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1 Introduction

A posteriori estimates present a necessary tool in the adaptive procedures
used in computer simulation. A systematic investigation of a posteriori error
estimation methods for FEM was started three decades ago (see [5, 6]) and
was first of all focused on creation of adequate error indicators able to provide
the information required for a successful improvement of a mesh (see, e.g.,
1, 7,8, 25, 49]).

A posteriori error estimates for finite element approximations of viscous
flow problems were investigated in numerous publications. In this concise
introduction it is impossible to give a complete overview of these results, so
that confine ourselves to a short discussion of several papers that present
main approaches. Readers will find more literature references in the papers
cited. A systematic discussion of the numerical methods, mesh adaptive
procedures, and a posteriori estimates used in computational fluid mechanics
can be found in, e.g., [19, 20, 22, 23, 26, 31, 35, 45, 47]. Residual type a
posteriori methods for finite element approximations are considered in, e.g.,
3, 48, 49]. A posteriori analysis of approximations computed by a backward
Euler scheme is presented in [11]. Error indicators for the Navier-Stokes
equations in stream function and vorticity formulation are discussed in [2].
In [27], the authors investigate various a posteriori estimators for stabilized
mixed approximations of the Stokes problem. A posteriori error estimators
for some quasi-newtonian fluids are considered in [33] and for combined fluid—
solid systems in [10]. Error indicators based on superconvergence of finite
element approximations for Stokes and Navier—Stokes equations are studied
in [50].

In this paper, we consider a generalized formulation of the Stokes prob-
lem. A motivation of the problem comes from the theory of viscous flow
problems for fluids with polymeric chains. The problem was presented and
investigated in [14] where the respective numerical methods were also sug-
gested. The goal of the present paper is to analyze it in the context of a
posteriori error analysis and drive two—sided a posteriori error estimates of
a new type. These estimates are derived by purely functional analysis of
the boundary—value problem considered and, therefore, are applicable to any
conforming approximations that belong to the energy functional class. For
this reason, they are called functional a posteriori estimates.

For elliptic type problems of the divergent type functional a posteriori
estimates were derived in [36, 37, 38, 39, 40, 43, 44] and some other pa-
pers with the help of duality methods in the calculus of variations (see [30]
for a consequent exposition of the approach). Computable upper bounds of
approximation errors for the Stokes problem with Dirichlét boundary condi-
tions were derived by this method in [41] and for some classes of generalized
Newtonian fluids in [21, 40].

In [39, 40, 42|, another method of the derivation of functional a posteriori
estimates was suggested. The method is based on certain transformations of
integral identities that define the respective generalized solution. It is easy



to demonstrate its performance on the paradigm of the problem Au+ f =0
in Q with the condition v = 0 on the boundary 0€2. Here, the generalized
solution u is defined by the integral identity

/Vu-dex:/fwdx Vwelgll(Q),
Q Q

which leads to the relation
/ V(u—v) - Vwdx = F,(w),
Q

where F,(w) = [,(Vv-Vw — fw) is the error functional associated with the

approximation v € H'(2). Let 7 be a vector—valued function in the space

H(,div). Then,

| Fo(w)| < ’/(fw—l—diVTw)dx—i—/(T—Vv)-dex.
0 0

We set w = u — v and arrive at the estimate
[V(u =) <|[[Vv =7 + cp|divr + f], (1)

where cp is a constant in the Friederichs inequality. Estimate (1) is one of
the simplest a posteriori estimates of the functional type (for the equation
divAVu + f = 0 with positive definite symmetric matrix A such estimates
are presented in [36, 37]). It is easy to observe that the right-hand side of
(1) is nonnegative and vanishes if and only if v = u and 7 = Vu. Moreover,
it is exact in the sense that 7 can be taken such that the right—hand side of
(1) is equal to the left-hand one.

In the present paper, two—sided a posteriori error bounds for the general-
ized Stokes problem are derived from the respective integral identities. The
estimates are obtained for the velocity, pressure, and stress fields. It is shown
that the estimates are computable and sharp. Thus, the paper presents a
complete analysis of the considered class of problems in the framework of the
functional approach to a posteriori error estimation,

The paper is organized as follows. Section 2 presents a generalized formu-
lation of the Stokes problem and its mathematically equivalent formulations.
In Section 3, we prove some basic results necessary for the subsequent anal-
ysis. They follow from Lemma 1 that presents a fundamental fact in the
theory of functions related to the operator div. It implies a simple proof
of the existence of the generalized solution and stability estimates for the
velocity and pressure fields (for the case of homogeneous Dirichlét boundary
conditions these properties were earlier established in [14] but with the help
of a somewhat different method). Moreover, we show that Lemma 1 implies
estimates of the distance to the set of solenoidal fields (see also [40, 41]).

Two—sided a posteriori estimates for an approximation v of the velocity «
are derived in Section 4. First, they are derived for the approximations that



satisfy the condition dive = ¢. In practice, such a condition may be difficult
to exactly satisfy. Therefore, by Lemma 1 we derive two sided bounds for
the approximations that may violate it. We outline that the constant cq in
Lemma 1 serves as a penalty for possible violation of this condition.

In Section 5, we derive functional a posteriori estimates for approxima-
tions of the pressure and stress fields. Again, an important role in the respec-
tive analysis plays Lemma 1 and the constant c, appears in the estimates.

Final Section 6 is focused on the case of mixed Dirichlét-Neumann bound-
ary conditions. Here we prove Lemma 3 that present a generalization of the
estimate of the distance to the set of solenoidal functions to the case of func-
tions vanishing on a part of the boundary. With help of Lemma 3 we derive
a posteriori estimates for approximations of the velocity and pressure fields.

