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1 Introduction

A conforming finite element method for the Kirchhoff plate bending problem,
i.e. the biharmonic problem, needs a discrete space for which it holds at
least the global C'-regularity. As a consequence, in order to retain minimal
flexibility of the finite element space adopted, a fifth degree polynomial order
is in general required. A classical way to avoid using high order polynomial
spaces, is to write the Kirchhoff plate bending problem as the limit of the
Reissner—Mindlin problem written in mixed form. On the other hand, in the
presence of the free boundary conditions, this path leads to a method which
is not completely consistent; in other words, the solution of the Kirchhoff
problem is not exactly the solution of the mixed Reissner—-Mindlin problem
with thickness set equal to zero. We must observe that this point is in general
ignored in the literature, where the more “classical” clamped case is typically
considered.

Our aim in the present paper is to present for the Kirchhoff plate bending
problem a family of "low order” finite elements for which it holds the optimal
convergence rate even in the presence of free boundaries. This method is a
modification of the stabilized method for the Reissner—-Mindlin plates pre-
sented in [25]. The paper is organized as follows. In section 2 we describe
the plate bending problem, while in section 3 we introduce the new family
of finite elements. In section 4 an a-priori error analysis is derived. This
analysis leads to optimal results, with respect to the solution regularity and
to the polynomial degree used. In Section 5 an a-posteriori error analysis is
accomplished. We devise a local error indicator which is shown to be both
reliable and efficient.

We finally observe that the theoretical results here presented are in com-
plete agreement with the numerical tests shown in [10].

2 The Kirchhoff plate bending problem

We consider the bending problem of an isotropic linearly elastic plate and
assume that the undeformed plate midsurface is described by a given convex
polygonal domain Q2 C R2 The plate is considered to be clamped on the
part I'. of its boundary 0f2, simply supported on the part I'y C 9€) and free
on I't C 090. A transverse load F = Gt3f is applied, where ¢ is the thickness
of the plate and G the shear modulus for the material.

In the sequel, we indicate with V the set of all the corner points in I'¢ cor-
responding to an angle of the boundary I';. Moreover, n and s represent the
unit outward normal and the unit counterclockwise tangent to the boundary.
Finally, for corner points ¢ € V, we introduce the following notation. We
indicate with n; and s; the unit vectors corresponding respectively to n and
s on one of the two edges which form the boundary angle at ¢; we indicate
with no and s, the ones corresponding to the other edge. Note that which
of the two edges correspond to the subscript 1 or 2 is not relevant.



Then, following the Kirchhoff plate bending model and assuming that the
load is sufficiently regular, the deflection w of the plate can be found as the
solution of the following well known biharmonic problem:

DA?w =Gf in ()

w=0, =0 on T,

w=0, n"Mn=0 on Ty (2.1)
n"Mn=0, 2s"Mn+ (divM)-n=0 on Iy

sTMn,(c) = st Mny(c) VeeV,

where the scaled bending modulus and the bending moment are

E G v
D=sa-wny M= (e(Vu)+ 17—

div VwlI), (2.2)

with E, v the Young modulus and the Poisson ratio for the material. Note
that it holds G = %, respectively.

Due to the presence of the fourth order elliptic operator A% in (2.1),
the natural space for the variational formulation of the problem (2.1) is the
Sobolev space H?(2). As a consequence, conforming finite element methods
based on such a formulation need the C*! regularity conditions. In order to
keep minimal flexibility of the discrete space used, the C'! regularity condition
in turn requires a high order polynomial space, which may be preferable to
avoid.

On the other hand, in the case of clamped and simply supported bound-
ary conditions, the Kirchhoff problem can be treated similarly to a Reissner—
Mindlin plate bending problem with the thickness ¢ set to zero in the formu-
lation. As a consequence, the following equivalent mixed variational formu-
lation is obtained.

Next we introduce, respectively, the space for the deflection, rotation and
for the "shear stress” Lagrange multiplier

W = {veH'(Q)|v=00onT UL}, (2.3)
V = {neH' Q)P |n=0onT,, n-s=0onT}, (2.4)
H = {vel*Q)|rotve L*(Q), v-s=0inT U}, (2.5)
Q = H. (2.6)
Now the mixed variational formulation reads:
Find (w,3,q) € W x V x @Q such that
a(B,m) +K(q, Vv —m) = (f,v) V(o,n) e WXV,
(2.7)

(Vw—p8,7r)=0 Vr e Q,



where k is the shear correction factor and « is the bilinear form

(1) = (((9).<(m) + 2 (divg.dive) Yo eV, ne V. (28)
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Note that the brackets (-, -) above indicate the duality product between func-
tions of H and Q.

The problem above could be equivalently rewritten setting W in H? and
H in H'. The advantage of formulation (2.7) is that, in the case of clamped or
simply supported boundary conditions, a non conforming Kirchhoff element
(i.e. which uses globally C° deflections) can be obtained using any locking
free Reissner-Mindlin element [2, 4, 5, 7, 11, 12, 17, 18, 6, 13, 19]. The
discrete deflection will converge to the continuous one at least in the H*
norm.

However, this cannot be done in the case of the free boundary conditions.
Introducing the rotation 3 and the shear stress q, it is easy to check that the
problem (2.1) is equivalent to

LB3+q=0 in Q

_divg = f in Q
Vw—-8=0 in

w=0, =0 on I'. (2.9)
w=0,B-8s=0, n"Mn=0 on Iy
B-s—2=0,n"Mn=0, 2s"Mn—-q-n=0 on I'y
sTMmn,(c) = st Mny(c) VeeV,

where now the scaled bending moment

1
M($) = = (e(¢) + T—div o I) (2.10)

and the operator L is defined as
Lo =div M (o). (2.11)

On the other hand, the strong form related to the variational formulation
(2.7) reads exactly identical to (2.9) apart the boundary condition on I'¢
which must be substituted with

n"Mn=0, s"Mn=0,q-n=0 on Iy (2.12)

and the vertex condition which is no longer valid.
Therefore, if I'y # ), the two formulations are not equivalent. This point is
in general under-estimated or simply ignored in the literature, where typically



only the "classical” clamped plate case is addressed. A direct correction to
this nonequivalence could be done by substituting the space (W, V,Q) in
(2.7) with the space

{(v,'n,r)€W><V><Q|n-s—%:00nl“f}. (2.13)
Then, as noted in [15, 16, 9, 8], one would obtain a problem which is com-
pletely equivalent to (2.9). On the other hand, such a choice is not directly
viable at the discrete level because a condition of (2.13) type generates an
additional boundary locking effect. In the sequel we will present a family of
low order finite elements for Kirchhoff plates which avoids this difficulty; in
particular, its rate of convergence to the Kirchhoff problem solution does not
deteriorate in the presence of the free boundary conditions.

