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1 Introduction

Representations for the Brownian bridge

Fix T'> 0 and let W = (W})¢cpo,n] be a standard Brownian motion on a
probability space (€2,.7, P) starting from Wy = €.

Let (T,0) be a “conditioning”. Then the notation WY means that the
process W is conditioned to be @ at time 7. That is W7 is a bridge from
(0,¢) to (T,0).

For the Brownian bridge W1 from (0, &) to (T,6) one finds in the liter-
ature the following three equivalent definitions

Wt oaw =Y e 11

t - t+ T—t ) 0 _57 ()
To t L dw,

R Rt S s (1.2
wr — ol (w - Ltw 13
t - T t_T T - ()

The representation (1.2) is just the solution of the (stochastic or pathwise)
differential equation (1.1). So, the equations (1.1) and (1.2) define the same
process Y%, The equation (1.3), however, does not define the same process
as the equations (1.1) and (1.2). The equality between representations (1.1)—
(1.2) and (1.3) is only an equality in law: Law(Y 7% P) = Law(WT/; P).
That the processes Y% and W are different is obvious from the fact that
the process YT is adapted to the filtration of W while the process W7
is not. Indeed, to construct W, by using (1.3) we need information of
the random variable Wp. The fact that the two processes Y/ and W0
have the same law is also obvious, since they have the same covariance and
expectation. It is also worth noticing that if the Brownian bridge Y7 is
given by the equation (1.2) then the original Brownian motion W may be
recovered from the bridge WY by using the equation (1.1). In particular,
this means that in this case the filtration of this Brownian bridge is the same
as the filtration of the Brownian motion: F¥"’ = FW.

The non-adapted representation (1.3) comes from the orthogonal de-
composition of Gaussian variables. Indeed, the conditional law of process
(Wi)eeo,r) given the variable W is Gaussian with

t
BOVIWr) = 5 (Wr—8)+6
ts
Cov(Wy, W |Wrp) = t/\s—?.

The second-order structure of the Brownian bridge is easily calculated



from the representation (1.3):

B(W) = c+(6-0r, (1.4)
Cov(WtT’e,Wgﬁ) = t/\s—%s. (1.5)

Girsanov theorem and Brownian bridge

The Brownian bridge can be defined only up to distribution. Put P7¢ :=
Law(WT?; P). We have that PTY = P(-[W; = ). Consider now the re-
strictions of the measures P™Y and P on the sigma-algebra .%#V: denote the
restriction by P, and PtT’e. We know that P;‘F’e ~ P, for all t € [0,T), but,
of course, P4 1 Py. From (1.1) we get, by Girsanov theorem, that

dP?,e t H— YST,G 1 t H— }/;Tﬁ 2
aP; —GW<L‘TTJMW‘§A T—s ) *)

This is a key observation for the non-anticipative representation.

Non-anticipative and anticipative representations

Let now X = (X{)cjo,r] be a Gaussian process on (£2,.#,P) with X, = &.
We want to understand what is the corresponding bridge X7 from (0, £) to
(T,0). If one merely replaces the Brownian motion W with the process X in
representations (1.1)-(1.3) then the X-bridges” obtained from the first two
representations of course coincide. However, the bridge obtained from the
last one does not coincide with the first two ones. The following example,
due to M. Lifshits, elaborates this point.

Example 1.1 Let (f,)n>1 be a sequence of smooth isomorphisms of [0,T]
onto itself. Take

Xnﬂg = an(t)
and set
.0 t t
Xyt = 0? + Xy — ?X,MT,
t tdx
X200 .~ g 4 (T —¢ / e
n,t T +( ) 0 T — s
Then

Cov,(s,t) = Cov <X71L:tT’0, X}L:S”)

= fal(sAt)+ st —sfn(t) —tfa(s),



Cov,s(s,t) = Cov (Xsfﬁ? XZ:?")

= (T —t)(T~s) /0 s 7&@(;‘;2.