2 Generalized Stokes problem

Let 2 be a connected bounded domain in R? (d = 2, 3) with Lipschitz bound-
ary 0f2. In this paper, we analyze a generalized formulation of the classical
Stokes problem that consists of finding (u, p, 0,) such that

—Div(nse(u)) — Dive, = f —Vp  in{, (2)
divu = ¢ in Q, (3)

oy = mp(ee + (1)) in 0, (1)

u = g on 02, (5)

where div and Div denote the divergence of a vector— and tensor—valued func-
tion, respectively, s > 0, and 7, > 0. We assume that the given functions
are such that

FeLAQRY, ¢eLXQ), e LHQM™) (6)

and satisfy the compatibility relation

/¢dx:/u0~nds, (1)
Q

o0

where n is the unit normal vector outward to 0§2 Physical motivation of the
system (2)—(5), its analysis, and numerical methods are presented in [14].
This Stokes type system is based on the usual splitting of the total stress for
a polymeric liquid into three contributions: the pressure —pl, the stress due
to the Newtonian solvent nse(u), and the extra stress due to the polymeric
chains o,,. Here, p is the pressure function, o, is the extra stress arising due to
polymer chains, v is the velocity field and uq is a given function that satisfies
the relation divug = ¢ and defines the Dirichlét boundary conditions. In
a more general case, 75 and 7, are positive functions. We also present the
estimates applicable to such a situation.



It is not difficult to observe that (2)—(4) can be presented in the form

Dive + f =0, in €, (8)
divu = ¢ in Q, 9)
o= —pl+ pee +ve(u) inQ,, (10)

where = 1, and v = 1, +17. Hereafter, we assume that ;1 and v are positive
functions such that p € [ug, ug] and v € [vg, vg).
Hereafter, we assume that ae satisfies the condition

tr (pee + ve(u)) =0, (11)

where tr denotes the trace of a tensor. In essence, this assumption does not
lead to a loss of generality because it is always possible to "shift” the functions
and pass to an equivalent formulation that satisfies (11).

Let ug be a function such that divuy = ¢ and u, = ug on 2. Introduce
the function % := u — uy. Then, the system can be represented in the form

Dive + f =0, in Q, (12)
divae =0 in Q, (13)

o= —pl+ pz +ve(u), in, (14)
u=0 on 0%, (15)

where & 1= @ +  £(uy). Note that
truge = —vdivu + vdivuy, = 0,

so that (14) decomposes ¢ into the spherical and deviatoric parts, respec-
tively.

In what follows, we denote scalar product of vectors by - (i.e., u-v = u;v;)
and tensors by : (i.e., 7 : 0 = 7;;0;;), where the agreement on the summation
over the repeated indexes is adopted. All tensor—valued functions whose
components are square summable in €2 form the space ¥ with the norm
|7||? :== [|7|*dx. Also, we use a special notation @ for the space L?*().

Since no confusion may arise we denote the norm of ) and the norm of
the space L*(2, R?) (which contains all vector—valued functions with square
summable components) by || - [|. V5(€2) is a subset of H'(€2) formed by the
functions with zero traces on 0;§2 and

22(9):={QEQ‘[QJQ¢=/qux=0}.

By V() we denote the space H'(£2,R?). All the functions of V(€2) that
vanishes on 99 form the space \Ofl(Q) A subspace of \Ofl(Q) that consists of

solenoidal fields is denoted by J 1(Q). If p(z) is a positive bounded function
then the relation |72, := [ p|7|*dz defines another (weighted) norm in .
Q



The space H(2, Div) is a subspace of ¥ that contains tensor—valued functions
with square—summable divergence, i.e.,

H(Q,Div) := {r € X | Divr := {r;;,;} € L*(Q,R%)}.

Generalized solution u of the system (12)-(15) is a function in 31(9) that
satisfies the integral identity

/V&(ﬂ) ce(w) 4+ pae:e(w)dr = /f cwdr, w 631(9). (16)

Q

Existence and uniqueness of @ is easy to prove if note that this function
minimizes the functional

I(w) :z/(%\e(w)ﬁ—i—uﬁe:s(w)) d:v—/f~wda: (17)

Q

over the space J'(Q) and (16) is the Euler equation for the minimizer @. The
functional [ is evidently strictly convex and continuous on V;. Moreover, [

is coercive on V!(£2). The latter fact follows from the Korn’s inequality and
obvious estimate

/f-wdm < Coll=(w)ll), (18)
Q

where C is a constant in the Friederichs type inequality

lwll < Celle()llw), — Yw eVH(Q). (19)

Therefore, existence and uniqueness of @ is easy to establish by known results
in the calculus of variations (see, e.g., [18]).

Finally, we note that if a wider set of trial functions w 6\0/1(9) is consid-
ered, then © can be defined by the integral identity

/(us(u):5(w)+,uae:5(w))dx:/pdivwdx+/f-wdm (20)

Q Q Q

that involves the pressure field p € EQ(Q)

Our goal is to derive upper and lower bounds for the energy norms of
deviations © — v, p — ¢, where v, and ¢ are approximations of # and p,
respectively. Also, we will obtain estimates for the difference o — 7 where
T € ¥ is an approximation of the true stress o.



3 Stability Lemma and its corollaries

3.1 Stability Lemma

We begin with one important result in the theory of functions related to the
operator div.

Lemma 1. Let Q be a bounded domain with Lipschitz continuous boundary.
Then, a positive constant cq exists (which depends only on ) such that for

any function f € 10}2((2) one can find a function w 6\0/1(9) satisfying the
relations divw = f and

IVw]| < call £1- (21)

Readers will find the proof in [29]. Also, Lemma 1 can be considered as
a special case of the closed range lemma (see, e.g., [16, 51]).

