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1 Introduction

In the classical stochastic analysis Lévy’s characterization result for standard
Brownian motion is a fundamental result. We extend Lévy’s characterization
result to fractional Brownian motion giving three properties necessary and
sufficient for the process X to be a fractional Brownian motion. Fractional
Brownian motion is a self-similar Gaussian process with stationary incre-
ments. However, these two properties are not explicitly present in the three
conditions we shall give.

Fractional Brownian motion is a popular model in applied probability, in
particular in teletraffic modelling and in finance. Fractional Brownian motion
is not a semimartingale and there has been lot of research how to define
stochastic integrals with respect to fractional Brownian motion. Big part of
the developed theory depends on the fact that fractional Brownian motion
is a Gaussian process. Since we want to prove that X is a special Gaussian
process, we cannot use this machinery for our proof. Lévy’s characterization
result is based on It6 calculus. We cannot do computations using the process
X. Instead, we use representation of the process X with respect to a certain
martingale. In this way we can do computations using classical stochastic
analysis.

Fractional Brownian motion

A continuous square integrable centered process X with X = 0is a fractional
Brownian motion with self-similarity index H € (0,1) if it is a Gaussian
process with covariance function

E (X, X;) == (87 + 7 — |t — s]?7). (1.1)

N | =

If X is a continuous Gaussian process with covariance (1.1), then obviously
X has stationary increments and X is self-similar with index H. Mandelbrot
named the Gaussian process X from (1.1) as fractional Brownian motion, and
proved an important representation result for fractional Brownian motion in
terms of standard Brownian motion in [2]. For a history on the research
concerning fractional Brownian motion before Mandelbrot we refer to [3].

Characterization of fractional Brownian motion

Throughout this paper we work with special partitions. For ¢ > 0 we put
ty = t%, k=0,...,n. IFX is the filtration generated by the process X.

Fix H € (0, 1). Fractional Brownian motion has the following three prop-
erties:

(a) The sample paths of the process X are Hoélder continuous with any
B e(0,H).



(b) For ¢t > 0 we have

n

1
! Z(th - th—1)2 LLDQ tQH’ (1'2)
k=1
as n — 00.
(c) The process
t
M, = / s%_H(t — s)%_HdXS (1.3)
0

is a martingale with respect to the filtration IF~.

If the process X satisfies (a), we say that it is Holder up to H. The
property (b) is weighted quadratic variation of the process X, and the process
M in (c) is the fundamental martingale of X. It follows from the property
(a), that the integral (1.3) can be understood as a Riemann-Stieltjes integral
(see [4] and subsection 2.2 for more details).

Fractional Brownian motion satisfies the property (a): From (1.1) we
have that

E(X; — X,)* = (t —s)*".

Since the process X is a Gaussian process we obtain from Kolmogorov’s
theorem [5, Theorem 1.2.1, p.26] that the process X is Holder continuous
with # < H. Fractional Brownian motion satisfies also the property (b).
The proof of this fact is based on the self-similarity and on the ergodicity
of the fractional Gaussian noise sequence 7, := X, — Xy_1, & > 1. The
fact that property (c) holds for fractional Brownian motion was known to
Molchan [3], and recently rediscovered by several authors (see [4] and [3]).
We summarize our main result.

Theorem 1.1. Assume that X is a continuous square integrable centered
process with Xo = 0. Then the following are equivalent:

o The process X is a fractional Brownian motion with self-similarity in-
dex H € (0,1).

e The process X has properties (a), (b) and (c) with some H € (0,1).

Discussion

ItH = %, then the assumption (c) means that the process X is a martingale.
If X is a martingale, then the condition (b) means that X2?—t is a martingale.
Hence we obtain the classical Lévy characterization theorem, when H = %
Note that in this case the property (a) follows from the fact that X is a
standard Brownian motion.

Fractional Brownian motion X has the following property: for 7" > 0

n

" 1 1 1
S s — Xpua |7 ) Bl ET (1.4)
k=1



asn — oo. This gives another possibility to generalize the quadratic variation
property of standard Brownian motion. However, it seems difficult to replace
the condition (b) by the condition (1.4).

In the next section we explain the main steps in our proof. The rest of
the paper is devoted to technical details of the proof, which are different for
H>3and H < 1.