The covariances Cov,,; and Cov, s are not the same in general. Indeed, let
fn — 1gy. Then for all s,t < 1 we have that as n — oo, Covy,1(s,t) — st
while Cov,,5(s,t) — 0.

Structure of the paper

We will study Gaussian bridges. After the definition of Gaussian bridge
we obtain the anticipative representation of the Gaussian bridge, which is a
generalisation of the representation (1.3). Next we give the density between
the bridge measure P”? and the original measure P and give an abstract
version of the non-anticipative representation (1.2) in the general setup. In
the section three we study bridges of Gaussian martingales, and this part is
an easy generalisation of the Brownian bridge. In the next sections we study
bridges of certain special Gaussian processes: Wiener predictable process,
Volterra process and fractional Brownian motion. We end the paper by
giving the connection to the enlargement of filtrations theory, where the
enlargement is an initial enlargement with the final value of the Gaussian
process Xr.

2 Gaussian bridges in general

2.1 Definition of the X-bridge

The fact that for Brownian motion the Brownian bridge in unique up to law
only suggests the following definition in the case of an arbitrary Gaussian
process.

Definition 2.1 Let X be a Gaussian stochastic process with Xo = £. Then
the Gaussian process X% is an X-bridge from (0,&) to (T,0) if

Law(X"%P) = Law(X;P"’), (2.1)
where the measure PT on (Q,.F) is defined by
P = P(-|Xr=0). (2.2)

Remark 2.2 The definition above assumes that the process X% exists in
the space (2, 7, P). Also, we have

1 = P(Xp=0|Xr=0) = PY9X;=0) = P <X§£ﬁ — 9) ,



as we should.

In what follows we denote by p and R the mean and covariance of X,
respectively.

2.2 Anticipative representation

The anticipative representation corresponding to (1.3) is easily obtained from
the orthogonal decomposition of X with respect to Xr. Indeed, Law(X|X7r)
is Gaussian with

BUG|Xr) = (Xo—u(T) b + ul0).
Cov(X,, X,|X7) — R(t,s)—R(gf)TR(?s).

Thus, we have an anticipative representation for any Gaussian bridge.

Proposition 2.3 Let X be a Gaussian process with mean (1 and covariance
R. Then the X -bridge X™° from (0, 11(0)) to (T,0) admits a representation

X = egg’%ﬁtxﬁo
y gg% T (xt _ %%) . (2.3)
Moreover,
B(XIY) = (6 ulD) s+l (2.4
Cov(XtT’G,XST"’) — R(t,s)—R(y)T}f(?’s). (2.5)

Example 2.4 Let X be a centered fractional Brownian motion. The bridge
process 4y = Xy — %XT 1s a H- self similar process, but it is not a ’fractional
Brownian bridge’ in the sense of definition 2.1.

The correct fractional Brownian bridge in the sense of the definition 2.1
18
(2H | T2H |y T2

T,0
X7 =X — 9T2H

Xr.




2.2.1 X-bridge and drift

Let W is a Brownian motion with drift a € R, i.e. W; := *W, — at is a
standard Brownian motion starting from £. Then from (1.3) it easy to see
that the Brownian bridge is invariant under this drift: *W7¢ = W70,

Consider now a centered Gaussian process X. Let p be a deterministic
continuous function. When the process *X; := X; — pu(t) has the representa-
tion (2.3)7 From (2.3) it follows that in the general case the invariant mean
functions p must satisfy the equation

So, in general the invariant mean ;1 depends on the time of the conditioning
T. Indeed,

() = pr(t) = aR(T,1)

for some a € R. In particular, we see that u is independent of 7" if and only
if
R(t,s) = f(tAs).

But this means that X has independent increments, or in other words that
X — E(X) is a martingale.

2.2.2 X-bridge and self-similarity

The Brownian motion W starting from Wy = 0 is 1/2-self-similar. Ie.

Law((Wt)te[O,T] ) P> = Law<<T1/2WT>Te[O,1] ; P>

Consequently, we have for the Brownian bridge the scaling property

Law (WtT’e) :P) = Law <T1/2W71’9T_1/2> ;P ).
te[0,T] 7€[0,1]

From (2.3) it is easy to see that if the process X = (Xy)cjo,17 is H-self-
similar, i.e.