Lemma 1 means that the quantity { (}nf f |Vw]| is uniformly bounded
we{divw=

with respect to || f||. It implies several important results.

First, it leads to the key condition in the mathematical theory of in-
compressible fluids known in the literature as Inf-Sup (or Ladyzhenskaya—
Babuska—Brezzi (LBB)) condition. The latter reads: there exists a positive
constant C,, such that

di d
it sup doddvwdr o (22)
€@ wev el || Vw]|
q7#0 w#0

Really, by Lemma 1 we know that for any ¢ € ZO}Z(Q) one can find a function
v, € V) satisfying the conditions

divog = ¢, Vgl < callgll (23)
In this case,
divu d divo, d.
sup Jo qdive dx > Jq adivo, dz _ gl > 1
vevo@.wzo Vol llgll IVogl[ gl [IVvgll — ca

and, consequently, (22) holds with C, = (cq)™!. Inf-Sup condition (22)
and its discrete analogs are used for proving stability and convergence of
numerical methods in various problems related to the theory of viscous in-
compressible fluids. In [4] and [15], this condition was proved and used to
justify the convergence of the so—called mized methods, in which a boundary—
value problem is reduced to a saddle—point problem for a certain Lagrangian.
It is worth noting, that (22) can be also derived from the Necas inequality,
whose simple proof for domains with Lipschitz boundaries can be found in
[13]. Estimates of the value of C,, for various domains are discussed in, e.g.,
[17, 32, 40].



3.2 Existence of a solution and stability estimates

With help of Lemma 1 it is not difficult to prove existence of u, p, and o
that deliver a solution to the problem (12)—(16). For this purpose, we use
general theorems in convex analysis concerning saddle points of Lagrangians.

Consider the Lagrangian L :\o/'l(Q) X EQ(Q) — R of the form

L(w,q) := / <%]5(w)|2 + pee s e(w) + qdivw) dx — /f ~wdz.

and the saddle point problem
L(a,q) < L(@,p) < L(w,p)  YweV'(Q), ¢ LX(Q).  (24)

It is not difficult to verify that the saddle point (@, p) is formed by the velocity
field w and the pressure function p satisfying (12)—(16). Indeed, the left hand
side of (24) means that diva = 0, while the right hand one leads to (20).
Problem (24) is equivalent to two variational problems

(P.) inf sup L(w,q) and (P,) sup inf L(w,q).
weV(Q) q622(Q) qGEQ(Q) weEV(Q)

Since

inf  sup L(w,q) = inf I(w)=I(u),
weW(Q) qEEQ(Q) wel(Q)

we observe that Problem P, defines the velocity field «. Problem P, defines
the pressure field, however the functional of this problem cannot be presented
in an explicit form.

Existence of u and p follow from Lemma 1 and known theorems in the
theory of saddle points. Evidently, L is convex and continuous with respect
to the first variable and linear and continuous with respect to the second one.
Therefore (see, e.g., [18] Chapter 4, §2) it suffices to show that

dq € 10;2(9) such that ol lim  L(w,q) =40 (25)
w &<Q)—>+oo

and

lim inf L(w,q)= —oc. (26)
lall=+00 e53 (@)

Set ¢ = 0, then (25) is satisfied. To prove (26) we select v, such that divv, = ¢
and ||Vv,|| < cqllg||- Then

inf L(w,q) < L(A\vg,q) =

weV(Q)
= / <%/\2|5(vq)|2 + prée : e(v,) + /\|q|2> dx — )\/f - vgdr <
Q Q
)\2
< (V@z g + )x) lgll* + )x//ﬁ% :e(vy) do — )\/f - v,d.
) 0



Since

le(w)ll < [[Vvg|l < callgll and /f-qux < CrcallglllI£1],

o)
we set A = ———- and observe that
I/@CQ
2
. q
inf L(w.q)< ~ 304 A elfea + Cucall )]l — o0 s g — +oc.
weV(Q) Vol

Thus, (26) holds and the saddle point (u,p) exists.
From (16) we deduce the energy estimate for the velocity field

_ mo_
le@llw) < 17 @llw) + Crll £l (27)

Let v, 6\0/1(9) be the function defined as a counterpart of p in Lemma 1.
Then,

/(Vs(a) s e(vp) + pee : e(vy))dr — /f ‘v dr = /pdivvpdx = [p|?
Q Q Q

and we obtain
_ I 1
Ip 1l < ca (lle@ o)+ 15@l0) + Coll £11) < 260 (IE@l0)+ CHllf1) . (28)

which is the energy estimate for p. Estimate (27) and (28) show that the
solution continuously depends on the external data and is stable.

3.3 Estimates of the distance to the set J'(Q)

Approximations computed by numerical procedures may not belong to the

space 3 1(Q2). With help of Lemma 1 we can estimate the distance between
such an approximation and the set of solenoidal fields. Subsequently, we will
use such estimates and derive functional type a posteriori estimates valid for
non-solenoidal approximations.

Lemma 2. For any function v e\ofl(Q) there exists a function v ejl(Q)
such that
V(@ = vo)|| < calldive]]. (29)

Proof. Let f = divo, where v is a given function in \O/'l(Q) Then, by Lemma 1

these exists a function w; €V'(Q) such that

div(v —wy) =0, ||[Vws|| < cqf/divoll.

Hence, the function vy := v — wy ejl(Q) satisfies the estimate (29). O

10



In other words, the distance between v 6\0/1((2) and the set of solenoidal

fields jl(Q) is estimated from above by the quantity ||divo|| with the multi-
plier ¢, that comes from Lemma 1.

