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1 Introduction

A classical theorem by J. Hadamard gives the following relation between the
maximum absolute values of an analytic function on three concentric circles.

1.1 Theorem. Let Ry <1 <719 <13 < Ry and let f be an analytic function
in the annulus {z € C: Ry < |z| < Ry}. Denote the maximum of |f(z)| on
the circle |z| =r by M(r). Then

M<r2>10g(T3/T1) < M(rl)log(m/??)M(Ts)log(Tz/h).

This result, known as the three circles theorem, was given by Hadamard
without proof in 1896 [3]. For a discussion of the history of this result, see
e.g. [8] and [5, pp. 323-325]. It is a natural question, what results of this
type can be proved for other classes of functions. For example, a version of
Hadamard’s theorem can be proved for subharmonic functions in R™, n > 2,
see [7, pp. 128-131].

Some generalizations of the three circles theorem will be studied here.
For the formulation of our main result, Theorem 2.1, we recall some standard
notation and definitions from the book [4]. We will consider solutions v: @ —
R of the p-Laplace equation

div(|Vo|P*Vu) =0, 1<p< oo, (1.2)

on an open set {2 C R™ in the sense that will be described shortly. When p = 2
equation (1.2) reduces to the Laplace equation Au = 0, whose solutions,
harmonic functions, are studied in the classical potential theory. When p # 2
equation (1.2) is nonlinear and degenerates at the zeros of the gradient of
v. It follows that the solutions, p-harmonic functions, need not be in C*(£2)
and the equation must be understood in the weak sense. A weak solution of
(1.2) is a function v in the Sobolev space W-?(Q) such that

/Q<|Vv|p_2Vv, Ve)dm =0 (1.3)

for all ¢ € C§°(Q2), where (-, -) denotes the scalar product of vectors in R™,
and m is the Lebesgue measure in R"™.
It is easy to see that for all p € C§°(Q) and v € C?*(Q),

/<|Vv]p_2Vv,V<p) dm = —/gpdiv(|Vv]p_2Vv) dm
Q 0

and, consequently, each C%-solution to (1.2) is a weak solution to (1.2).
Fix an integer k, 1 < k < n and a real number ¢t > 0. The sets By (t) =
{r € R" : d(z) < t} and 3i(t) = {z € R" : di(x) = t} = 0By(t), where
k 1/2
dp(z) = (Z xg) , are respectively called k-ball and k-sphere in R". For

%
=1

k = n the k-ball By (t) coincides with the standard Euclidean ball B™(¢) and



the k-sphere Y (¢) is the Euclidean sphere S"~!(¢). In particular, the symbol
Y%(0) below denotes the k-sphere with the radius 0, i.e.

Yp(0)={x=(21,...,2,...,x,) 1 w1 = ... = 31 = 0}
Let 0 < a < 8 < 00 be fixed and let
Dys={xeR":a <dy(zr) < F}.
For k = 1 the set D, g is the union of the two layers between two parallel
hyperplanes. For 1 < k£ < n the boundary of the domain D, g consists of two

coaxial cylindrical surfaces.

by

£ -a | o B

FIGURE: l-annulus D, s in R? (left) and 2-annulus D, g in R? (right).

Let v € C%D,.g), and let M(r) = limsup, 5, (yv(z). Suppose that
M(R) > M(r). Consider the function

v(z)=M(r)
v plz) = 4 ME—AGy  1or M) > M(r),
’ 00, otherwise,

for r < R. Clearly, limsup, .y, () vrr(2) <0 and limsup,_y, (g vrr(2) < 1.
Let

E(r,t) = /t sU=R/G=gs and up?(t) = gg’%.

Let u(z) = up” (di(z)) for € Dy g. It is clear (see Lemma 3.5) that u is a
C?-solution to (1.2). We have

u(z)|z,m =0, u(x)|s,m =1,

and
u(x) > v, p(x) if © € Xg(r) or z € Ey(R). (1.4)



2 Main results

We will prove the following Hadamard type theorem for the p-harmonic func-
tions defined on the complement of a k-ball. We use the method of proof
from [6].