LaW((Xt)te[O,T] ) P) - LaW((THXT)Te[O,H ; P)

then the corresponding bridge satisfies the scaling property

Law (X,?”ﬂ) P) = Law (THXTL"TH> P).
te[0,7) T€[0,1]



So, we may represent the bridge X7? as

th’ve — X;,QTﬁH
R(1,7) " R(1,7), 4
= ¢ THX, — T X,
R(1,1) R(1,1)" !

where 7 =t/T € [0,1].

2.3 Density between the bridge measure P”? and P

When we look for analogies for the non-anticipative, or dynamic, represen-
tation (1.2) and the corresponding differential equation (1.1), then the main
idea is to work with the prediction martingale of X and to use the Girsanov’s
theorem.

We introduce some notation. Let X7% and PT? be as in (2.1) and (2.2).
Let XT|. = (XTH)te[O,T] be the prediction martingale of X. Ie.

XT\t = E(X(ﬂth)

For the incremental bracket of the Gaussian martingale )A(T‘. we use the
short-hand notation

<XT|'>T,t = <XT|'>T - <XT">t
= <XT|., XT|'>T - <XT|-7 XT|'>t'

(Note that since )A(t‘. is a Gaussian martingale it has independent increments,
and consequently its bracket (X7y.) is deterministic.) Denote

P, = P|.# and P/ .= PTOZX

Let af. denote the regular conditional law of X7 given the information .7/
and let ar = a9 be the law of X7. So, if p denotes the Gaussian density

0—p

p(0;p,0%) = 3 (55,

it is easy enough to see that
o (d9) = p (0 Ky, (X)) 0,

ar(df) = p(0;(T), (X)) 0.



Now, by using the Bayes’ rule we have that

dp;’ _ dok o)
dPt dOéT

o _}(9TXT|t)2 }(QjM(T))Z (26
p( 2 <XT|'>T,t +2 <XT|'>T ) 20

Since we want to use the Girsanov’s theorem later we need to assume
that the prediction martingale Xry. is continuous. Another way of stating
this assumption is the following:

(A0)  The history of X is continuous, i.e. FX = 7.

Also, in order for the calculations above to make sense we need the to
assume that PtT’g < Py for all t < T. Or, since the both measures are
Gaussian, we may as well assume that:

(A1) P, ~P/forallt<T.
From equation (2.6) we see that assumption (Al) says that (XT|.) . <

(XT| )y for all t < T. So, another way of stating assumption (A1) is that the
value of X7 cannot be predicted for certain by using the information .#
only. Indeed, A X

<XT">T,t = Var (XT|t)

is the prediction error of )A(T‘t. Let us note that in general the measures P
and P;’e are of course singular, since X7 is degenerate at 7.

In what follows 1y is a non-anticipative functional acting on Gaussian
(prediction) martingales m :

5T,9 (m)t =

The following proposition is the key tool in finding a non-anticipative
representation.

Proposition 2.5 Let X be a Gaussian process on (S, .%,P) satisfying the
assumptions (A0) and (A1). Then the bridge measure PTY on (Q,.F) may
be represented as

apr? = LIap,,

where

t ) . 1 [t . .
Ly’ = exp (/ Pro(Xry.), dXpys — 5/ Bro(Xz).); d<XT'>s> '
0 0



Proof  The claim follows from equation (2.6). Indeed, just use Ito’s
formula with the martingale Xr|. to the function

o 1(0-2)?
g(t,x) = —Qm,

and there you have it. U

2.4 Non-anticipative representation

In order to come back from the “prediction martingale level” to the actual
process we still need one assumption.

(A2)  The non-anticipative linear mapping Fr sending the path of the Gaus-
sian process X to the path of its prediction martingale Xr. is injective.