Remark 2.1. As is well known, in the presence of the free boundary condi-
tions the solution of the Reissner—-Mindlin plate bending problem is strongly
non-regular even if the load and domain boundaries are smooth (see [3]).
This may lead to a very slow convergence of Reissner-Mindlin finite element
methods. Therefore, it is exactly in the case of the free boundary conditions
that the Kirchhoff plate model is particularly valuable.

3 Finite element formulation

In this section we introduce the numerical method, which is an extension
of the method presented in [25]. In order to neglect plate rigid movements
and the related technicalities, in the sequel we will assume that the one-
dimensional measure

meas(I'. UTy) > 0. (3.1)

3.1 The new finite element method

Let a regular family of triangular meshes on {2 be given. Given an integer
k > 1, we then define the discrete spaces

Wh:{UGW ‘ ,U‘KEP]{JFl(K) VKEC}L}, (32)
Vi={neV | ngec[P(K)® VK €Cy}, (3.3)

where Cj, represents the set of all triangles K of the mesh and Py (K) is the
space of polynomials of degree k on K. In the sequel, we will indicate with
hx the diameter of each element K, while A will indicate the maximum size
of all the elements in the mesh. Also, we will indicate with e a general edge
of the triangulation and with h. the length of e.

Before introducing the method, we state the following result which follows
trivially from classical scaling arguments and the coercivity of the form a.



Lemma 3.1. Given any triangulation Cp, let Ty, indicate the set of all the
triangle edges, and I'yy, the set of the triangle edges in I's. Then, there exist
positive constants Cr and C} such that, for all meshes Cp,

Cr > hilLelgx <ale,d) VeV, (34)
Kecy,

Cr Y he [Mus(®)|F. < ald, ) Ve Vo, (3.5)
e€ls p,

where the operator M,,,(n) = sT M(n) n with n, s unit outward normal and
unit counterclockwise tangent to the edge e, and with M defined in (2.10).

Let two real numbers v and a be assigned, v > 2/C} and 0 < a < Cr/4.
Then, the discrete problem reads:

Method 3.1. Find (wy,3,) € Wi, x V1, such that
Ah(whaﬁh;v>n) = (f,U) V(Uﬂ?) S Wh X th (36)

where the form Ay, is

An(z, @;v.m) = Bu(z, ¢;0,m) + Di(z, ¢5v,m) (3.7)
with
Bi(z ¢iv,m) = a(p,m) — > ahi(Le, Ln)x
KeCy
+ ) h2 —ah% Lo, Vv —n—ahiLn)x  (3.8)
KeCy,
and

Di(zdi0.m) = 3 ((Mus(9), [V0 =] - 5).

eEnyh

(V2= @] s, [Vo—n] s).) (39

forall (z,¢) € W, x Vi, (v,m) € Wy, X V.

+([Vz = @] -5, Myns(n))e +

The bilinear form B, constitutes essentially the original method of [25]
with the thickness t set equal to zero, while the added form Dj, is introduced
to avoid the convergence deterioration in the presence of free boundaries.

Note that, instead of a global constant «, for stability reasons in practical
implementation it may be preferable to use local constants a g defined by

1 h2 || L
o p_l ma KH ¢||0K : (310)
ax BEP(K)are (6,)£0 ax (P, @)

1

where ag represents the form a restricted to K and where 0 < p < 7 is a

fixed value. Similarly, instead of using a global constant v, local constants
7. can be derived calculating the elementwise value of C in Lemma 3.1.



We also introduce the discrete shear stress
1 2
qh‘K h2 (th /Bh — OéhKL,Bh)u( VK € Ch . (311)
Noting that, due to the first and third equation of (2.9), it holds

1
e = g (Ve - B — ahi LB)x VK €Cy, (3.12)

and it follows that the definition (3.11) is consistent with the exact "shear
stress”.

3.2 Boundary inconsistency of the original method

If the original method of [25] without the additional form Dy, is employed, in
the presence of a free boundary an inconsistency term arises. In other words,

Bi(w,Biv,m) = (fo)+ > (Mus(B),[Vo—1n] - 5)e (3.13)

eeFf h

V(v,m) € W), x V', and therefore the additional inconsistency term

— ) (Mus(B), [Vo—n] - 5). (3.14)

€€Ff h

arises, hindering severely the convergence of the method.

Regardless of the solution regularity and the polynomial degree k, the
term in (3.14) can only be bounded with the order O(h'/2?). As well known
(see for example [24]), the inconsistency error is a lower bound for the error
of finite element methods. As a consequence, the original Kirchhoff method
(i.e. without the additional correction Dj) is not expected to converge with
a rate better than h'/? if Ty # (). This observation is also confirmed by the
numerical tests shown in [10]. See also [14] for other numerical tests regarding
this issue.

Note also that this boundary inconsistency term is connected not only to
the formulation in [25] but is common to any other Kirchhoff method which
follows a "Reissner—Mindlin limit” approach.