We note that Lemma 2 can be equivalently derived from the LBB condi-
tion (22) (see [41]).

Remark 1. From Lemma 2 it follows that for any

T EVHQ) + uy = {v eVH(Q) | v = v + ug, vo EVH(Q)}
there exists
Vg 631(9) +ug = {v E\O/'I(Q) | v =19+ up, vo 631(9),}

such that
[V(© = vy)| < col|dive — ¢ (30)

Indeed, for v — uy E\Ofl(Q) we can find a function vy 631(9) such that
IV(© = g — o) || < cal|div(v = ug)[| = calldive — ¢].

Hence, vy = vy + ug is the function required.

Remark 2. Sometimes, it is also required to estimate the distance between
v and the space of solenoidal H!'-functions in L?>norm. Such an estimate
follows from the solvability of the Dirichlét problem for the Lapalce operator.

Indeed, the problem Aw, = g, has a solution w, € ﬁ[l(Q) for any g € Ly(Q)
and meets the energy estimate |[Vw,| < cp||g||. Therefore, there exists a
vector-valued function v, = Vw, such that divu, = ¢ and ||v,]| < crlg]-
Let g = divv. Then, vy =¥ — v, is a solenoidal function and

[0 = wol| < cpl|divull, (31)

where cp is a constant in the Friederichs inequality.

4 A posteriori estimates

First, we derive functional a posteriori estimates for the approximations
which are conforming in the sense that they exactly satisfy the relation (3).

Let v E\Ofl(Q) + uy. Then, the function v = v — u, can be viewed as an
approximation of @ defined by the system (12)-(15). We will derive a com-
putable upper bound for the quantity ||e(@—7)||(,) from the integral identity
(16). After that it is easy to obtain a similar estimate for |le(u —v)|| ).

11



4.1 TUpper bound of the error for v 631(9) + Uy

Let Tobe a tensor function in Y. Introduce a linear continuous functional
L. V() — R by the relation

Lo s(w) :=/f~wdx—/7:5(w)dx.

Q Q

Its norm is defined as follows:

o sl
lensli= s (3)

wEV

In view of (18), the functional is bounded and |£; ;| < Cr + ||7||-1). The
kernel of £, ; contains all the tensor-valued functions that satisfy (in a gen-
eralized sense) the equilibrium equation

Divr + f =0, in Q. (33)

Theorem 1. For any v Ejl(Q) +uy, q € EQ(Q), and T € 3 the following
estimate holds

le(u =v)llo) < 17+ ¢l — pae —ve()llo-1 + 1 Lrpl - (34)

If T belongs to a narrower set H(§2, Div) then the upper bound is expressed
in terms of integrals, namely

le(u—v)||w) < (35)
< Me(al)(v, 7,q) =7+ ql— pae— ve(v)| -1y +Cr||Divr 4 f||.

Proof. First we derive estimates for the problem (16). Let v be a certain

function in 31(9) Insert it into both parts of (16). Then, for any w 631(9),
we have

/ue(ﬁ—@) ce(w)dr = —/(uée e(w) + ve(v) : (w))dat+/f~wda:.

Q Q
Let 7 € 2. Then,

/Ve(u —5) : e(w)de —

:/(T—uae—ye(v)):s(w)dx+/f-wdx—/fze(w)dx. (36)

Q Q Q

It is easy to observe that

/ (7 — e — ve(0)) : e(w)de| < (37)
< |I7 + gl — pae — ve(0)| -1 [le(w)]| )

12



where ¢ is an arbitrary function in EQ(Q) The second part of the right-hand
side of (36) is formed by the functional £, ; whose value is estimated from
above by the quantity | L, f |/le(w)]].

From (36), (36), and (37) it follows that

/ ve(ii — 9) : e(w)de < (38)

Q
< (I +al = pe = ve(@)llo + 120s 1) @)l
Now, we set w = u — v and arrive at the estimate
le(@ =)y < 7 +ql —pae —ve@)w- + 1 Lrgl - (39)
Assume that 7 € H(Q, Div). Then,
L r(w) :/(DiVT+f) cwdr <

Q
< [IDivr + flfjwl] < Cel|Divr + flllle(w)ll )

and we find that
| L7 (w)| < Cr|[Divr + f]]. (40)
By (39) we conclude that
le(@ =)o) < [I7+ gl — pae —ve(®)|l-1) + CplDivr + f]|. (41)
To obtain estimates for the original problem we note that for v = v — u,
le(w =)l = lle(@ = )l )-

Since p@ = pee — ve(ug) we use (39) and (41) and arrive at the estimates
(34) and (35). O

Estimates (34) and (35) have a clear meaning. Estimate (34) shows that
the upper bound of the error consists of two parts. The first part vanishes if
the functions (7,7, q) satisfy (14) in a strong (L?) sense and the second one
equals zero if 7 satisfies (33) in a weak sense. In (35), the condition (33) is
also considered in a strong sense. The majorant vanishes if and only if

T=—ql+ pee+ ve(v)

and the relation Divr + f = 0 holds almost everywhere in 2. By the as-
sumption v meets the Dirichlét boundary condition and satisfies the relation
divy = ¢, we conclude that in such a case v = v and 7 and ¢ coincide with
the exact stress and pressure fields, respectively.

MG(;)(U,T, q) is evidently continuous with respect to all the arguments.
Therefore, it is not difficult to prove that

Me(sl)(vkﬁm%) — 0

as v — u in \Ofl(Q) + ug, T — o in H(Q, Div), and ¢ — p in L*(9).