The assumption (AZ)Asays simply that the process X may be recovered
from Xr. by X = F;'(X7|.). Also, note that the assumption (A2) implies
that the prediction filtration and the original filtration are the same: F¥ =
F¥7i-,

Let m be a Gaussian martingale. We denote by S7(m) the unique solu-
tion of the differential equation

dm* = dm; + Bre(m™?), d(m™?), (2.7)

. Lo .. TO .
with initial condition m,” = (, i.e.

mtT’e = Sre(m)

— OO ) [ e

T,s

In order to see that Stg(m) is indeed the solution to (2.7) one just uses the
integration by parts. It is also worth noticing that classical theory of dif-
ferentiation applies here: The differential equation (2.7) may be understood
pathwise. Finally, note that by the Girsanov’s theorem the brackets of the
Gaussian martingales m and m™* coinside: (m) = (mT?).

Let us now abuse the notation slightly and set

ST(m) = ST70(TI’L>.
Then we have the decomposition

ST,g(m) = QKT(m)+ST(m),

10



where

and St is independent of 6.
The following theorem is the analogy of the non-anticipative representa-
tion (1.2).

Theorem 2.6 Let X be a Gaussian process with mean p and covariance R
satisfying (A0), (A1) and (A2). Then the bridge X% from (0, u(0)) to (T, 0)
admits the non-anticipative representation

X = (Fr'SreFr) (X), (2.8)
= 0 (F;'KrFr) (X): + (Fr'SrFr) (X), (2.9)
_ R(Tat) T,0
= HR(T,T)JrXt : (2.10)

Moreover, the original process X may be recovered from the bridge X+
by
Xy = (Fp'SppFr) (X79),. (2.11)

Proof  Let us first prove the equations (2.8)—(2.10). By the equation
(2.3) we already know the contribution coming from 6. Indeed, we must have

R(T, 1)
R(T,T)

(Fr'KrFr) (X), = 0

So, we may assume that # = 0 and consider the corresponding bridge X (70,

Now, we map X to its prediction martingale Fir(X). Then (SpFr)(X) is the
solution of the stochastic differential equation (2.7) with m = Frp(X) and
the initial condition ¢ = (7). Consequently, the Girsanov’s theorem and
Proposition 2.5 tells us that

Law( (S Fr) (X): P) = Law(Fr(X); PT9). (2.12)

So, the claim (2.8) follows simply by recovering the process X by using the
map F;' on both sides of the equation (2.12).
The equation (2.11) is now obvious, since St is invertible. Indeed,

_ 1 (T
ST,E (Fr (XT’G))t = ST,E (XT\.>t
>T,0 ! T, >T,0
= Xpj +/ 16 (Xﬂ_) d(X7)s
0 S
This finishes the proof. U

11



Remark 2.7 For the differential equation (1.1) have the following formal
analogy

spn_ T,0
XTI~ x4 F ( e <FF(§>(>) d<FT<X>>u;sst> -

t

In the following sections we consider some special Gaussian bridges and
give the somewhat abstract Theorem 2.6, and highly abstract Remark 2.7,
more concrete forms. In particular, we consider cases where the operators
Fr and F;' may be represented as Wiener integrals.

3 Bridges of Gaussian martingales

The case of Gaussian martingales is extremely simple. Indeed, the analogy
to the Brownian case is complete.

Proposition 3.1 Let M be a continuous Gaussian martingale with strictly
increasing bracket (M) and My = €. Then the M-bridge M™% admits the
representations

To 0 — M; TO _
am? = th+<M7>T¢d<M>t, M =¢, (3.1)
MY = -9t 00y [ G 62)
o _ (M), M),
= o+ (- o) 39
Moreover, we have
T6 <M>t
M = €40 6"
g e (),
Cov(M{" MI?) = (M), ~ =

Proof Since M is continuous and (M) is strictly increasing the assump-
tion (A0) and (A1) are satisfied. The assumption (A2) is trivial in this case.
Now, the solution of (3.1) is (3.2) and this is just the equation (2.8) where
Fr is the identity operator. Representation (3.3) as well as the mean and co-
variance functions come from the representation (2.3). Indeed, for Gaussian
martingales we have R(t,s) = (M) O

tAs®

12



Remark 3.2 Actually, one can deduce the result of Proposition 3.1 without
using the “Bayes—Ito—Girsanov machinery” introduced in Section 2. Indeed,
the result follows quite easily from equations (1.1)-(1.3) and the represen-
tation of the Gaussian martingale M as the time-changed Brownian motion
W(M).