4 A-priori error estimates

For (v,m) € W}, x V', we introduce the following mesh dependent norms:

(v, s = Z h ZHVU - ”7”01{7 (4.1)
KeCy,
W3 =Ml + D [k + > bl [[—]] [ (4.2)
Kecy, e€Ty,
[, lln = lInll + [[vllen + (0, 2)]n, (4.3)



and for r € L?*(Q)

Irloan = (3 W) (1.4)

KecCy,

Given the space
V.={neH'Q]?|n=0onTl, n-s=0onT;Ul} (4.5)

we also introduce the norm

|r]|-1 = sup (r,m) : (4.6)
nev. [nlh
Note that the norm || - [|1 . bounds from above the classical norm || - ||_;

In [23] the following lemma is proved:
Lemma 4.1. There exists a positive constant C' such that
Wlze < Ol + ol + (v, mln) — Y(o,m) € (W x V). (4.7)

Using the Poincaré inequality and the previous lemma, the following
equivalence follows easily:

Lemma 4.2. There is a positive constant C' such that
Clll(w, mllla < Il + 1w, W < (v, Wlln V(o,m) € Wa x V. (4.8)
The convergence of the method to the solution of the problem (2.9) is
stated in Theorem 4.3 below. We need some preliminary results; the following

theorem states the stability of the discrete formulation (3.6):

Theorem 4.1. Let 0 < o < C;/4 andy > 2/C}. Then there exists a positive
constant C' such that

An(v,myv,m) = Cll[(w.lll; - V(v,m) € Wi x Vi (4.9)

Proof. Using the inverse estimate of Lemma 3.1 we easily get

Bh(van;v7n)
= a(m,m) = Y ahi | Inl5x+ h2 Vv —n — ahi Ll
Kecy, KeCy,
(e
> (1- a) a(m,m) + @va —n — ahfi Ln|[§ x . (4.10)

KeCy,



First using locally the arithmetic-geometric mean inequality with constant
v/ he, then the second inverse inequality of Lemma 3.1, we get

Dh(“ﬂ?ﬂ’ﬂ?)
Y
= > 2AMy(n),[Vo—n] - 8)c + o IVe —mn]- s)l5.)
GEFﬂh €
Y - Y
> S (= LNve—nl- sl o he M)+ V0~ ) 5], )
eEFfﬂh € €
_ —1 2
= - Z Y he HMnS(n)HO,e
EEFfJ]

-1

ol
Z _F} a(nv 77)

1

> Latmm). (4.1

Joining (4.10) with (4.11) and using Korn’s inequality we then obtain
Bh<va nv, ”7) + Dh(va n;v, 77)

1 « 1
> (2D — E - _ _ 2 L 2
— (2 C[> CL(T[,’I’]) + Oéh%(HVU n CYhK UHO,K

KeCy,
1
> (Il + > — Vo —n—ahiLnli). (4.12)
KeCy K

From the triangle inequality, again the inverse estimate of Lemma 3.1 and
the boundedness of the bilinear form «a it follows

1
—[IVo—nlg

KecCy,
1 1
<o( Y Ve ani Dl Y kLl )
Qg ahs,
KeCh KECh
1
<o Y o IVe—n— o Lnli e+ Y akilEnli)
KeCy, K Kec,
1
<O( Y o IVo—n— aticLnll +atn.m))
Kecy, K
1
<0( X o IVo—n—aliLnlld  + i) (1.13)
KeCy, K
which combined with (4.12) gives
An(v,m;v,m) 2> C(|Inll + [(v,1)]5) - (4.14)
The result then follows from Lemma 4.2. O
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The following result states the consistency of the method. For simplicity,
in the rest of this section we assume that w, the solution of the problem
(2.1), or equivalently (2.9), is in H3(Q2); this is a very reasonable assumption,
as discussed at the end of this section. Note also that, with some additional
technical work involving the appropriate Sobolev spaces and their duals, such
assumption could be probably avoided.

Theorem 4.2. The solution (w,B) of the problem (2.9) satisfies
Ah(“%ﬁ;va??) = (f7 U) V(Uan) S Wh X Vh- (415)

Proof. The definition of the bilinear forms in Method 3.1, recalling (2.9) and
the expression (3.12), we obtain

Bh(“&ﬁ;%n) = a(ﬁﬂ?) - Z Oéhi((L,B, Ln)K

KeCy,
1
+> — (Vw8 — ahi LB, Vv — n — ahj Ln)x
KeCy, K
=a(B,m) + Z ah3.(q, L)k + Z (g, Vv —n —ahj.Ln)k
Kecy, KecCy,
=a(B,n)+ (g, Vvo—n). (4.16)

First by the definition, then integrating by parts on each triangle, finally
using the regularity of the functions involved and the boundary conditions
of (2.9) on T, [y, we get

a(Bm)+(q,Vo—n)= ) ((M(B% e(n)k + (g, Vv — n)K)

KeCy
= = Z(Lﬁ+qan)K+ Z (M</8)n7n)e_ Z(leq,’U)K
KeCp, e€l p Kecy,
+> (g m,0).. (4.17)

ecl’y

Recalling the first two equations in (2.9), the identity above becomes

a(B.m) + (@, Vo—n) = (f,0)+ 3 ((M(B)-n.n). +(g-n.v).) (418)

EEFf,h

while, using the boundary conditions of (2.9) on I'y, an integration by parts
along the boundary and the last condition in (2.9), finally leads to

a(B,m) + (¢, Vo—n) = (f,v) = > (Mu(B),[Vo—7]-8)c. (4.19)

eEFf,h

Again, due to (2.9) and the definition of the bilinear forms in Method 3.1,

11



we now get

Dh(w7 /67 U, 77)
= 3 ((Mus(B). [V =] - 5). + ([Vw = B] - 8, Mys(m))e
(Vw5 [Vo — 1] 5).)
= S (M), [Vo — 1] - 5).. (4.20
The result directly follows from (4.16), (4.19) and (4.20). O

We can now derive the error estimates for the method.

Theorem 4.3. Let0 < o < Cr/4 andy > 2/C}. Let (w, B) be the solution of
the problem (2.9) and (wy, 3,) the solution obtained with Method 3.1. Then
it holds

[[(w = wn, B = Bu)llln < Ch¥||wl|s+2 (4.21)
foralll < s <k.