2 The proof of Theorem 1.1

2.1 A consequence of (b)

Ly
We use the following notation: ) neans convergence in the space L'(P),

Rt (resp. a_s>) means convergence in probability (resp. almost sure conver-
gence) and B(a,b) is the beta integral B(a,b) = fol 29711 —z)*"dz, defined
for a,b > 0. The notation X,, < Y + op(1) means that we can find ran-
dom variables €, such that ¢, = op(1) and X,, < Y + ¢,. If in addition
X =P —lim X, then we also have X <Y.

We fix now ¢ and let R, := {s € [0,%] : 3 € Q}. Note that the set R, is
a dense set on the interval [0,¢]. Fix now also s € R; and let n = 71(s) be a
subsequence such that n3 € IN.

Lemma 2.1. Fizt > 0 and s € R; and n such that ny € IN and n — oo.
Then

n 2
Y <Xt§—Xt@> L, a1 ), (2.1)

Proof. We have that

77L2H—1 Z(AXtE)Q _ ﬁQH—l Z(AX%)Q
k=1 " k=1 o
_s\AAEL o .- 2
- n— c\— AX sk
( t> S ;( E)
LUP) - om (f)2H—1 _ g2H-1
s
~ 1
Since A2~ (AX,k)? P pH e obtain the proof. O

In what follows we shall write n pro n and ¢; pro t%.

2.2 Representation results

Throughout the paper we shall use the following notation. Put

t
Yt:/ st Hax,; (2.2)
0



then we have X; = fo T3 dYS and we can write the fundamental martingale
M as

M, = /Ot(t — 5)z 14y, (2.3)

The equation (2.3) is a generalized Abel integral equation and the process
Y can be expressed in terms of the process M:

Y= oy f, ¢ (2.4

with By = B(H — %,2 — H).

We work also with the martingale W = f(f sH=3dM,. We have [W], =
Jy s2H1d[M] and [M], = [} s'27d[W],.

Note that all the integrals, even the Wiener integrals, can be understood
as pathwise Riemann-Stieltjes integrals.

For H > % we use the following representation result.

Lemma 2.2. Assume that H > and (a) and (c). Then the process X has
the representation

t t
X, = i/ (/ stz (s — u)H_% ds> dM,, (2.5)
Bl 0 u

Proof. Integration by parts in (2.4) gives:

1 t
Y= (t—s) H=3 M,ds.

Next, by using integration by parts and Fubini theorem we obtain

b ! 1. [
X, = /sHidYs:tHth—(H——)/ ~2Y,ds
0

tHf% ¢ 3 H-1
= 3 /(t—s)H_ﬁMsds— 2/ H"/ s —u)f =2 M, duds
1 0
H-1 t
- (Htilz)B/(t—s)H_dM——/ H—/ s — w3 dM,ds
—3)b1 Jo
tH2 /t ol / [/ o3 }
= — t—s _5dM5—— s772(s — “2ds dM,,
(H - 3)B o( ) BiJo LJu (s=w?"

1 t tH_% 1 t 3 1
- (t—u)H_ﬁ—/ sH_i(s—u)H_ids dM,,
0 u

L[] g 5
= 5 [/ sH=2(s — u)H_st} dM.,.
1Jo u

This proves claim (2.5). O

For H < % we use the following representation result, which can be proved
as [4, Theorem 5.2].



Lemma 2.3. Assume that H < 3 and (a) and (c). Then the process X has
the representation

X = /tz(t, s)dWs, (2.6)

with the kernel

1/2—H :
z(t,s) = (;) (t—s)7712 4 (1/2 - H)SW—H/ WH32(y — ) H12 gy

S

2.3 The proof of the main result

We give the structure of the proof, and prove the main result. We know from
Lemma 2.1

n
2
2H-1 P 2H—1
n E <Xt% —Xt%> — cyt (t—s).
k:n%+1

We show, separately for H < % and H > %, that the following asymptotic
expansion holds

n

n2H-1 Z (th_th_l)Q

k=ni+1

= n?H-1 Z /(hfﬁ(u))Qd[M]u%—oP(l)

k=n{+1

(2.7)

with a sequence of deterministic functions hf, depending on H. Here op(1)
means convergence to zero in probability.