4 Bridges of Wiener predictable processes

Let us first consider abstract Wiener-integration with respect to Gaussian
processes. The linear space 7 of a Gaussian process X is the closed Gaussian
subspace of L?(f2,.%,P) generated by the random variables X, s < t. For
the prediction martingale of X it is well known that XTH € . Let & denote
the space of elementary functions over [0, ¢] equipped with the inner product
generated by the covariance of X :

(Lo 1ow) = R(s,u),

Let A; be the completion of &, in the inner product ((-,-)). Now the mapping
tﬁt : ]-[O,s) = Xs

extends to an isometry between A; and 7. We call this extension the abstract
Wiener integral.

Alas, the space A; is not in general a space of functions (or more precisely
space equivalence classes of functions). However, we can find a subspace of it
whose elements may be identified as (equivalence classes) of functions. Viz.
the space A, which consists of such function f that

sup Z f(Sz‘fl)f(ijl) <1[5i—115i)71[5j—175j)> < .

Si,SjET

Here the supremum is taken over all partitions 7 of the interval [0,¢]. The
reason to take a supremum insted of letting the mesh of the partition go to
zero is that the (-, -))-norm of a function may increase when multiplied by an
indicator function. For details of this phenomenon in the case of fractional
Brownian motion see Bender and Elliot [1].

If f € A, then we write

/ i) dX, = AL, (4.1

So, the Wiener integral (4.1) of a function f € A, is defined as a ((-, -))-limit of
simple functions. Note that if ¢ < T then Ay C Ap and F[f] = Ir [f1[07t)}

for f € Ar.

13



Since the operator Fr is linear and non-anticipative we have

XT\t = %[pT,t]

for some pr, € A¢. We assume now that this prediction kernel pr; is actually
a function in A, :

(A3) There exists a Volterra kernel py such that py(t,-) € A, for all ¢ and
m may be represented as the Wiener integral

t
XT\t = /pT(t,S>dXS. (42)
0

Representation (4.2) suggests that, if we are lucky enough, the inverse
operator £ ! may be represented as a Wiener integral with respect to X1
We assume that we are lucky.

(A4)  There exists a Volterra kernel p}. such that the original Gaussian pro-
cess X may be reconstructed from the prediction martingale m as a Wiener
integral

t
Xt = / p;(t,S) dXT|s- (43)
0

Remark 4.1 The Wiener integral in (A4) may understood as an abstract
Wiener integral or, as well, as the stochastic integral with respect to the
martingale m. Indeed, in this case Ay is the function space L*([0,t], d(XT| ).
Also, assumption (A4) gives us an alternative way of defining the Wiener
integral (4.2). Indeed, let the operator Pj. be the linear extension of the map
14 — pp(t, ). Then the assumption (A3) may be restated as:

The operator Py has the indicator functions 1y, t € (0,71, in
1ts image.

In this case we may define Wiener integrals with respect to X as
t t .
[ reax. = [ piines ata,
0 0

for such f that Py[f] € L*([0,], d()A(T‘)). Moreover, in this case

pr(t,) = (P57 [1pa] -

Indeed, this is the approach taken in the next section.

14



Remark 4.2 Obviously (A4) implies (A2). Also, we have implicitly assumed
that X s centred with Xo = 0. However, adding a mean function to X
causes no difficulties. Indeed, let m be the prediction martingale of the centred
process X — p and let pr and pp be the kernels associated to this centred
process. Then

XT|t = XT\t - M(T)a

t
X, = / (. 5) dXpy + uld),
0

Ky = / Fr(t, s) d(X, — p(s)) + p(T).

