’k(q—) T=T1 C

It follows by a standard result in [DiBe] and the dominated convergence
theorem that we can let h tend to zero and obtain

0 < (> /72/9 | DulP~2Du - D(min{f'(v), k})n dzdr (12)

+

T2
+ / / | DulP~2Du - Dymin{ f'(v), k} dvdr
1 Q

n [/QF’C( ndgg} / /Fk —dde

for almost every t; < 71 < 7y < ty, where

_J f), flv) <k
Fi(v) = { kv, f'(v) >k

If f"is bounded on the range of v, we obtain (4) easily.
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