Proof. Step 1. Let (wy,B;) € Wy x V), be the usual Lagrange interpolants
to w and 3, respectively. Using first the stability result of Theorem 4.1 and
then the consistency result of Theorem 4.2 one has the existence of a pair

(v,m) €Wnx Vi, llw,n)llln < C, (4.22)

such that

I(wn —wr, B, = Blln < An(wn —wr, By — Br;v,m)
= Ah(w_wla/@_/gl;van)v (423)

where A, = By, + Dy,
Step 2. For the By-part we have
Bh(w_w17/6 _/BI;U7I'7) = a(ﬁ_/glan)
— ) ahi(L(B - B)), In)k

KeCy,
1
+I§ oz (Vw—w) = (8= By) — ahiL(8 - By)
Vv —n—ah¥Ln)gk . (4.24)

Due to the first inverse inequality of Lemma 3.1 we get

2 5\ Y2
(D rkliLnlix) < Cliw.mln (4.25)

KeCy,

12



and
1 ) , O\ 12
( Z o2 HVU—U—O&hKLnHU,K) < C|l|(v,7)|||n - (4.26)
KeCy, K

Using these bounds in (4.24) and recalling (4.22) we obtain
Bh(w _wla/@_ﬁlwﬂﬁ
1/2
<O(llw=w.B-B)lIn+ (3 W18 Biik) ). (427)

KeCy,

Substituting the definition of the norm (4.3) in (4.27), using the triangle
inequality, and finally applying the classical interpolation estimates it easily
follows

Bu(w — w1, 8 — Br; v,m) < OB (Jwllos + 1Blsn1) - (4.28)
Step 3. For the Dy-part in (4.23) we have, by the definition,

Di(w—wr,B=Brv,m) = > ((Mus(B = By), [Vv—n] - s

H(V(w —wr) — (8= B7)] - 5, Mo(m))e
(V= wp) = (8= By)] 5. [Vo — ] -5).)
=T +To+T;. (4.29)

Note that the Agmon inequality (see [1])
olloe < C(hi P lvllo.x + hil?lvllg) Vo € Py(K), (4.30)
combined with the classical inverse estimate
Volox < Chicldllox Yo € [Pi(K)], (4.31)
gives

Vo —n]- sl < Vv —nllg, < g,

Vo -l (4.32)

for all e € I't,, where K, is the only triangle pertaining to the boundary edge
e. Following the same steps we also get

[Mas(m)llee < hillnllik, Ve € Ten. (4.33)

The [?>-Cauchy—Schwartz inequality, the bound (4.32) and the norm definition
(4.3) now give

T < (ZhK(,

M8 Bp3) (X h v - slz)

eEth eel“fh
1/2
< (3 mwlanu(8-801) Nwml. (.31
CEFf’h

13



Recalling the bound (4.22), using the Agmon inequality and finally applying
the classical polynomial interpolation properties, it follows

1< (X0 IMEB -8Rk + M IMB - 8)IEk)

6€Ff’h

< CR[|Bllssr - (4.35)

The [>-Cauchy—Schwartz inequality, the bound (4.33) and the norm defi-
nition (4.3) now give
1/2
3.

T, < (Z h IV (w —wr) — (B — Br) HO@) (Z hi. || M

e€l p e€l p
1/2
< (X mIViw —w) = B=8IE.) @)l (4.36)
eEnyh

Again recalling the bound (4.22), using the Agmon inequality, applying the
triangle inequality and the classical polynomial interpolation properties, it
follows

no< (3 WV —w) = BBk,

e€ly p,
1/2
+ IV = wr) = (B 83k )
< CR(IBllss1 + lwllssa) (4.37)

The bound for T3 follows combining the same techniques used for T} and
Ts; we get

Ty < CH (|18l + ol ir2) (4.38)

Now, joining all the bounds (4.23), (4.28), (4.29), (4.35), (4.37) and (4.38)
we obtain

1w = wi, By = Bl < CL([IBls+1 + lwllss2) - (4.39)

The triangle inequality and the classical polynomial interpolation estimates
(recalling that 8 = Vw) then yield

I|(w —wp, B=B)lln < CR*([|B]lss1 + lwlls42)
< Oh®||w]]sse. (4.40)

Note that the result holds for real values of the regularity parameter s because
the interpolation results used above are valid for real values of s. O

We also have the following result for the shear stress Lagrange multiplier:

Lemma 4.3. It holds

lg — qull-1x < ChF [l (4.41)

14



Proof. The proof is essentially an application of the "Pitkdranta—Verfiirth
trick” (see [22, 26]). From the definitions (3.12),(3.11), the triangle inequality,
the classical interpolation and the bound (4.40) it easily follows

lg —anll-1n
1/2
< = wi, 8= Bu)llln+ ( 3 W IL8 — LB, )
KeC

< ChF||lwl|gye - (4.42)
By the definition of the norm || - |1 . there exists a function n € V, such
that

lg—apll-1s < (@=gqpm), Il <C. (4.43)

Using a Clément type interpolant we can find a piecewise linear function
n; € V., such that, recalling also (4.43), it holds

Ritm —nllsx <Clnllix <C', s=0,1 (4.44)

for all K € Cj;,. Using the Cauchy—Schwartz inequality, the bound (4.44) with
s = 0 and the definition (4.4) it follows

(@—awnn) = (@—qun—n;)+(q—qn)
< Clla—aull-1n+ (@ —gnmi)- (4.45)
Note that n; is both in V}, and V,; moreover Ln; = 0 on each single

element K of C,. As a consequence, using (3.6),(3.11),(3.12) and Theorem
4.2, it follows

(@ —qn.n)
= ~a(B = Brms) = D (Ven = By)] - 8 Mus(11))e
T AT o (4.46)

Due to the continuity of the bilinear form and using bound (4.44) with
s = 1 it immediately follows

Ty < ClB =Bl
< COflf(w —wn, B=Bu)ln- (4.47)
Using first the Cauchy—Schwartz inequality, then the Agmon inequality, fi-

nally the bound (4.44) with s = 1, Lemma 3.1 and the definition (4.3), we
get

o< (X ave—elE) (X hlMemlz)
6€th GEth
9 9 1/2
< (X mRIVen=BlEx) " lnlh
KeCy,
< Cl[[(w —wn, B = Bu)llln, (4.48)

15



where in the last inequality we implicitly used the relation Vw — 3 = 0.
Combining (4.43), (4.45) with (4.46), (4.47) and (4.48) it follows

lg = gull-1 < C(llg = gull-rn + ll(w —wn, 8= By)llln) - (4.49)
Joining (4.49), (4.42) and using Theorem 4.3 the proposition immediately
follows. O

Combining Theorem 4.3 and Lemma 4.3 with the regularity of the solution
w finally grants the convergence of the method.