Remark 4.3 The relation (4.8) says that the covariance R of X may be
written as

Rits) = [ pitapi(s,n d(En), (4.4)

So, pt is a “square root” of R. Note, however, that in general a decomposition
like (4.4) is by no means unique, even if the measure is given. This means
that from an equation like (4.4) we cannot deduce the kernel ph even if we
knew the measure d(XT|.> induced by the bracket (XT|.>.

We have the following analogue of representations (1.1) and (1.2).

Proposition 4.4 Let X be a Gaussian process with covariance R satisfy-
ing (A0), (A1), (A3) and (A4). Then the bridge X1 satisfies the integral
equation

T ' ’ ro| Pr(ts) 5
xT0 — Xt+/ {9—/ pr(s,u) dXT }Aid(XT)S. (4.5)
0 0 <XT| T,s
Moreover XT% admits the non-anticipative representation

R(T,1)

X =0
' R(T,T)

t
L X - / or(t,s) dX,, (4.6)
0

where

YA Y A I CRO I _pr(us) DAl
¢r(t, s) —/s /S<XT‘>;Ud<XT|.>v Kty py(t,u) d(Xgy.),-

Remark 4.5 Note that unlike the equations (1.1) and (3.1) the equation
(4.5) is not of differential form. Indeed, it is clear by now that the differential
connection is characteristic to the martingale case.

15



Proof [Proposition 4.4] Consider the prediction martingale XT|.. Using
the relation (2.7) i.e.

. 0— X0
dX7! = dXg+ - d(Xpp),
T|'>T,t
with (4.3) yields
t
XTI — Xt+/ {e XTl"} Prlts) g,y (4.7)
0 <XT|'>T,s s

The integral equation (4.5) follows now from (4.7) and (4.2).
Let us now derive the non-anticipative representation (4.6). Inserting the
solution X%’? = S19(X7.) to the equation (4.7) we obtain

b t, S <XT| > s > B dX U O
XtT’e = Xt + / pT( ) {9 = £l + <XT|'>T5/ AiTl d<XT|>S
0 <XT| ‘>T,s <XT‘ ‘>T ~Jo <XT| ‘>T,u

0 t .
= Xt = [ s i),
<XT|->T 0

/ | ;UT' (t,5) (X)),

=. Xt + QfT(t) + (I)T(XT‘ ')t’

Note now that .
Xr = XT|T = / pr(T, s) dXT\&
0

which implies that pi(7', s) = 1jo,)(s). Consequently, by (4.4)

/0 Pt ) (X)), = / (T, s)pinlt, s) (X ). = R(T,1),

and, since ()A(T‘)T = R(T,T), we have

(a fact that we actually knew already by (2.4)). Now we want to express
®p(Xpy.) in terms of X. We proceed by integrating by parts:

s dX u X s ’ X u %
/ dXp —_ Xn _/ _ DT A(Kg) (4.8)
0 <XT\ '>T,u <XT| '>T,s 0 <XT| '>T,u

16



Using the assumption (A4) to (4.8) and changing the order of integration we
obtain

s dXp 1 s
/AiT - Ai/pT(s,u)qu
0 <XT|'>T,u <XT|'>T,3 0

N /0 % /0“ pr(u,v) dX, d(X7) ),

XT‘ '>T,u

_ /0 M—[Md@@% dX,.

<XT|->T,s <XT|'>T,U
Thus,
(I)T(XTI')t
t s S, u s v, u % * X
_ / / pr(su) / 20 4%y, S AX it 5) (X,
0 Jo <XT| >T,s w <XT|'>T
t ot u, s b v, S 5 * X
_ // prltes), )‘/ P25 4Ky ), b (e A ), dX,
0 Js <XT">T,u s <XT|‘>T,U
t
— —/ QST(t,S) dXS
0
This proves the decomposition (4.6). =

5 Bridges of Volterra processes

The result of the previous section is still rather implicit. Indeed, we have
no explicit relation between the covariance R of X and the bracket (XT|.>
of the prediction martingale m. Moreover, in general there is no simple way
of finding, or even insuring the existence, of the kernels p% and py. In this
section we consider a model where these connections are clear, although the
formulas turn out to be rather complicated.