2.1 Theorem. Let 1 < p < 0o, R > 7 > 0 and let v(x) € W,-(D,.0) be a
continuous weak solution of (1.2) such that

-1

/ dt(/ \vT,R—uP(\Wr,R!’”2'+\Vu\'p2')dH"1) =00, (2.2)
r Zk(?)

where H™™' is the (n — 1)-dimensional Hausdorff measure. Then for all
te(r,R),
M(t) < (M(R) = M(r))ug®(t) + M(r). (2.3)

2.4 Corollary. Let 1 < p < oo, r > 0 and let v(z) € W,-"(Dy.00), be a
continuous weak solution of (1.2) such that

lim —/ vr — ul* (| V|2 + | Vu|P"2) dm = 0. (2.5)
DT,R

Then for allt € (r,00) the inequality (2.3) holds.
2.6 Corollary. Let 1 < p < oo, R>1 >0 and let v(z) € W,-(D,.»0) be a
continuous weak solution of (1.2) such that

/ g — P ([Vorgl P2 + [Vl dm < M < oo.
DT,oo

Then for allt € (r, R) the inequality (2.3) holds.

For the formulation of a result of S. Granlund [2], Theorem 2.7 below, we
introduce some notation and terminology. Let p > 1, Q C R™ be a bounded
domain and let F': 2 x R®™ — R be such that the following conditions hold.

1. There are constants 3 > « > 0 such that for a.e. z € Q2

ol < Flz,2) < 2P
2. For a.e. x € Q) the function z — F(z, z) is convex.

3. The function x — F(x, Vu(x)) is measurable for all u € W1P(Q).
Let

I(u) = /QF(x, Vu(z)) dm.

A function u € W'?(Q) is a subminimum in Q if I(u) < I(u —n) for all
non-negative 7 € Wy ?(Q). Let

M (r) = esssupu(z), B"(r) c Q.

z€B" (1)

The following Hadamard type theorem was proved by S. Granlund in [2].



2.7 Theorem. Let u be a subminimum of
I(u) = / F(z,Vu(z))dm,
Q

ry <r <ry, and §n<7"2) C Q. Then u is bounded from above, and there is a
constant

A= A(n,p,r/’rl,TQ/T,Oé/ﬁ),
0 < A <1 such that

M(r) < AM(r1) + (1 — AN)M(rg).

Since p-harmonic functions minimize (see e.g. [4, p. 59]) the integral

I(u) = / Yl dm,
Q

Theorem 2.7 gives a special case of Theorem 2.1 with k = n.

3 Preliminaries

We start by recalling some basic properties of the Sobolev spaces from [4].
Let 2 be a nonempty open set in R”.

3.1 Lemma. [{, Theorem 1.24] Let u € WyP(Q) and v € W'P(Q) be
bounded. Then uwv € Wy™(Q).

3.2 Lemma. [4, Lemma 3.11] If v € W'?(Q) is a weak solution of (1.2) in
Q, then

/<|VU\P—2W, Ve)dm =0
Q
for all p € WyP(Q).

3.3 Theorem. [1, p. 99] Let f: R™ — R be a locally Lipschitz mapping. Let
E C R"™ be an n-measurable set and g: E — R be a nonnegative measurable
function. Then

[arvs@ldn in = [ (X o) a6

R z€f~1(y)

3.5 Lemma. Let 1 < p < o0, 0 <1 < di(x) and fix an integer 1 < k < n.

Then
de(z) | .
u(z) = / sr=1ds

is a solution of (1.2), i.e.

i{%(uxl[uil ++U325n]p2;2)} 0.

=1



Proof. We note that

0 T
d _ 1
o, @) = 20y
and hence u,, = xidk(:ﬂ)ﬁfl. Then
Uy, (uil + ...+ ugk) T = fidk(x)%_l [dk(x)%ﬂ(z x?)} N
j=1
= zadp () () = ()R,
It follows that
g k k
> o (zid(2) ™) = > di(x) ™ = kY aidy(x)
i—1 Il i=1 i=1
k
= kdk(l’)ik — kdk(l’)ik72(z 1’12) = 0.
i=1

(]
Next we will prove two lemmas which are used later in the proof of The-
orem 2.1.

3.6 Lemma. Leta>b>0,p>1. Then

aP~t =t Pt 4l aP~t — 1
C < < C 3.7
1 a0 — b ~ a—+ b -~ 2 a — b ) ( )
with some constants Cy, Cy > 0.
Proof. We examine the function
(2P '+ 1)(z—1)
= > 1.
9= G e . C
It is clear that .
lim g, (z) = T lim gi(z) = 1. (3.8)

It is sufficient to find positive bounds for ¢;(z) for z > 1. We will prove that
the bounds are in fact given by (3.8). First we note that

(p—2)(@" = 1) +plx —2P1) <0, forpe(1,2),
(p—2)(z? —1) +p(x —2P7') =0, forp=2,
(p—2)(2P = 1) +p(lx — 2P~ >0, forp>2,

and
r—2P~1 <0, forpe(1,2),
x—aP~t =0, forp=2,
x—a2P71 >0, forp>2.
Hence

gi(z) € (1,1/(p—1)), forpe(1,2),
gi(z) =1, for p =2,
a(z) € (1/(p—1),1), for p > 2.