The regularity of the solution of the Kirchhoff plate problems for convex
polygonal domains, with all the three main types of boundary conditions, is
very case dependent. We refer for example to the work [21] where a rather
complete study is accomplished. Note that, if f € H~1(2), in most cases of
interest the regularity condition w € H?(f2) is indeed achieved.

Note that with classical duality arguments and technical calculations it
is also possible to derive the error bound

lw — wallo < CR Jw]lisa (4.50)

if the regularity estimate

[wlls < Cllflo (4.51)
holds, and
lw = willy < CAFH ]l (4.52)
with the regularity estimate
[wlls < C|If]l-1- (4.53)

Moreover, if k > 2 and the regularity estimate
[wlla < Cl[fllo (4.54)
is satisfied, then the improved estimate holds:

lw — wallo < CR* 2wk (4.55)

5 A-posteriori error estimates

In this section we prove the reliability and the efficiency for an a-posteriori
error estimator for our method. To this end, we introduce

Nk = h%(”fh+diVQh||(2),K+h1_<2||vwh_Bh”(Q),K» (
nz = hillgy - nlI5 . + he[IM (By)n] .., (
0% e = hel| Mun(B)Il5 . » (

(

5 O
Mfe = helMun(Bi)[6.c + Wl 5= Mns(Br) = an - m5.e

16



where f;, is some approximation of the load f, h. denotes the length of the
edge e and [-] represents the jump operator (which is assumed to be equal
to the function value on boundary edges). Here the normal unit vector n is
fixed for each edge e.

Given any element K € Cp, let the local error indicator be

MK = (ﬁ}%Jr% Somt D e+ > nfe,e)m, (5.5)

EGFi,;LﬂaK GEFSV}LﬁaK BEFf’}LﬂaK

where I'; , represents the set of all the internal edges, while I' ,, I's , and 'y,
represent the sets of all the boundary edges in I'., 'y and I'y, respectively.
Finally, the global error indicator is defined as

n = ( Z 77%()1/2. (5.6)

KecCy,

5.1 Upper bounds

In order to derive the reliability of the method we need the following satura-
tion assumption.

Assumption 5.1. Giwen a mesh Cy, let Cy o be the mesh obtained by splitting
each triangle K € Cy, into four triangles connecting the edge midpoints. Let
(Wh/2, Bhj2, Qns2) be the discrete solution corresponding to the mesh Cpja. We
assume that there exists a constant p, 0 < p < 1, such that

1w = whs2, 8 = Bry2)lllnsz + g = @npoll -1+
< p(lll(w = wi, B = By)llln + llg = qull-1+) . (5.7)

where by ||| - |||n/2 we indicate the ||| - |||n norm with respect to the new mesh
Chya-

In the sequel we will also need the following lemma:

Lemma 5.1. Let, for v € Wy s, the local seminorm be

1/2
ohapic=( 3 WBaw) (5.8)

K’EC}L/QHK

Then, there is a positive constant C' such that for all v € W,y there ewists
vr € Wy, such that

||U—U]||0’K < C’h%|v\27h/g7;{ VK ECh. (59)

Moreover, vy interpolates v at all the vertices of the triangulation Cy/s.
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Proof. We choose vy as the only function in H*({2) such that

U[‘K c PQ(K) VK € Ch,
U[(N) = U(N) VN € Vh/27 (510)

where V), 2 represents the set of all the vertices of Cj, /. Note that it is trivial
to check that v; € W), for all £ > 1. Observing that

Voo + D [N, vEWyn, K EC, (5.11)

NEVh/QﬂK

is indeed a norm on the finite dimensional space of the functions v € W/,
restricted to K, the result follows applying the classical scaling argument. [

For simplicity, in the sequel we will treat the case I'y; = (), the general
case following with identical arguments as the ones that follow. We have the
following preliminary result:

Theorem 5.1. It holds

wnsz =i Bugs — Bullle < O( X ni +hillf = filic) - (5.12)

KeCy

Proof. Step 1. Due to the stability of the discrete formulation, proved in
Theorem 4.1, there exists a couple (v,n) € Wj/2 x V1, /5 such that

(v, l[n2 < C (5.13)

and

H|(wh/2 - whuﬁh/2 - ﬁh)le < Ah/2(wh/2 - whaﬁh/2 — B v, "7) . (5-14)

We also have

Ah/2<wh/27 5h/2; v, ”7) = (f; U) . (5-15)

Simple calculations and the definition (3.11) give

By j2(wh, Briv,m) = a(By,m) — Z aht (LB, Ln)k

KeCy 2
+ Z B), — ahi LB, Vv —n — ahiLn)k
KeCh/2
- a(,@h, 77) - Z (vwh - ,Bha Ln)K + Z (qh, Vv — 'I’])K
KeCy KeCpy o
+R(wh713h;vvn)
:Bh<wh7/6h;van) +R(wh>ﬁh§7}7"7)a (516)
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where g, is defined as in (3.11), i.e. based on the coarser mesh, and

1
R(wh7/6h; Uvn) - Z 72 (vwh - ﬁh? Vv — T’)K
KeCh/2 a K
1
- Z ah2 (Vwy, — B, Vv —n)k . (5.17)
Kecy, K

Note that the last term on the right hand side is well defined since Vv — n
is piecewise L2.

Let now 7, 7/, indicate respectively the set of all the edges of C; and
Chj2, while I'¢j,, I'g /o represent the subset of all the edges on I't. Adding
and subtracting the difference between the two forms it then follows

Dh/Z(whleh;va 77) = Dh(whaﬂh; v, T’) + R,(whaﬁh; v, T’) ) (518>

where

R, Brivm) = D2 1 ([Ven = By] -5, [Vo —n] - s).