Note that an H- fractional Brownian motion B also satisfies (a), (b)
and (c), and hence it also satisfies the asymptotic expansion

n 2
2H—1 H H
2t S (B - BlL)

k:n%+1

= P ley(2-2H) Z / (hi(u))Qsl_ZHds—FOp(l)

k=ni+1

(2.8)

with the same set of functions hl.

Moreover, we show, that [IW] ~ Leb and the density p'(u) = d[ZV—]“ satisfies

U

0 < c<pl(u) <C < oo with some constants ¢, C. With this information,



we can finish the proof. Then

P — limn®" Z / (Rt (5))” p'(uw)u' 2 du

k=n?2 +1

= P—limn* Z / (Rt (w))” d[M],

k=n= +1
= 1t )

n

= P—limn®™" Y (B - B )
k:nﬁ+1

= P —limn?" n(2—2H) Z ht w2 qu.
k=n?2 +1 $

Since the set R; is a dense set on the interval [0,¢] we can conclude from
the above that p'(u) = ¢y (2 — 2H). This means that the martingale M is a
Gaussian martingale with the bracket [M], = cgu?*" and by the pathwise
representation results in the subsection 2.2 the process X is an H-fBm.

If M is a continuous square integrable martingale, then the bracket of M
is denoted by [M]. Recall that in this case we have

n

[M]t =P - |7}5120;(Mtk - Mtk—1>2'
2.4 Auxiliary lemmas

In the proof of (2.7) we use several times the followmg lemmas. Let M
be a continuous martingale. Put Ih(M); := f M dM,. Two continuous
martingales M, N are (strongly) orthogonal if [M, N] = 0; we write this as
M 1 N. We use also notation (N - M) for the integral (N-M)t = f(f NydM;.

Lemma 2.4. Assume that M™" is a double array of continuous square in-
tegrable martingales with the properties

(i) With n fived and k # 1 M™* and M™' are orthogonal martingales.
(i1) le’;l[M”’k]t < C, where C is a constant.

(iii) max[M™F], 20 asn— .

Then

n 2
> ) o (2:9)

as k, — oo.



Proof. Since the martingales M™* are pairwise orthogonal, when n is fixed,
the same is true for the iterated integrals Io(M™F). Hence

(S norn.) =Sk,
we can now use [1, Theorem 1, p. 354], which states that

n 2 n
E (I(M™*),)” < B3 ,E[M™"]}.

But
kn kn
> [MU < max[MMH YD [MM], S
k=1 k=1
as n — oo. The claim (2.9) now follows, since S5 [M"™*]? < C2. O

Lemma 2.5. Assume that M™* and N™ are double array of continuous
square integrable martingales with the properties

(i) With fized n and k # 1 N™ and N™* are orthogonal martingales, if
I < k, then M™ L N"* and for i,j,k,1 we have (N™ - M™) L
(Nn,k X Mn,l)'

(i) S MM < € and SF N < C

(iii) The martingales M™* are bounded by a constant K and max;[N™*], EiR
0.
(iv) [MMFN"], = (k) - [N74))
t
Then .
- 2
S MR g (2.10)

k=1

as k,, — oo.
Proof. By the assumption (i) we obtain
kn 2k )
E <Z Mt"’th”’k) -3 E (Mp’“va’“) (2.11)
k=1 k=1

By assumption (iv) we have
2
B (MPNI) = BN = B (6N,
B . .. n’k; 92 - . . ., . .
y assumption (ii) the sequence ), (M,"")? is tight, since it is dominated by

SL[M™*];, and since maxy[N™*], L. 0, we have that S (MR [N, £ o.
By dominated convergence theorem we obtain the claim in (2.10). O



3 The proof of Theorem 1.1: case of H > %

3.1 The basic estimation

For the proof we can assume that the martingales M and W, as well as their
brackets [M] and [W] are bounded with a deterministic constant L. If this
is not the case, we can always stop the processes.

We want to use expression

n

n?H—l j{: (X}k__XQhJ)Z

k=ni+1

to obtain estimates for the increment of the bracket [M], with the help of
(2.5).
Use (2.5) to obtain

1 th—1 23
th - th—1 = E (/ fli (S) dMS +/ gltc (3) dMS) ) (31)
0

tp—1

where we used the notation

i) = [

te—1

tg
k)= [ ult

Rewrite the increment of X as

(NI

(u— S)H’%du (3.2)

and

NI

(u— S)H*%du.