13



Remark 3. If a¢ = 0 then the estimate (41) comes in the form

le(u = v)llo) < [I7 + ¢l = ve(v)ll-1) + Cel|Divy + f]. (42)
If g € H'(Q), then it can be rewritten in another form

le(u = v)llo) < lI7 = ve()lw-1) + Cr|Divr + f = Vg . (43)

We note that (42) and (43) are the functional a posteriori estimates for the
Stokes problem. They has been earlier derived in [40, 41].

Remark 4. By (11) we observe that

74 gl — pae— ve(v)|[7, 1) =

1 1 ?
= / ” (d (EtrT + q) + 7P — pee? — l/eD(v)]2) dx.

Q

If 7 is selected such that [tr7 ], = 0 then we set ¢ = —tr7 and obtain
le(u—v)|o) = |77 — pee” — veP (V)| -1y + Cr||Divr + f|. (44)

Note that the right—hand side of (44) does not contain g. The right—hand
side of (44) vanishes if

™ —peel —vel(v) =0, in Q,
Divr + f =0, in Q.

Since v €] 1(Q) + uy, we know that dive = ¢ and satisfies the boundary

condition. Besides, for the above tensor 7 there exists a scalar function ¢
with zero mean such that trr = —dq. This means that v = u, 7 = o, and

q=Dp.
4.2 Lower bound of the error for v €J'(Q) + Ug
Theorem 2. For any v 631(9) + gy

le(u—0)llf) = ME (v, w) (45)

where

1/2

MO (0,w) = (2 / (f - w— (ve(v) + pee) : (w)) di — [le(w)[2, | .

and w s an arbitrary function in jl(Q)

14



Proof. The proof is based upon the variational formulation of the problem
(12)-(15). Let v €J*(2). Then

+/(ua(a):g(a—@)+uaé:a(a—@))dx—/f-(@—a)dx.

Q Q

Since u — v 631(9) we arrive at the relation
_ I ST
I(v) = I(u) = lle(@ = )lIG,)- (46)

Therefore, for any w 631(9), we have
le(a =)l > 2(1(0) = I(0+w)) =

= / (—vle(w) = 2(ve(v) + pee) : e(w)) dx + 2/f ~wdx.

Q

We obtain (45) if set © = v—wuy and recall that ve(v) + pae = ve(v)+pee. O

4.3 Computability and efficiency of two—sided estimates

The majorant ME(Bl)(v, T,q) contains only known functions and the constant
Cr(). The latter can be estimated from above by the value v5'cp(Q), where

Qisa square (cube) that contains Q2. Therefore, it is completely computable.
In the simplest case, we can set

T = & (ve(v) — pee — ql),

where ¢ is a computed pressure and & a certain smoothing operator whose
action is required to guarantee that 7 € H(€, Div). Then, the upper bound
is directly computable but in general may be rather coarse. If it is desirable
to obtain a better bound, then it is necessary to adjust the functions 7 and
q with the help of the procedure discussed below.

It is easily seen that if 7 = o and ¢ = p, then the value of Mg)(v, a,p)
coincides with ||e(u — v)|| (), i.e., the estimate (35) is sharp in the sense that
there is no gap between its left and right hand sides. Therefore, in principle,
for any v the respective upper bound can be computed with any desirable
accuracy. The minorant Mél) (v, w) possesses similar properties: it is directly
computable and for w = u — v coincides with the true error.

Let {Vj,, Xy, Qn} be finite dimensional subspaces of 31(9), H(Q2, Div), and

22(9) respectively. From the above analysis it follows that the numbers

Mio = Sup Mél)(v,wh) and myg 1= _inf ME(BI)(U7Th7q’l) (47)
wh Vi, ThE€EXR,qhEQR
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provide two-sided bounds for the quantity ||e(u—wv)||). Note that the quan-
tities mye and myg are defined with the help of finite dimensional problems
and are indeed computable. The theorem below shows that two—sided esti-
mates can be computed as close to the true error as it is required.

Theorem 3. Let {Viy, Lp, Qhk};g be a sequence of finite dimensional spaces
which be limit dense in the respective functional spaces. Then, for any

v 631(9) + ug
mie < |le(u —v)||p) < Mg and  mpe — Mmig as k — 400,

Proof. The result immediately follows from the limit density property and
above discussed sharpness of the estimates. O

For the classical Stokes problem, practical efficiency of the functional a
posteriori estimates was studied and confirmed in [24].

4.4 Upper bound of the error for v G\ofl(Q) + ug

Let us now assume that approximate solution v may not satisfy the relation
divo = ¢.

Theorem 4. For any v € V such that v = ug on 052, q € 22(9), and T € X
the following estimate holds

le(u — D)l < II7+ gl — pae — ve(®)]| 1) + (48)
F1Lo g |+ 20 *cal|dive — 4.

If T € H(Q2, Div) then

A~ 2)/~
le(u—7)||) <MP@,7,q) == (49)
= ||7+ ¢l — pae— ve(®)|| (1) +Crl|Divr + f|| + 20 col|dive — ¢|).