(A5)  There exists a Volterra kernel k£ and a continuous Gaussian martingale
M with strictly increasing bracket (M) such that X admits a representation

X, = /tk(t,s) dM,, (5.1)
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Remark 5.1 Since M is continuous, (M) is also continuous. Also, if (M)
is not strictly increasing on an interval |a,b], say, then nothing happens on
that interval. Consequently, we could just remove it.

Remark 5.2 The connection between the covariance R and the kernel k is
tAs
R(t,s) — / Kt )k (s, u) d(M). (5.2)
0

Moreover, if R admits the representation (5.2) with some measure d(M),
then X admits the representation (5.1).

Now we define the Wiener integral with respect to X by using the way
described in Remark 4.1. Let K extend the relation K : 1j, — k(t,-)
linearly. So, we have

/0 f(HdX, = /0 K[f](t) dM,, (5.3)

/ g(t)dM, = /OTKl[g](t)dXt

0

for any g € L?([0,T),d(M)) and such functions f that are in the preimage
of L*([0,T],d(M)) under K.

We need to have the inverse K=! defined for a large enough class of func-
tions. Thus, we assume

(A6) For any ¢ < T the equation
Kf = 1py

has a solution in f.
(A7) For any t < T the equation

Kg = 1[0,t)k(T,-)

has a solution in g.

By the assumption (A6), we have a reverse representation to (5.1). In-
deed,

t
M, — / k(1 5) dX,, (5.4)
0

where we have denoted



Since M is a martingale we have
dm, = K(T,t)dM,.
By assumption (A6) we have k(t,s) # 0 for s < t d(M)-almost everywhere

(and as (M) is strictly increasing also dt-almost everywhere). So, we may
write

Thus,

pi}(t, S) =

Consequently, the assumption (A2) is also satisfied. Also, the assumption
(A6) implies the assumption (A1), since

¢+

d(X7.), = k(T,t)*d(M)

Indeed, this implies that (X’T| ) is strictly increasing.
For the kernel pr we find the representation by using the assumption (A7)
as follows:

Xy = /0 tk(T,s)dMs
- /OtK[l[o,n] (s) dM,
- /ot K™ 10K [1om)]] (s) dX,
_ /Ot {K‘lK [1i00] (5) + K [10K [11)]] (8)}dXs

t
= X, +/ Up(t, s)dXs,
0
where we have denoted

\I/T<t,8) = Kt [1[0’t)K [l[th)H (S) (55)
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So, we have found that

A(Xn ), = K(T07 (M)

tr
pT(t7 S) = 1[0,15) (8) + ‘IIT(ta 8)7

k(t,s)
k(T s)

p:}(t, 5) =

and we may rewrite Proposition 4.4 as follows.

Proposition 5.3 Let X satisfy assumptions (A5), (A6) and (A7). Then
the bridge X0 satisfies the integral equation

XM = X+ /0 t {Q—Xfﬁ — /0 S (s, u) deﬂ} fTIZ(I;:,SZ;€2(Z<j\)4> d(M)..

(5.6)
Moreover, the bridge X™% admits the non-anticipative representation
R(T,t) !
X = 0—= X; — t,s)dX, 5.7
t R(T, T) + t /0 (:OT( 78) ) ( )

where

B t Y1+ Up(v, 8))k(T, v)?
prits) = /{/ (TR, wpag P

1+ Ugp(u,s)
ST k(T 0)2d(M)

}k(T, w)k(t,u) d(M),,.

6 Fractional Brownian bridge

The fractional Brownian motion Z is a centred stationary increment Gaussian
process with variance E(Z2) = t*2 for some H € (0,1). Another way of
charaterising the fractional Brownian motion if to say that it is the unique
(up to multiplicative constant) centred H-self-similar Gaussian process with
stationary increments.

In order to represent the fractional Brownian motion as a Volterra process
we first recall some preliminaries of fractional calculus. For details we refer
to Samko et al. [7].