(3.3)
1 th_a tp—1 tk
- B (/0 fi(s)dM, +/t“ f;i(S)dMﬁ/t“ QZ(S)dMs> :

The random variables I,?’j are the final values of the following martin-

th 2/ te_1 A
gales: put m} = [*7*" fi(u)dM,, m? = t:,;mv fr(uw)dM, and m? =
t/\v

e gt (u)dM,, then I,?’i = m!, i = 1,2,3. Hence we can use stochastic
calculus and Ito formula to analyze these random variables.
Next, note the following upper estimate for the functions f;:

tk 1 3
fil = [ ey
tp—1

Y12 (1, — ths) (3.4)

10



Lemma 3.1. Fizt > 0 and s € Ry and 0 such that n3 € IN and n — oo.
Then there exist two constants C,Cy > 0 such that we have

n k=2

t—2t/n n
CvltZHfl / u?Hfld[M]u < ﬁZHfl Z /0 (f,i(u))Zd[M}u
y k=n2+2

< Gt (M)~ [M]) + R, (35)
where Rl = op(1).

Proof. We continue to write n instead of n and will not take care of the
constants explicitly.

Upper estimate

At first we estimate
n

it S [,

k=n{+2

from above.
From (3.4) we obtain the following estimate for i™

n lk—2
it < n2H-342H+1 Z / (thy — u)2H_3d[M]u. (3.6)
0

k=n{+2

1.

We can assume that 0 < s <t and 2 < nf < n — 3, and rewrite

n k—2 t;
o= Yy / (te—1 — u)*"=3d[M],
k=n42 i=1 Y li-1

= (Zt >+ i Z)/il(fk—l—U)zH‘?’d[M]u (3.7)

i=1 k=n2+2 i=nS+1lk=i+2 Yli-

= 3 [ - w i,

ti-1 k=n$+2

=Y [0 e,

i=ns 4171 k=it2

We estimate the first term in the last equation in (3.7):

n

H SRR

k=n{+2
- t 2H-3 2H—3
= m[(s+n u) +(5+n u) +

tin—1
et (s ( )_U)QH—3}
1 s+t—u 1

< 1 2H -3 _\2H-2.
= t/su o x_t(2—2H)(S W



next we estimate the second sum in the last equation of (3.7) similarly and
obtain

1

n

1
m(tm - u)

2H-2

1 n
1 b )2H8 <
nZ(kl u) <

k=1+2

(ti—H o U)QH—S 4

We substitute these estimates into (3.7):

R E U TS B
oo 2 o e
1 1+1 _
MR — )| dM].
1 S
< gt [ WML~ (),

with cyg = 2_12H + 1.

We continue from (3.6) and have

2H-2 s

< St | (s M et (M~ ML) (88)

From assumptions (a) and (c) we have that the martingale M is Holder
continuous up to 3. This in turn implies that the bracket [M] is Holder
continuous up to 1, and hence the random variable [;(s — u)**~2d[M], is
finite with probability one. This gives the upper bound for (3.5) with R, =

n2H—242H fOS(S _ u)2H72d[M]u.

Lower bound in (3.5)

We finish the proof of Lemma 3.1 by giving the lower bound. Recall that

fi(u) = tt:_l vH=3 (v — u)”~2dv and this gives the estimate

(FE (w))® = (b)Y (b, — )23 - 2—

(3.9)

12



We use (3.9) to estimate the sum ™! from below:

n

tk—2
in,l 2 n2H—3t2 Z / (tk—1)2H71 (tk o u)2H73 d[M]u
k=n3+2 0

< 03 [ (S

tllkn+2

n2H =342 Z / 2H_1(tk _ U)2H_3)d[M]u

i=n? +1 22 z+2
> n2H=342 Z / 2H71(tk _ u)2H73)d[M}u
i=ns +1 tic1 p— z+2
Next we estimate the last sum from below:

SN,

k=i+2

1 o 2H-3 1 2H—-1
> n x (x+u——) dx
t

it2 n
n

u

1/ ia 1\ pt—u
_ (tl + > / I2H_3dl'
t n P2y,

> per2(ttl (2 — )™ ()
- n 2—2H '

v

With this estimate we continue and obtain

i (2H 2H 2
- 2—-2H
n—2 . 9H-1 i . 2H—2
1 n 2
SHCT M (s P
i=ns+1 s

Consider the function h(u) := (t%2 — u) =2 (t —u)*1=2 and estimate
it from below using the fact that u € (t=+,¢1):