(o}

Proof. By Lemma 1, for the function v := (0 — uy) €V'(Q2) one can find a
function wy 631(9) such that

le(@ = wo)llw) < wel*lle(8 — wo)| < cave!|[dival] = cav*||dive — @] (50)
Then,
le(u =)y = lle(u — v = ug)llw) < lle(u —wo — ug)llw) + [le(? — wo)ll ) (51)

Note that div(wo+ugs) = ¢, so that we can use (34) to estimate the first norm
in the right—hand side of this inequality. Then, we arrive at the estimate

le(u =V)lloy <l + gl = pae — ve(wo + ug)l[w-1) + 1L s [+ [le(0 = wo) o)

16



Since

17+ Il — pee — ve(wo + ug)l[ 1) <
< |I7+ ¢l — pee — ve( )||(,,—1 +le(@ = wo)llw)

we apply (50) and arrive at (48).
Estimate (49) is derived from (35) by means of similar arguments. O

It is easy to see that the majorant Mg) (v, 7,q) has the same principal

structure as Me(al)(v, 7,q). The only difference is that it contains a new term.
The latter can be thought of as a penalty for possible violation of the condi-
tion divu = ¢.

Remark 5. In view of the relation
I+ gl e ve(@)], 1) =

1 /1
_ / s (3 (tr7 + dg — putree — vdive)® + |72 — pae® — ”sD(“)F) e
1%
Q

If we assume that [tr7], = 0 and select ¢ = —étrT then the estimate has
the form

~ ~ Lo
le(u =V)llw) < \/HTD — el —veP (O)|[E, ) + ZlIdive — |, ) +

+Cp||Divr + f|| + 2V 2o ||dive — o). (52)

Remark 6. The majorants ME(BI)(U,T, q) and Mg)(i?, T,q) generate new vari-
ational formulations of the generalized Stokes problem: minimize Mg) or

Mg) on admissible velocity, pressure and stress fields. Both problems have
the exact lower bound equal to zero. It is attained if and only if the above
fields coincide with the exact ones.

4.5 Lower bound of the error for v G\O/I(Q) + ug

If 0 — uy €JH(2) then derivation of a computable lower bound of the energy
norm of the error presents a more complicated task. However, it can be also
derived.

Theorem 5. For any 9 €V(Q) + U

~ o 1 o PO
||€(U - U)H%V) > Mém(vaw) = m (M<an) - P(anﬂ?ﬁ)) ) (53)

where

/ 2f - 0 — v[e(@)]* — 2(ve() + pee) : e(0)) d,
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w is an arbitrary function in \ofl(Q), n € H(Q,Div), v > 0,

PO PO o 1 P
p(v,w,n,’y) = m2(v7w777> + m3<U, 'U}) + C?zl/@ (1 + ;) Hle’U - ¢H2
and the terms mq and mg are defined by the relations (55) and (56).

Proof. Let w E\o/'l(Q). Then, for v Ejl(Q) + uy and w 631(9) we can
re t MY follows:
present Mg’ (v, w) as follows:

Mél)(v,w) =
= 2/<—g|5(w T — g|e(ﬁ})|2 —ve(v) s e(w —w) —ve(v) : e(W) +
9)

Ve (T — w) — pee s (@) + f - (w—ﬂ?)—l—f-ﬁ?—ye(w—ﬁ?):5({0)>d1::

— /(—V|€(1ﬁ)]2 — 2(ve(v) + pee) : e(W) + 2f - @>d~”€ — Vo le(@ — w)[|* +

Q

—|—2/((V€(v)—|—,uae) ce(W — w) —f-(ﬂ?—w))dmz Ji+ Jo+ Js,
Q

where

/ (2f - @~ V@) ~ 2(v=(0) + ee) : =()) dir,
2

0) + pee) : (w—w)—f-(@—w))dx,

=2

Q/
/st—v: @) + ve(@ — w) : (@))dz +

Q
+2/1/€(v —0) :e(w— D) dr — vge(® — w)|>.

Now, we apply the estimate

e 1 1 ~
le(u =D)IG) 2 7= lletw —o)lIE,) - S lletv = Dl

+7
> 1 <J et <1+1) le( A)||2)
e — — ) va|le(v —2 .
154\ 2+ J3 ) e
By Lemma 2 we can find the functions v4 and wy such that
le(@ — wo)|| < colldiviv]l,  [le( = vg)[| < colldive — ¢l (54)
Then,
3] < ma(@, @) = 2wzea((|divD — o] + [ diva]) (@) ]+ (55)

ealldivi — ol [[diva] + < divip]?)
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To estimate J, we introduce a tensor—valued function n € H(Q2, Div). We
have

|J2| = (56)

= 2| [ (£ + Dive) - (w = @) + (v=(0) + o) ) s (0 — w)) ] <

< ma (B, @,m) 1= 2cq|[divad] (Crlf + Divl + Iy — ve(?) - pae]]).
Therefore
L+ New =)}, 2
> J, —ma(D, W, 1) — ms(V, W) — cirg (1 + %) |divD — ¢||?
and we arrive at (53). O
Remark 7. 1f divo = ¢ and @ 631(9), then p(v,w,n,7v) = 0 and
M@, 0) = MY @, D).

Thus, we set v = 0 and observe that on this narrow class of functions (53) is
equivalent to (45).

Remark 8. Let us evaluate the quality of the lower bound computed by the
estimate (53) for an approximation v. Set @ = u — vy. Then divw = 0,
me(v,w,n) = 0 and
ms (0, W) = 2gCal|dive — |[le(u — vy)|| <
< 2gCal|dive — ¢||(le(u = V)| + col[dive — ol]).