3.9 Lemma. Leta > b> 0. Then

p—1 bpfl
Cy (aP™2 +67%) < GGT < Cy(a”?+ 0777, (3.10)
forp>2, and
p—1 _ pp—1
Cg (a27p + b27p)71 < aafb < 04 (aQip + b27p)71, (311)

for p € (1,2] with some constants Cs, Cy > 0.

Proof. The proof is similar to that of Lemma 3.6. First we study the function

r—1)(zP2+1)

92(1:) = (

As in Lemma 3.6, it is sufficient for (3.10) to find positive bounds for gs(x)
for x > 0. We note that lim,_,; g2(z) = (p—1)/2 and lim, ., g2(z) = 1. We
obtain
(p—3)(1—aP 1)+ (p—1)z(1 —2P3) <0, forpe(l,3),
(p—3)1—a? )+ (p—Da(l —a?7%) =0, forp=3,
(p—3)(1—aF Y+ (p—1Dz(l—2aP3) >0, forp>3,
and
zr(xP™3 —1) <0, forpe (1,3),
r(xP3 —1)=0, forp=3,
z(xP3 —1) >0, forp> 3.
It follows that
((p—1)/2,1), forpe(l,3),
1, for p = 3,
€(1,(p—1)/2), forp>3.
To prove (3.11) we study the function

(xP~1 = 1)(2*>P + 1).
r—1

gs(x) =
Now lim,_,; g3(z) = 2(p — 1) and lim, . g3(z) = 1. Again, we have

(—=2p+3)(x — 1) + (2Pt —227?) <0, for p € (1,3/2),
(=2p+3)(x — 1)+ (2P7t — 2?7 P) =0, forp=3/2,
(=2p+3)(x — 1) + (zP~' —2?7P) > 0, for p > 3/2,

and
xP~l —227P < 0, for pe(1,3/2),
Pl —2?27P =0, forp=3/2,
2Pt —2?7P >0, for p>3/2,

and thus
(z) € (2(p—1),1), for p e (1,3/2),

g (x)zl for p = 3/2,

gs(x) € (1,2(p— 1)), forp>3/2.



4 Proof of Theorem 2.1
Suppose the contrary, that is, there exists xg € D, g such that
v(xg) > (M(R) — M(r))u(a:o) + M(r), (4.1)

or
v r(T0) > u(xo).

Fix some ¢y > 0, for which
vr.r(20) — u(wo) > €o.

Consider the set

U={2€ D, g:v.g(x) —ulx)>eo} #0.
Choose a component O of U such that xq € O. It is clear that 508DTVR =0
and (v, r(z) — u(z))|so = 0. Fix €2 > &1 > 0 and the balls Oy = By,(z, 1),
Oy = Bg(zg,£2). Let o(x) = n(dg(z)) be a locally Lipschitz function with
the properties:

{ngl for all z € Oy,

=0 forallze D, g\ Os. (4.2)

Then the function ¢ = ('U,,,R(:U) — u(x))<p2 has a support supp 1) C O, and by

Lemma 3.1 ¢ € W, ”(Q). Since v, and u are generalized solutions of (1.2)
we have by Lemma 3.2

[ Tl T~ (VU dm
supp ¢

= / (V, |V, glP >V, g) dm — / (V, |VulP2Vu) dm = 0.
supp ¢

supp ¢

Next, we note that
V¢ = 902(VUT,R - vu) + QSO(UT,R - U)VSD

Thus, we may write
0 = / (Vi [V, g|P >V, g — |Vul|P~>Vu) dm
supp
- / <V¢a |VU7‘,R|p_2VUr7R - |VU|p_2VU> dm
0ONOsy
= / ©* (V. g — Vu, |V, r[P" 2V, g — |VulP"2Vu) dm
0ONOsy

+2/ o(vrr — w){Vep, Vv, g2V, g — |[VulP>Vu) dm
ONOsy



or
/ (V. p — Vu, |V, gl ">V, g — |VulP7>Vu) dm
ONOsy

= —2/ o(vrr — u)(Vep, [V, g2V, p — |VulP2Vu) dm
ONOs

or

/ ©* (V. g — Vu, |V, r[P 2V, g — |VulP2Vu) dm
ONOs
< 2/ lol|lvrr — u||Vg0|||er7R|p_2VUT,R - |Vu|p_2Vu‘dm. (4.3)
ONOsy

Let
D(\) = |V Avrg + (1 = Nuw) P2V (Mg + (1 — Nu)

for A € [0,1], and note that
®(0) = |Vu|’?>Vu and ®(1) = |Vu, g’ >V, 5.