. 2 . 1 2H—2 . 2H—2
<t2+ _ ¢! ) _ (t —ti)
n n n

ﬁ 2H-2 B ﬁ 2H-2 B 32H-2 __ J2H-2 211
n n - n2H-2 )
So,

o n-2 i, 2H -1
> (32H—2 _ 42H—2)t2Hn2H ? Z /t" (Z + 1) tQH_Qd[M]u
t

h(u)

A%

2—2H 4 i=1 n
i=ni+1

v

2t
Cy 21 Z / u+ V1AM,
tl 1

zn—i—l

13



and this gives the lower bound in (3.5). The proof of Lemma 3.1 is now

finished.

Second upper bound

We estimate now the term

/ fi(s)dIM],.

—2

Lemma 3.2. There exists a constant C3 > 0 such that

n th—1
nZHfl § /
tp—2

k=n3+2

(fe(w)*d[M],, < Cst™=*([M], — [M],).

Proof. We have the following upper estimate for the function f}:

fr(w)

<

<

e

1

H —

N

tr 3
/ (v —u)?"2dv
tp—1

H-1

2 ((tk —w) T (e — u)H—%)

Uk

This gives the claim (3.10).

The third estimation

1
g4 (1 o
H—% n '

Now we shall deal with terms of the form

Lemma 3.3. There exists a constant Cy such that

n th
nQHfl § /
te—1

k=n3+1

Proof. We have that

g(2) =

<

This gives the claim (3.11).

14

(gr(w))*d[M]., < Cyt™=2 ([M], — [M],) .

U

(3.10)

(3.11)



3.2 The proof for the asymptotic expansion
Recall that from (3.3) we have

th - thﬂ

1 ti—2 . tre—1 . tk :
= 5[ aeans [ o [ gean,
1 0 th—2 tk—1

= I
Hence
2 n n n 2
(X = Xop ) = (I + 12+ I ’3) .

Consider first the terms of the form (I;}*7)%, j = 1,2,3. From the Tt6
formula we have that (we will drop the constant 31 in What follows)

e = [ aerannv [ s ([ s ) an,

We shall show that
Z/ i (/ fiw dM) (3.12)

k=ns +2
as n — 0o. Note first that

Z fk <C’n2H1 Z fk: ns_v)H_

kn,+2 kn+2

nlw

3

¢
< CnQH_Q(s—U)H_i/ mH_%(x—u)H_%dxﬁO (3.13)

for all v < u < s. Fix u < s and write w"(v) := n?#~1 Zzzngm fi(w) fi(v).
Then (3.13) gives that sup,, w"(v) — 0. We can now use [6, Theorem
I1.11, p.58], which says that if a predictable sequence of processes converges
uniformly in probability to zero, then

sup| [ w"(v)dM,| Lo.

u<s 0

for all s <t. Now we can apply the same theorem again and we get (3.12).
Consider next the sums

Z / fi(w) /t:2f,§(v)dM,,dMu

k=n$+2 te—2

S A

kn+1k1

and

/ gL (v)dM,dM,.

15



It is quite straightforward to check that the assumptions of the Lemma 2.4
are satisfied with martingales

) te_1/\v
Nyt [T g,
t

k—2/\V

and

N

Nf’k =l

t\v
| sitwan.
t

k—1/Av

Hence both sums are of the order op(1).

Similarly, one can show that the cross product sums with i # j satisfy
n2A=15™ VI = op(1). Indeed, define the martingales M™* by

SIS

Mk = nft™

tp—_2/\V
/ FLw)dM,
0

Note also that integration by parts gives

sup | M| < QL 2y~ HpH—3 < 9[42H-2
s<t

One can now use Lemma 2.5 to check that n?# =137, (I I[77%) = S, M"*N;™*
and n?7=1 37 (I %) = 32, M"FN]YF are of the order op(1) Finally, for the
sum 271 (L2 0°) = 32, N/FN* one can check again by integration
by parts that sup,., | N*| < 4Lt*#~1 and this sum is also of the order op(1)
by Lemma 2.5.

All this shows that we have the asymptotic expansion 2.7, and from the
estimates (3.5), (3.10) and (3.11) we obtain the following inequality

t
Oyt / WM, < et (t - s) < Cot*2((M], — [M],).