For the term M (v, W) we have

M5, ) = / (2f - @ — V|e(@)]? — 2ve(@) + pre) : (D)) da

Q
Recall (16). We have

/V&(u —up)  e(u —vg)dr = (57)

Q
= [(7+0=va) = (e + () s ol = )

Since the choice of u4 is restricted only by the boundary condition and the
condition divug = ¢, we can set ug = vg. Then,

PO Lo
M) = [ vletu = vo)lde 2 Fgletu— ), - 5@ - vl 2
Q
>1 12 1 PN 9
> et~ DI, — sscallding - o]
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and we obtain
SN 1 1 R 1 1 .~
Mé2)('l},w) > m<l—+§]|a(u — 'U)H%V) — <1 + g + ;) V@CQHle'U - ¢"2 _
—20gCo|dive — ¢||([le(u — V)| + colldive — ¢||))- (58)

If divo = ¢ then we set 0 = v = 0 and find that Mg) (v, W) is equal to the
error. Also, by (58) we conclude that the lower bound is good if divo is close
to ¢. If an approximate solution essentially violates this condition, then the
quality of the lower bound deteriorates.

5 A posteriori estimates for approximations
of pressure and stress fields

5.1 Estimates for the pressure
Estimates of ||p — ¢|| can be also derived with the help of Lemma 1.
Theorem 6. Let q € EZ(Q) be an approzimation of the pressure field p.
Then

1

—zllp—all < [lve(@) + pae — 7 — glf| 1) + Cr[[Divy + f]| +
Colgl

g “cq|dive — ¢, (59)
where U and T are arbitrary functions in \O/I(Q) and H(, Div), respectively.

Proof. Since (p—q) € EQ(Q), by Lemma 1 we know that a function w E\Ofl(Q)
exists such that

divw =p—g¢q, and [e(@)| < cqllp—ql.

Hence,
lp—ql* = /dm’ﬁ(p —q)dr =
Q
= / (ve(u) s e(w) + pee:e(w) — f-w — qdivw) de =
Q
= /ue(u —0): e(w)dr +
+/(V€(@) ce(w) +pee:e(w) — f-w— qdivw) d.
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Note that

/ ve(u—70) : e(@) dz < car?|le(u— ) lIp — dll
Q

and
[ 2@ @)+ pew s =(@) ~ - @ - qdivd) do =
Q
:/(ye(ﬁ)+uae—r—q]l) :a(ﬁ)dx—/(DiVT—i-f)-ﬁdx <
Q Q
< (Ilve(®) + pee = 7 = Il + Crvd*Divr + £ ) callp — gl
Therefore,

Ip—qll < ( ?|lve(®) + pee — 7 — L1y + Cordl* [Divr + £ +
Y2 (lr+ gl - puze— ve(®)l| 1) +
+ v IDivr 4+ ]| + 2vscal|divi — )
and we arrive at the estimate (59). O

It is easy to see that the right—hand side of (59) consists of the same terms
as the right-hand side of (57) and vanishes if and only if,

v=wu, T=o0, and p=gq.

However, in this case, the dependence of the penalty multipliers on the con-
stant cq is stronger.

Remark 9. If 7 is subject to the condition [tr7 ], = 0 then the pressure can
be excluded and instead of (59) we obtain

I
I —all < 26t (1172 e PR,y + Haive ol 4

O Divr + £ + v cal|dive — 6])). (60)

5.2 Estimates for stresses

Assume that © eV(Q), 7 € X, and ¢ € L?(Q) approximate u, o, and p,
respectively. We have

|7 — ol = [I7 + pl — pae — ve(u)|| < (61)
<||T+qﬂ—uae—vs( )||+||V€(U—U)I|+f||p qll <
1/2

I+ al = pee = ve (@)l 1) + v *[e(@ = w)lw) + Vlp - gl
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By (49) and (59) we obtain

Ir = oll < w2 (201 + Video)lIm + all - uee = ve(D)] 1) + (62)

(1 + 2Vdeo)Divt + f + 20 e (1 4 Veq) |divd — o] ).

Now it is not difficult to estimate the deviation 7—o in the norm of H(£2, Div).
However, it has a more symmetric form if the deviation is expressed in terms
of the norm ||n||piv.cp := |7l + Cr||Divnl||. In this case,

IT = ollpiver < 2(1+ \/gcﬂ)yga/?(”T +qll — pae — ve(0)| 1) + (63)

+Divr + £l + v ?ldive - o).

If 7 is subject to the condition [trr], = 0 then the pressure field can be
excluded from (63) and we arrive at the estimate

|7 — ollpiv.cr < (64)

. Lo
< 2(1 4 Ve (fIr? - e — P @), + v~ ol +

+|Divr + £ + v/ *||dive — ¢I|).

6 Mixed boundary conditions

6.1 Preliminaries

Consider the generalized Stokes equation with mixed Dirichlét—-Neumann
boundary conditions defined on two measurable nonintersecting parts 0,2
and 0582 of 92 such that 02 = 9;Q U 0,02 and 0,2 > 0. We assume that

u = ug on 0,12, on=F  on 0y, (65)
where divug = ¢, (49) holds, and F' € L?(9,€, RY).

Now we define the space \Ofl(Q) as follows

o

VI(Q) = {ve H'(QLRY) | v=00n0Q}

and by 31(9) mean the subspace of \Ofl(Q) that consists of solenoidal fields.
Generalized solution of the system (8)—(10), (65) we define as u = @ — ug,

where ug = ug on 9;9, divuy, = ¢, and @ is a function in J*(2) that satisfies
the integral identity

/ (ve(@) : c(w) + pa: e(w)) de = L(w) Yw €(Q).  (66)
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Here, ¢ :\0/1(9)0 — R is the linear continuous functional defined by the
relation

E(w)::Q/f-wdx—l—/F-wds.

0282

Existence and uniqueness of @ is easy to prove by variational arguments if
note that the problem is related to minimization of the functional

I(w) = / (LIt + pw: <(w)) d — () (67)

Q

[e]
over the space J!'(Q). Since I(w) is strictly convex, continuous, and coercive
on V existence of a minimizer is proved by standard arguments.