Now we write

1
|V, rP 2V, g — |[VuP2Vu = &(1) — &(0) = / d'(N) dA
0

_ / [(Vorn — V) [V(hopz + (1= V)P + (p— 2V Aerre + (1 — )
AV Ak + (1= NP~ (Vo,r — Vu, V(Ao r + (1 = Nu))] dX,  (4.4)

and obtain

(V. r — Vu, |V, gP 2V, g — |[VulP2Vu)

1
= [Ver = ul? [ 1900+ (1= NP2
0

—|—(p—2)/|V()\UT,R+(1—)\)u)|p_4<er7R—Vu, V()\vﬁR—l—(l—)\)u»Qd)\.

’ (4.5)

If p > 2 then
(Vu,.r — Vu, Vo, P2V, g — [Vul[P~2Vu)

1
> |Vu,g — Vul? / IV (\vpr + (1= Na) [P dX. (4.6)
0

10



If p < 2, we have
Vorr — Vul? /01 [V (Ao g+ (1= Au) [P dA
+(p—2) /01 IV (Avr+ (1= M) |p‘4<vvr,R — Vu, V(Ave g+ (1= Au))? dA
> (p—1)| Vg — Vul? /01 IV (Mg + (1= Nu)|"2dA.
This together with (4.5) gives
(Vu.r — Vu, [V, g2V, p — |Vu[P2Vu)
> (p—1)|Vu.g — Vul? /01 V(Mg + (1= Nu) ‘piQd)\, l<p<2 (4.7)

It follows from (4.4) that for every p > 1,

1
9t~V V=V € Ve [ 9 (e (120,
0
(4.8)

at every point where v, g has differential. Here C5 = 1 + [p — 2|. Setting

1
I(p) = / V(g + (1= Aul"dA
0
and using (4.3), (4.6), (4.7) and (4.8) we obtain

/ ©*1(p)| Vv r—Vul*dm < 06/ I(p)|ol|vr.r—ul|V ||V, g—Vuldm,
ONOs ONOs
(4.9)
where Cg = 2C5/ min{l,p — 1}.
We note that

V(Mg + (1= Nu)|? = A2 [V, r|* + 201 = AV, g, Vu) + (1 —N\)? | Vul?,
and therefore

AVurg| = (1= X) [Vul| < [V(Avrgr + (1= M) < AVorg| + (1= 3)[Vyl

(4.10)
for an arbitrary A € [0, 1]. Let p > 2. We suppose that |V, g| > |Vu|. Then
by (4.10),

1

() < / A(Vorg] — [Val) + [Val)™2 dA

0
|V, R

1 1 |Vu.gl/P™t — |[VuP!
= / P72 ds = [Vorrl [Vl . (4.11)
Vo, r| = [Vu| | p=1 [Vu.r|=[Vy|

Vul

11



Next by (4.10),

I(p)

A%

/ AV, a] — (1= X) |Vl dA

_ / (Vo gl + [Val) — [Vl [”% dA

1

_ /(A(WWR; +[Vul) — Va2 dA

+/(|VU| — M|Vopg| + [Vu)P 2 d),
0

where

B |Vl
Vgl + [ Vu|”

By computing both of the last two integrals, we obtain

1 |Vo.g[P™ 4 [VuP~!
“p—1 |Vou.g|+ |V

(4.12)

(4.13)

Let 1 < p < 2. As above, we assume |V, g| > |Vu|. Then by (4.10),

1
/ A Vo, g| — (1= X) |Vl dA

0

IN

I(p)
_ /}A(;Wmu\vu\)— V|| dX

— / ([Vu| - |vay+|vu\))“dA
0
1

+/ (M(|IVvpg| + |Vu]) — \Vu|)2_p dA,

S

where s is defined in (4.12), and hence

1 |Vu.g|P™ + | Vulr™
p— 1 IVUT,R‘ -+ ‘V’LL‘

I(p) <

By (4.11), it follows that

1 Vo™t —|[Vup!
p—1 |Vou.g| —|Vul

12

(4.14)