€€Ff7h/2

= > L(Vun =B s, Vo] s).., (5.19)

eGI‘f,h €

and where the first member on the right hand side is indeed well defined
because of the piecewise regularity of (v,n).

Step 2. Finally, let v; € W), be the interpolant of v described in Lemma
5.1, and m; € V, the classical piecewise linear node interpolant of ) for the
mesh Cj. Joining (5.15), (5.16), (5.18) and using

Bh(whnﬂh;vhnl)+Dh(wh7ﬂh;vl7’r’1) = Ah(wh)ﬂh;vbnl)
= (fivr), (5.20)

some simple algebra gives

Ah/2(wh/2 — Wh, ,Bh/Q N )
= (f,v —vr) = Bu(wn, By;v —v,m — )
—Diu(wn, Bpiv —vi,m —ny) — R(wp, By;v,m)
—R'(wn, By;v,m) . (5.21)

From the definitions (3.8), (2.8), (3.11), (2.10) and (2.11), integrating by
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parts on each element K € C;, and rearranging the terms we obtain

(fsv —vr) = Bu(wn, By;v —vr,m —ny)
= (f,U—U[) _a(IBhaT’_nI)
+ Y (Vun =By, L —m))k — Y (@n, V(o —vr) = (n —n))x

Kecy, Kecy,
= ((f + divgy, v —vr)k + (g, + LBy, m — 1)k
Kecy,

~(Vun = By L(n = n1)x )
+ 3 (M Bnln— e+ (s - nlv — o). )

EEFLh

+ Y ((Qh 1, v —vr)e + (M(By)n,m — m)e> : (5.22)

BEFf’h

In order to treat the boundary pieces we need two observations. First,
note that integration by parts along the boundary edges gives

(Mas(B), V(0 —01) - 8)e = — 3 (L Mp(By)0—vr),  (5.29)
Z 0s

eel—‘f,h eerf,h

where there are no additional terms because v;(IN) = v(N) for all the vertices
N of C. Second, note that the last term in (5.22) can be splitted as

Z (M(Bp)n,n—np)e

€€Ff7h

= 3 ((Man(Ba), (7 = 1) - ) + (Mys(B,), (0 =) -5 ) (5.24)

EEFf’h

As a consequence, applying (5.23) and (5.24) we obtain

> ((MBm.m =m0 + (@m0 =v1).) + Dilwn, Byiv = vr,m —m1)

- Z ((Mnn(/gh)a (n—m;) -n) — (%Mns(/ﬁh) —q), M,V —Vp),
(Vi — By] - 8, Mas( — 1)
F(Vun = B8, [V —vn) — (m=mp)] - s)e) (5.25)
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Combining (5.21), (5.22) and (5.25) we have
Ah/2(wh/2 — W, /Bh/Q )

= ((f + divgy, v —vr)k + (g, + LBy, m —n1)k
Kecy,

~(Vun = By L(n = n;)x )
+ 3 (Bnln =) + (gl - o))

EEFl h

+ Z ( wn(Bn), (M —1p) - m)e

eEth

0
_(gMns(ﬂh) —qp "N,V — UI)e + ([th - ﬁh] - S, Mns(" - 771))6

F VB, (Vo — )~ ()] 5).)

—R(whthWa"?) _R,(whvlﬁh;vvn)' (526)

Step 3. Finally, we have to bound all the terms above. We first treat the
last two addenda (see (5.17) and (5.19) for the definitions). First recalling

that Cj/» is a subdivision of Cj, then from the Hélder inequality and finally
from (4.3),(5.13) it follows

1
|R(wn, Briv,m)| 2] Y —5 (Ve = By, Vv — 0|
Kech/g K
1 1/2 1 1/2
<o Y Ve -Bulkk) (X Ve —nlik)
KeCy, K KeCy, K
1 5 \1/2
<co( > IVen-Bilidk) - (5:27)

KGCh/Q K

Using the Agmon inequality with arguments similar to those already adopted
n (5.27) it can be checked that

/ 1 1/2
R, Bivom)| < (3 o IVun—Bullix) (5:28)
KGCh/Q K
Combining (5.27) and (5.28) we get
/ L\ 12
‘ _R(wh7/6h;v7n) _R(whvﬁh;van)‘ < C( Z 77K> : (529)
KeCy,

For the other terms in (5.26), we show in detail only a couple of examples,
because the remaining cases easily follow applying the same arguments. We
start by observing that from the definitions (5.8), (4.2), (4.3) and the bound
(5.13) it follows immediately that

Y [WBaek < Clliw, )z < C. (5.30)

KeCy,
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We have
Z (f+divg,,v — vk

KeCy

- Z(fh+divqh7v_UI)K+(f_fhvv_UI)K- (5.31)

KeCy,

Recalling Lemma 5.1 and using (5.30) we get
> (fn+divg,,v— vk

KeCy,
1/2 B 1/2
< (3 ikl divanlie) (D0 Al = vilidx)
KecCy, KeCy,
_ 1/2 1/2
<o mlfu+divagllos) (Y [0Bax)
KecCy, KeCy,
1/2
<C’< 3 i) . (5.32)
KeCy

The same argument gives

S v = < (3 Hkls - Aili) (5.33)

Kecy, Kecy,

which, joined with (5.31) and (5.32), bounds the first term in (5.26).
First using the Agmon and the inverse inequality, then again applying
Lemma 5.1 and (5.30), we have

0
Z (%Mns(/gh) —q - -Nn,vV— Ul)e

e€lsp
1/2 B 1/2
< (X WIS B i) (X e il
e€lsp e€lsp
1/2 - 1/2
<o Xowh) (X =ik
eGnyh Kecy,
1/2
<c( Y ) (5.34)
eeFf,h

The remaining terms are bounded using the same techniques.
It is worth noting that, by the definition (3.11),

(g, + LBy = h2 (Vwy, — By) 1k VK € Cy, (5.35)

which is the reason why there appears no terms of the kind ||q, + LB;]l0,x
in the error estimator. Note also that the Agmon and the inverse inequality
easily give