Let f be a function over the interval [0,1] and o > 0. Then

RNO = g [ G
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are the Riemann—Liouwville fractional integrals of order a.. For a € (0, 1),

o o F d [t f(s)
D [f](t) = ma/o (t—s)ids

are the Riemann—Liouville fractional derivatives of order «; I9 and DY are
identity operators.

If one ignores the troubles concerning divergent integrals and formally
changes the order of differentiation and integration one obtains

I;* = DY.

We shall take the above as the definition for fractional integral of negative
order and use the obvious unified notation.

Now, the fractional Brownian motion is a Volterra process satisfying as-
sumptions (A5) and (A6). Indeed, let K be a weighted fractional integral or
differential operator

where

_ [HE =R -3
=\ B -12-2H)

and I' and B are the gamma and beta functions. Then we have the relation
(5.1) for fractional Brownian motion:

Zt = /0 K[l[oﬂg)] (S)dWS, (61)

where W is the standard Brownian motion. Thus, the fractional Brownian
motion satisfies the assumption (A5).
The operator K satisfies the assumption (A6). Indeed,

KU = i S (s)] @)

(6571

The kernel U has been calculated e.g. in Pipiras and Taqqu [6], Theorem
7.1. Indeed, for any H € (0,1) we have

1 1
Ur(t,s) = Sm(w(ﬂ 2))S2H(t—5)2H/ . ELU_S) du.
t
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As for the kernel p} note that for H € (0,1) we have

k(t,s) = K[lpog] (s)

where

- 2HT (3 — H)
0 = \T(H+hHre—2H)

If H > 1/2 then we have a slightly simpler expression, viz.

t
k(t,s) = c’H(H—%)séH/ w2 (u— s)772 du

For the derivation of these formulas (without using the notions of fractional
integration) see Norros et al. [5].

The representations for the fractional Brownian bridge follow now by
plugging in our ¥ and & to the formulas (5.6) and (5.7) in Proposition 5.3
with M = W and d(M), = dt. Unfortunately, it seems that there is really
nothing we can do to simplify the resulting formula (except some trivial use
of the H-self-similarity), even in the case H > 1/2. So, we do not bother to
write the equations (5.6) and (5.7) again here.

7 Enlargement of filtration point of view

Let us denote by FX be its natural (continuous) filtration of the Gaussian
process X. Setting in our conditioning simply ¢ := X7 we may interpret
the bridge measure P(-X0)=(T'X1) 55 initial enlargement of the filtration FX
by the random variable X7. Let FX*7 be this enlarged filtration. We have
formally

(Q, 7, FX pOXO)=TX1)) ~ (O 7 FXXr P).

For the Brownian motion W we have the following: with respect to the
measure P? the Browian motion has the representation

60— Ws

ds.
T—s §

t t
W, = Wﬁ+/ Bro(W)sds = WP +/
0 0

This means that with respect to the filtration F"""7 and measure P
Brownian motion W has the representation

por [ W =W,

W, =W, e e
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where Law (WF""T|P) = Law(W|P), WF"™" is a (P,F"") Brownian
motion, but W is a (P, FW'W7) semimartingale.

Similarly, if we have an arbitrary gaussian process such that the process
has a Volterra representation (4.3)

¢
X, = /p*T(t,s)dXﬂs.
0

we can use the enlargement of filtration results to give a semimartingle rep-
resentation for the martingale X7 with respect to (P, FX*7):

A A CXp— X
XT\t = XIE;(YXT + Hd(XT|>S, (72)
0 <XT\->TS

where the (P, F¥X7)- gaussian martingale X;:%’XT has the same law as XT|.
(see [2, 3] for more details). We can now use (4.3), (4.6) and (7.2) to obtain
the following representation for the process X

X, = XFT 4 Xy

gg’% _ /0 br(t, $)dX,. (7.3)

with

YA Y VI CRO I _pr(u,s) ik
or(t, s) —/s /s<)A(T.>2T’Ud<XT|.>v —<XT\~>T7U pr(t, )d(XT‘.)u.
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