This in turn implies that [W] ~ Leb on [0,¢], and the proof of Theorem 1.1
is finished with H > 3.

4 The case of H <%

4.1 Starting point

The proof is similar to the case of H > % It is more convenient to work with

the martingale W = fg st ’%dMs. We shall indicate the main estimates in
the proof. After this one can repeat the arguments of the proof of the case
H > % to finish the proof. Put

16



for z < u; and we have the estimate

W
S|

ph(2) < (e —2)"

Note also that we have
1
pi(2) = 2277 fl(2) (4.2)

with ff from (3.2).

Using Lemma 2.3 we can now write the increment of X as

th - th71

1 t—2 1 te—1
= (— — H) / P (s)dW, + (— — H) / Pt (s)dW,
2 0 2 lk—2
g g\ Y2 H
+ / (—) (te — )2 aw,
lk—1 tk
1 tr tr

+ (5 — H) / Sl/QH/ w32 (u — )12 dudW,

te—1 s

= I T I gt

We prove the asymptotic expansion using these four terms.

4.2 Upper estimate for the sum
_ n tr—o 2
n*t 1Zk:%+2 ok (pZ(Z)) d[W]z

Put

n

jn,l _ p2H-1 Z /0k2 (pZ(Z))2d[W]Z.

k=12 42

We decompose this sum as in the case of the proof H > %:

t;

"% n n—2 n
jn,l . p2H-1 Z Z 4 Z Z /
i=1 k=nS+42 i=n+1k=i+2 ti-1

—- jn,l _+_jn,2'

We continue first with using the estimate (4.1) for j™!, and then replacing
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the sum over the index k by integral:

- t2
1 n2H-1 2H 3
< § j/ > (s .

tllkn+2

IN
5
\
l—l
l\D
|
[\
m
~
Y
N
w
+
|
|
IS
N——
=
b
+

IN

t 2H—2 s ¢ 2H—2
2”_ o (s TR u) d[W],

s ¢ 2H—-3
L2 / (S L u) AW,
0 n

According to the [4, Lemma 2.1] the martingale I is H6lder up to 1, and
so [W] is Holder up to 1. Integration by parts gives the estimate

[ (s 5-a) T < ow) (%)H

for any o < 1. Hence the expression tn2—2 fos (s + % — u)QH*Z
as n — oo P-a.s. The same arguments apply to the integral

o3 [ ¢ e
n s+——u d[W].
0 n

and we obtain ;™' = 0p(1) and we can put Q' := j™'.
Using first the estimate (4.1) and then replacement of the sum by the
integral we have

< n2H Z/ Z tk1—u2H Sd[W]

j=ns 1 Vb1 k=42

oS

ns+1
1 1 _

2 om-3 [t = h
2n (g) ‘Z /t__ld[W]ﬁ

—

t t 2H—-2
v n2H-2
v (2) z [ aw

. ns_,’_l ti—1

AW}, — 0

IN

+

IN

IN

O (W = (W),

18



where we also used the estimate (t;11 — u)® < (%)“ for « < 0 and u < ¢;.
We have shown the following upper bound

jet < e (W = (W) + QL (4.3)

4.3 Lower estimate for the sum
_ e 2
PP e f () Y.

Note first that by (4.2) and the definition of W we have
2H—1 - o2 ¢ 2 2H—1 - -2 ¢ 2
p2it 3 / (Ah(2) 2], = 21t Y / (F1(=))* d[M]..
k=n2420 k=ns4270
Hence

n tg—2
jn,l Z t2n2H73 Z (tk>2H_1/ (tk o Z)QH—3 d[M]Z
0

k=12 4+2

S
ny—1 n

e (B 55 ) ("

i=1 k=1842 (=154 k=i+2

t% k 2H—-3
. / (t— _ z) d[M].
ti71 n

- nt% 1 n k, 2H-3
> 2H-1y2) 202 Z / - Z (t——z) d[M],
izl M n

=141 k=i+2
n—2 tL 1
_ 2H-3
> P22 E / / (tex — 2) dxd[M],
._ns ti=l Jix2
Z:T—Q—l n n

n—2 ti 1 ) 2H—-2
= CcrfHp N /;((t - —z> —(t—z)””) d[M]..
i=ns 41 YT

Put

n—2 ti
Ol = n*H2p32H Z / (t — 2)*2d[M],
1 tz—l

t—2/n
— n2H2t2H/ (t_z)2H72d[M]Z.