(4.15)



Setting a = |V, g| and b = |Vul in (3.7), (3.10) and (3.11), we can obtain
by (4.11), (4.13), (4.14) and (4.15), for p > 2

Cy (Vo g2+ |VuP~?) < I(p) < Cs (|VoglP 2+ [Vul[r~?),  (4.16)
or
Cr (Vo p*? + [Vu>?) " < I(p) < Cs (IVurgl* ™ +|Vul*?) 7", (4.17)

1 < p < 2, with some constants C7, Cs > 0. The case |Vu,g| < |Vul is
analogous. This may be written as

Cg(|V’UT7R||p_2‘ - |Vu|‘p_2|) S ](p) S Clo<|VUT7R|Ip_2‘ + |Vu|‘p_2|), (418)

where Cy = min{C%,1/Cs} and Cyg = max{1/C7, Cs}.
Thus by (4.9), (4.18) we find,

/ O’ |Vo.r — Vu|2(]VUT7R||p72| + ]Vu]'p’m)dm
ONOs
<Op / lollvrr — ul|Ve||[Vu, g — VU (]VUT,R\lp_Zl + ]Vu]'p_2|)dm
ONOs
1/2
< CH(/ |Vg0\2|vr’R — u]2(|VUT7R||p*2| + |Vu||p2)dm)
ONOsy
1/2
: (/ O’ |Vo.p — Vu]2(|VvT7R]‘p_2| + |Vu||p—2)dm) (4.19)
ONOs
and
/ ©*|Vu,.p — Vu|2(|er7R||p_2| + |Vu||p—2‘)dm
ONOs
< 6’121/ |Vg0|2|vr7R — u|2(|VUT7R||p_2‘ + |Vu|‘p_2|)dm.
ONO2
Remembering (4.2) we have
/ IV r — Vul* (VP72 + |Vu|P=2N dm
ONO1
< 0121/ VePlung — ul? (IVonalP 4+ [VulP2)dm.
D, rN(02\01)

Because ¢ is constant on 3 (t) and |Vd| = 1, we have by Theorem 3.3

/ Vo orr — ul* (|Vo, g P72 + | Vu|P~2) dm
D, rN(02\01)

€2
< / IV o or. gl (|0l P2+ [Vl P dim = / o2 H (),
{z:e1<di(z)<e2}

€1

13



where
H(t) =/ vrr — ul* (|Vo,|P~2 + |Vu| P2 aH (4.20)
T (t)

By Holder’s inequality

€2 €2 2
1§/ n’H(t)1/2H(t)1/2dt§(/ n'2H(t) ) </ H! dt) .

It follows that .
(/ H™ dt) g/ n?H(t)dt, (4.21)
€1 €1

for all p(z) = n(dk(x)) satisfying (4.2).
We define a function 7 by the formula

— (/1 H—l(t)dt> (/52 H‘l(t)dt) 71.

Now 7(e1) = 0 and 7(e5) = 1. Because

0= 5 ([ )
we have by (4.21)

€2 -1 €2
(/ H‘l(t)dt> ginf/ 02 H (t)dt
€1 ¥ €1
-1
S/ 72 H(t) (/ H™ dt) :

Because

€2
fo
€1

€9 -1
:/ dt(/ lvr,R—uF(wvnRHp—?+rw|p—2')dH”_l) o
€1 ()

as €9 — 00, the claim follows. O

5 Proofs of the corollaries

Proof of Corollary 2.4

Let
H(t) :/ vrr — ul*(|Vo, g P72 + |Vu| P2 ) dH . (5.1)
Sr(t)

14



By Holder’s inequality
(R—r)* = (/T dt>2 = (/T Z%Zg;dty
(/fH‘%t)dt)(/rRH(t)dt).

(R — r)?(/rR H—l(t)dt> - < (/R H(t)dt). (5.2)
Now by (5.2) and Theorem 3.3

" -1
/ dt( / [0 — ul* (|Vv,p "% + IVu]p‘2|)dH”—1)
r Ek(t)

1
S (R—r)? / Uy p — UP(WUT,R\'”*Q‘ + ]Vu]‘p’m)dm — 0,
- D’V‘,R

IN

Hence

-1

as R — oo, proving the claim. O

Proof of Corollary 2.6

Since
vrr — ul>(|Vvre]?2 + [Vul P~ dm = M < oo,

7,00

we have for R > r,

1 _ _ M

7, [vr = ul? (Vo "7 4 [Vul ") dm < = =0,
as R — oo. O
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