> b MVwn = Bulls. < C Y il lIVwn — Bulld x (5.36)

eel‘fyh KeCy,
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which is the reason why there appears no boundary terms of the kind || Vw;, —
Brlloe. We finally get

1/2
Anjo(wijz — wn, Br o — Buiv,m) < C(nie + hilf — full§ x) / , (5.37)
which combined with (5.14) proves the proposition. O

We also have the following lemma for the shear stress:

Lemma 5.2. It holds

lane = aull21 < C(Iwnp = wi B = BN+ D 7). (5:38)
KeCy,
Proof. We start observing that, referring to the definition (3.11) and its "h/2”
counterpart, g, and g, are defined on different meshes and therefore with
different h2 coefficients. However, recalling that the size ratio between the
two meshes is bounded, it is easy to check that an opportune splitting and
the triangle inequality give

||Qh/2 - Qh||2—1,h < C( Z ||V(wh/2 —wp) — (/Bh/2 - IBh)H(Q),K

KECh/Q
+ > IVun = Bulik+ Y BB~ DBilRk) . (5:39)
KeCy, KGC}L/Q
The first and the last term in (5.39) can be bounded in terms of the ||| - |||4/2
norm, simply using the definition (4.3) and the inverse inequality
il LBj2 = LBullo.xc < CliBwy = Bulli k- (5.40)

Therefore, recalling the definition (5.1), we get
Ignso = @nll”1p < Clll(wnz = wiy Bryo = Bllla e + D k- (5.41)
KeCy,

The transition from the ||gy/, — @l -1,» norm to the |gy/» — g -1+ norm
is done using the "Pitkédranta-Verfiirth trick” with steps almost identical to
those used in Lemma 4.3, therefore omitted. O

Joining Theorem 5.1 and Lemma 5.2 gives the following a-posteriori upper
bound for the method:

Theorem 5.2. It holds

1/2
1w —wn 8~ Blla+ Il — qullre < C( 3w + hkllf = Fullc) (5.42)

KeCy,

Proof. Theorem 5.1 combined with Lemma 5.2 trivially gives

[ (wns2 = wn; Brjo = Bullllnjz + lans2 = qull -1+

1/2
<C( D mi+ bkl - Aillk) (5.43)
Kecy,
which, by recalling the saturation assumption, proves the theorem. O
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5.2 Lower bounds

In this section we prove the efficiency of the error estimator. Given any edge
e of the triangulation, we define w, as the set of all the triangles K € C,,
that have e as an edge. Given any K € Cj, we define wy as the set of all
the triangles K € Cj, that share an edge with K. We then have the following
lemma [20]:

Lemma 5.3. Given any edge e of the triangulation Cp, let Py(e) be the space
of polynomials of degree at most k on e. There exists a linear operator

I, : Py(e) — Hi(w,) (5.44)
such that for all px, € Py(e) it holds

Cillpellse < (o> Te(pr))e < llpellfe (5.45)
TP llow. < Cohl*lIpelloe (5.46)

where the positive constants C; above depend only on k and the minimum
angle of the triangles in Cj,.

We have the following efficiency result:

Theorem 5.3. It holds

e < 1w —wn, B = B)lllnwx + 1€ = @ull-1wx + Rl = fullows . (547)

where ||| hwis || - l|=10wis || - lows rePTesent respectively the norms ||| - |||,
|- =16, || - o restricted to the domain wi.

Proof. Step 1. The proof consists of bounding separately all the addenda in
nk. First we bound the terms of 7% in (5.1). Given any K € Cp, let by
indicate the standard third order polynomial bubble on K, scaled such that
ok || L) = 1. Given K € Cp, let now px € Hi(K) be defined as

Yr = (fh + div qh) bg( . (5.48)

The standard scaling arguments then easily show that

| frn + div qhHg,K < CO(fu+diva,, ¢x)k (5.49)
<

lexllo.x Cll.fn + div gpllox - (5.50)

Recalling (2.9), integration by parts gives

Wi\l fr + div qhHg,K < Chi(fu + divay,, vx)k

= Chi ((f +divg,, ¢x)k + (fn — f.¢K)K)

= Chi ((—div q + div gy, vx)k + (fn — f,0K)K)

< Chi((gn — a.Ver)x + (fa — [ 0x)k) - (5.51)
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Note that in particular Vog € V., (see the definition (4.5)). Therefore
the duality inequality and the Cauchy—Schwartz inequality, followed by the
inverse inequality and the bound (5.50) lead to the estimate

C’lﬁ(((qh —q,Vor)x + (fu—f, SOK))

< Cllg — qpll-15x M| Ver ik + Chi| f = falloxllexllox
< C(llg = apll=10c + R%N S = Fullog) || fr + div @y, llox - (5.52)

Combining (5.51) with (5.52) finally gives
hicllfo + div aullo.e < C(llg = anll-1ox + Ricllf = fallox) . (5.53)

The second term in (5.1) can be bounded directly using (2.9)3

hg IVun = Billox = I [V(w —wn) — (B = Byl x
< |[l(w —wn, B = Bp)lllnx - (5.54)

Step 2. Second we bound the terms of 2 in (5.2). Given now e in the set
'y, of the internal edges of Cj, let

¢ = ([M(By)n]), (5.55)

where, with a little abuse of notation, the operator I1, is intended as applied
on each single component. Then, from (5.45) and with integration by parts,
it follows

h2(|[[M(By)n] 3,
< ChP([M(By)n], #.).
= Ch* (LB, @.)w. + (M(B1), Ve, ). ) , (5.56)

where we recall that w. was defined at the start of this section. Integration
by parts and the first identity in (2.9) immediately yield

(M(B),Vpe)o. = —(LB @.)uw
= (q,¢c)w. (5.57)
which, used in (5.56), gives
he!* | [M(By)n] 5.
< Ch*((LB), + @, P ). + (M(B,) — M(B), Ve, ). )
= Ch2(LBy + Gny @) + (4 — @h o),
+HM(By) — M(B), Ve,)u.) (5.58)