One can show using integration by parts that O, — 0 P-a.s. as n — .
Next, we estimate the sum

n—2 i . 2H—2
A n 1 2
Gl 2220 Z / 1 (tz +2 z> dM).
joms g S ¢ n
t
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Z)QH—2 Z (&)2H—2

> , valid for z €

from below using the inequality (tZT —
(tio1,ti):

~

]n’l > t2H—3+1+2H32H—2n2H—2n2—2H([M]t_t% o [M]s>
Combine this with the upper estimate from (4.3) and we have

C't4H_2([M]t,t% —[M],) = O < ™' < CPTY (W], — [W],) + Q4. (4.4)

4.4 Auxiliary estimates

We know that [W] is Holder up to 1. In order to obtain further upper
estimates we must prove that [W] is Holder continuous with index = 1.
Recall that we have

n
n?i=1 Z (Xy, — Xy, )? — cgt® 71t — 5).
k:n%Jrl

On the other hand we know that

n

n?ft Z (th_th—1)2

k=ni+1

— p2H-1 Z (Jl?,l)? + n2H-1 Z (Jl?,z + J:’3 + J]?A)?
k k

TSI (4 ) (@5)

k
tk,Q u
> jn,l 4 op2H-1 Z/ pfc(u) (/ pZ(s)dWs) aw,, — Oﬁb
k 0 0
+ nQH*lZJ]?,l (J';L,Q_'_ J:’B—i— J]’:,A) )
k

We will show that as n — oo we have

D> /0 ) ( /0 ' pz<s>dws) aw, £ o (4.6)

and
N /R (S S ) (4.7)
k

Let n — oo and use (4.6), (4.7) in (4.5) to obtain
/ L], < Ot (g — 5). (4.8)
Integration by parts gisves that
/t W2,

— (], — W) + (1— 2H) /t w1 (W], — [W],) du.
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Use the Holder continuity of [I¥] to obtain the following estimate [W], —
(W], < K(u — s)?" we can continue the estimation (4.8) and obtain

(W] =W, < Cut' +K/ s)* du
< (Cut'" 4+ K)(t —s).

Hence [W] is Hélder continuous with index = 1.
First we prove (4.6). Note that we can show that for arbitrary r» € IN

nr th_o 2
Ty / Ph(2) ( / pz<u>qu) dw. 5 0
k=30 0

. n o n ’I’L%+1
as n — 0o, since Zk:n§+2 =D ha— D ks .

We have
nr th_o 2
> / A7) ( / p@(u)dwu) aw,
0

nr k—2

_ ;2/ e (/ ;(u)dwu)dwz

nr—2 nr

— Z Z tZka (/Ozp;(u)dwu)dwz.

To prove (4.6) it is now sufficient to show that

nr

2037 Pl (wph(z) = 0

k=i+3

for all fixed 0 < u < z, since then we can use again [6, Theorem II.1,p.58]
and argue as in the proof for the case H > % We have

nr

PN ph(w)ph(2)

k=i+3
nr tr tk
< pt Z / (v— u)H3/2dv/ (v — 2)H32dy
k=it3 Y tk—1 tp—1
nr 1 ty
< p2H- Z (th1 — u)H—B/Q _/ (v — Z)H—3/2d,U
k=i+3 S

IN

tr
n2H—2 (ti+2 . u)H—S/Q/ (?} . z)H_3/2dv

tit2
Cn2H=2. (5 — U)H—S/Q (tips — Z)H71/2

H—1/2
Cn2H=2(5 — )13/ (f) /

n

Cnf1=32(z —w)H 32 50, n— oo

INIA
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For the proof of (4.7) note that n?#=13"7_ .. ()2 is tight by (4.3)
and (4.6). For k # [ we also have

E (LR It gy = o;

hence for

Z gt 4 (4.9)

k=n32 +l
it is sufficient to show that
n
nt=2 N () Lo (4.10)
k‘:n§+1

as n — Q.