We now bound the three terms on the right hand side of (5.58). The
identity (5.35), the Cauchy—Schwartz inequality, the definition (5.55) and
the bound (5.46) give

hé/Q(LIBh + qp, ‘Pe)we
9 9 1/2
<o X mRIVun=Bulli k) I Bl

KeC,Nwe
< Cl[(w = wn, B = Bp) lnwe ITM (Br)n]lo.c - (5.59)
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Note that in particular ¢, € V, (see the definition (4.5)). Therefore, first
the duality inequality, then the definition (5.55) combined with the bound
(5.46) and the inverse inequality give

K2 g —an, po)o. < M2 — aull-10w.]|@ell1
< Cllg = qpll-150 [ [M(By)n]ll0e . (5.60)

Now again the Cauchy—Schwartz inequality, then the inverse inequality and
finally (5.55) combined with the bound (5.46) lead to the estimate

hi/z(M(IBh) - M(/B)7 che)we < CH/B - /BhHl,weh;(I/2H(Pe”0,we
< OB = Brllrw MM (Br)n]llo.e - (5.61)
Combining (5.59),(5.60) and (5.61) with (5.58) it follows

he 2 IIM(B))n]llo.e < C(lll(w = wn, B = Bl + 1 = @nll-150.) {5.62)

while the remaining term in (5.2) is bounded with similar arguments:

B2 lan - nllloe < C(llg = anll-1x + 2N = fallox) - (5.63)

Step 3. Third we bound the only term of 77, in (5.3) which appears also
n (5.4). Given now a triangulation edge e in I'fj, U L'y p,, let

pe = Ie(Mun(By)) - (5.64)

Due to (5.45) and (2.9)¢ integration by parts gives

hi/2”Mnn(ﬁh)H(2),e < hiﬂ(Mnn(Bh = B),¢e)e

= hi/z(Mn(IBh - ﬂ)) Qpen>e

= h*((M(By, = B), V(pen)), + (L(By — B), pen)a.) ,  (5.65)
where n is, as usual, the chosen normal unit vector to e. Using the Cauchy—

Schwartz inequality, then the inverse inequality and finally the bound (5.46)
we easily get

hi/z(M(ﬁh - ﬁ)? v(@en))we

< h?18 = Bulliw IV (een)low.
< ClB = Bulliw | Mun(By)lloe - (5.66)

Recalling (2.9);, for the second term in (5.65), we have

hi/z(L<ﬁh - ﬁ)v (Pen)u.Je
= hé/Q(LIBh + dhs Soe'n’)we + hi/Q(q — gy, Qoen)we . (567)
Observing that g.n € V,, the two terms on the right hand side of (5.67) can
be bounded with the same arguments used respectively in (5.59) and (5.60).
Omitting the details, we therefore get
he*(L(By, = B), pen)o, < C([[[(w —wn, B = By)lne.
+la = aull-1ew.) [Man(Bn)llo.e (5.68)
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From (5.65), (5.66) and (5.68) we get

hé/QHMnn(ﬂh)”O,e < C(H’(w — Wy, B — ﬁh)’”h,we +|lq — qhnfl,*,we) . (5.69)

Step 4. Finally we bound the last term of 77?,6 in (5.4). Given again a
triangulation edge e in I'y ), let

0

Pe = He(%Mns(Bh) — gy n) . (570)

Using (5.45) and recalling (2.9) we obtain

0
hg/QH%MnS(ﬁh) — 4y an,e
0

< B ((5; Mns(By = B pe)e + (@ = @) - moge)e) . (5.71)
For the first term, integration by parts on the edge and simple algebra give
0
h’g/z(%Mns(Bh - 16)7 906)5 = h’g/2<Mn5(/8 - Bh)? vwe ’ S)e

= h2/2((M(IB - Bh)nv V§0e>e - (Mfm(/B - /Bh)a V(Pe : n)e) . (572)

Using again integration by parts, the first term in (5.72) can be written as

W2 (M(B - By)n, Vo).
=hP((L(B = By), Vo + (M(B—B,),VV@)o,) . (5.73)

The second term in (5.71), again due to integration by parts and also recalling
(2.9),, is instead equivalent to

W2 (g — an) -, e)e = 22 ((a — @n, Vo),
_(fh + div dp, Qpe)we - (f - fha @e)we) : (574)

For the first term, due to (2.9); and (3.11), we now have

R (q — qy, Vo).

1
= hg/Q((Lﬁh — LB, V), —

2
ah?,

(Vwy, — By, V@e)we) , (5.75)

where h,, is the size of the triangle w.. Combining all the identities from
(5.71) to (5.75) it follows that

0
h2/2||$MnS<:8h) — 4y an,e
S h2/2<(M(/8 - IBh)v Vv%)we - (Mnn<13 - Bh)a v@e : n)e
_O{h2 (vwh - 18h7 Vgpe)we - (fh + div d;, Spe)we

—(f = farpe)u) - (5.76)

27



For the second term on the right hand side of (5.76), recalling (2.9)g, using
the Cauchy—Schwartz inequality and due to the bound (5.69) we have

h§/2(Mnn(5 —B41), Ve -n)e < hé/QHMnn(ﬁh)HO,eheHVS‘JeHO,e
< C([I(w = wn, B = Bp)llhwe + 14 = @nll =100 e[ Vepelloe ,(5.77)

which, using the inverse inequality and the bound (5.46) gives

W2 (Mo (B — B1), Vepe - m)e < C(1(w — wn, B — Byl e

0
+|lg — Qh”fl,*,we) H%Mm(ﬁh) —q; 1o - (5.78)

The remaining terms on the right hand side of (5.76) can all be bounded using
the Cauchy—Schwartz inequality, the inverse inequality and the bounds (5.53),
(5.46) as already shown for the similar previous cases. Without showing all
the details, we finally get

0
hS/QH%MnS(ﬂh) — gy n||(2),e
< O(Il(w = wn, B = B llnwe + lg — @ull 150,

0
15 lf = ullos) Wl 52 Mns(Br) = @n - mlloe, (579

or, trivially,

0
hg/QHaMnS(lgh) —qy - nHO,e

< C(lll(w —wn, B = Bp)lllhw. + g = @ull-11
+hi | f = fullox) - (5.80)

The proposition is now proved. O
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