We have that J;»? = fi’i; ph.(s)dWs. Note first that

=

pi(s) < (% - H) (1 — )" (4.11)

and that W is Holder up to % Take 0 < A < 1 and integration by parts
gives

Atg g
/ P (u)dW,
tp—2

Atg_1
= pi:(‘Atk—l)WAtk—l - pl;c(tk—2)Wtk_2 - / Wudp’l;(u)

te—2

= p2<Atk—1) (WAtk—1 - Wtk—l) +p’lfc<tk—2) (Wtk—l - Wtk—2)
Atg—1
[ W - ) )

tk—2

Now by (4.11) and Hélder continuity of W we have that for any a < 1

P4 (Atir) (Wan_, — W) | S K (1= A)tyy)"727%

and the same argument gives

n

H—3+
t 2
|p2(tk*2> (Wtkfl - Wtk72) | <K <_>

Finally one can use integration by parts to check that

Atg_1
/ (Wtkfl - WU) dp};(“)

tk—2




Finally, let A — 1 and we have

t 2H -1+«

— 2 —

TL2H lmaX(J,?’ )2 < CTL2H 1 (_) :
k n

this proves (4.10) and also (4.9). We can repeat the arguments to conclude
that

n? N gt S0 (4.12)
k:n%-‘rl
asn — 0. The last sum in (4.7) can be treated analogously, since f;k w2 (u—
sz < cpysf2(t, — s)H*2, and this gives the estimate

t t
A / 31/2_H/ w32 (4 — )BT 2dy, AW,

th—1 s

1 1
< CtH—§+’Yn_H+§—7

with 0 <y < 1.
We finally obtain, letting n — oo in (4.5), that

CtH=2([M], — [M],) < #2774t — 5);

this means that the bracket [M] is absolutely continuous with respect to
Lebesgue measure, and since [M], = [; s'~27d[W], the same holds true for
the bracket [W] and we have

(W], — [W], < K(t - s) (4.13)

with some constant K = K (t,w, H).

4.5 Other estimates

Next we estimate the sums
. _ - 2
12 = p2H1 Z / (p, (w))” d[W],

and
n,3 2H-1 - & S e H-1 ’
G = p2i- Z/ (t—) (tr — )72 | d[W], (4.14)
k=n$+1 te—1 k

from above.
The estimate (4.11) gives

J < Cpn®T Y / (tp—y — s)* 1 Ld[W],. (4.15)

k:n%—i-l lp—2
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Lemma 4.1. For a fired A € (0,1) we have the estimate

[ e sptanm,

< @i)wl (W], — [W)o,) +C <A%)2H. o

Proof. Take A € (0,1) and use (4.16)

[ " s — L,

75 1—At 1 ol 1
< (tr—1— )" d[W];
th—2 tr—1—AL
¢ ¢ 2H
= (AE) Wiy = W) +C (Aﬁ) :

O

We can now estimate the sums. For the estimate in (4.15) we obtain,
using the inequality (4.16)

J < CATH (W], — [W],) + KA (¢ — ). (4.17)

Note that this estimate gives in the same way as in the case of H > % that

n te—1 u
Q! =n2Ht Z / pfc(u)/ P (s)dW,dW,
k=n? lg—2 lk—2

satisfies Q' = op(1).
It is now quite obvious that for the sum (4.14) we have similar upper
bound to (4.17):

50 < C(AH (W], — W) + KAYT2H 1t — s). (4.18)

We can again repeat the arguments for iterated stochastic integrals and
obtain

n

n2H—1 Z (J;L,?))Q

k=ni+1

< C(ADPETY (W), — [W]s) + KA1t — ) 4 SF

with St = op(1).
We shall work with

n t t ) 2
jrt = pt Z / v (/ qu(u—v)H2du) d[W1,.
th—1 v

k:n%—i—l
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With Schwartz inequality we obtain

J

n 175 tr tr
-n,4 S nQH—l Z / U1_2H/ UQH—.?)du/ (U o U)QH—ldu d[W]U

k=n2+1 b1

n th
< Ci Z / (UQH—Z o tiH—Q)d[W]U

k=n3+1 -1

t < tk
< C’Kﬁ Z / (2572 — 2H2) gy
k=n3+4+1 -1
¢ 2
- K (_) (2H tQH)
n

This shows that ji = 0,(1), and hence also n?#=13°7_ . (J"")? = op(1);
we see this by repeating the iterated integral arguments.

In order the asymptotic expansion to hold, we need to check that

n

n N = op(1),

k=ni+1

We leave this to the reader.
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