It is easy to see that
lw)] < Celle@)llw)  Vw V(). (68)
Note that C; depends on © and 9,2 and Cy < Cyl| f|| + Cr|| F||g,0, where C

and Cr comes from the Friederichs and trace inequalities for the functions
vanishing at 9,2

lwll < Celle@)llwy,  llwllae < Crlle@)lle)  Yw eVH(Q).

For any 7 € &

Ly (w):=Ll(w)— /7’ ce(w)dx

[¢]
is a linear continuous functional on V!(€2), whose norm is

Lo (w
erali= sup = < e, (69)
wE&(Q) ()

The set IC;, = Ker £, contains the tensor-valued functions that satisfy (in
a generalized sense) the equilibrium equation

Divr + f =0 in (70)
and the boundary condition

Tn=F on 0h). (71)
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6.2 Estimates for approximations in 31(9) + Uy

Theorem 7. For any v 631(9)—1—%, q € Q, and T € X the following estimate
holds

le(u=v)llw) < [I7+ gl — pae —ve(©)|l w1 + [ Lrel (72)
If 7 € Spyy = {7 € B,| Divr € L*(Q,R?), 7n € L?(8:,Q,R%)} then

le(u=0)]lo) < M0, 7,q) == |7+ ql— pae— ve()|| w1y +  (73)
+Cr||Divr + f[| + Col|F — 71,0

Proof. From (66) we observe that

/Ve(u — ) :e(w)dr = — /(,uae ce(w) +ve(v) :e(w))dr + £(w).

Q Q

Let 7 € ¥. Then, for any w GEI(Q)

/Vg(u — ) :e(w)dr =

Q

- /<T e — ve(0) : e(w)da + (w) /T e(w)de <

Q Q
< ([I7 + gl = pae = ve(@)l| 1) + [Lre Dl ),

where ¢ is an arbitrary function in ). Set w = u — v. Then we arrive at the
estimate

le(@ =)o) < 17+ ql — pae —ve(0)|| 1) + [ Lrel (74)
Since
le(u = v)|lo) = lle(@ = V)|[w) < |I7+ gl — pae —ve(v) — ve(ug)| + | Lrel

and pee = pee — ve(ugy), we arrive at (72).
Assume that 7 € ¥p;, Then,

Los(w) = /(Diw+f).w+/<F—m)-wdsg
Q 0202
< (CplIDivr + f|| + Cr[|F' = 7 nfla,0) [le(w)]| )

and, therefore,
I£7e (W) | < Cr|Dive + f[| + Crl|F = 7 nllay0. (75)

Now (73) follows from (74) and (75). O
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The functional Mél)(v, T,q) is directly computable provided that the con-
stants C and C. (or their upper bounds) are known. It vanishes if and only
if

T=—ql+ pee +ve(v)

and the relations Divr + f = 0 in 2 and 7n = F on 052 hold almost
everywhere. Since v meets the Dirichlét boundary condition on 0:) and
satisfies the relation divv = ¢, we conclude that in such a case v = u and 7
and ¢ coincide with the exact stress and pressure fields, respectively.

Remark 10. For the stationary Stokes problem we have the following estimate

le(w=v)l[w) < [T+ dl = ve(v)|p—) + Cel|Divr + fl| +  (76)
—|—CT”F—7'7’LH629.

Remark 11. A modification of the above a posteriori estimate is obtained if
set ¢ = —étm'. Then we obtain an estimate that does not contain g:

le(u—=v)llo) < [I77 = pae” = veP ()| + Co|[Divr + fl| +  (77)
—I—CTHF— Tn||32Q.

Lower bound of the error can be derived by the arguments similar to those
used in 4.2. It has the form

letu =)y = 20w) ~ [ ()P +2(e(0) + @) s (w)) da,

Q

where w 631(9).

6.3 Estimates for approximations in \O/*l(Q) + g

First, we obtain an upper bound for ||e(? — @)| () where o €V '(Q2) and
divo may be not equal to zero. The assertion below is important for the
subsequent analysis.

Lemma 3. Assume that
v eVH(Q) = {v eVi(Q) | [dive], = 0}.
Then, there exists vg 631(9) such that
V(v =wo)ll < calldive]. (78)
Proof. For any a € H'/2(00Q, R?) satisfying the condition [ a- nds = 0 there

Rlo)
exists a solution w, of the Stokes problem

—Aw, +Vp =20 in €,
Wy +a=0 on 012,
divw, = 0 in Q.
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Let a be the trace of v E{?’l(Q) on 0N). Then, w, +v = 0 on 092 and by
Lemma 1 we know that there exists wy 631(9) such that
|V (w, +v) — V|| < cgl|div(w, + v)|| = cql|dive]].
This estimate means that
Vv = V(wo — wa)|| < calldivel],
where the function vy = wy — w, is solenoidal and vy = 0 on 0;). ]

Theorem 8. For any v € V' such that

Uv=wuy on o and [divo — ¢, =0, (79)
q € Q, and 7 € X the following estimate holds:
le(u =)o) < |7+ ¢l — pae — ve(®)||p-1) + (80)

+H Lol + 21/619/209||divﬁ— 9|l
If T € Yy then
le(u=D)lo) <MD, 7,q) := ||+ gl poe— (@)l + (81)
+CL|IDivr + f[| + Crllrn — Fllaya + 202 cq | dive — ¢
Proof. Let w := (v — ug). This function belongs to \Ofl(Q) In view of (79)
[divid ], = [divo — @], = 0,

so that @ Gi;l(Q). By Lemma 3 there exists a function vy 631(9) such that

le(@ — vo)ll o) < cove*||dive — o). (82)
We have
le(u =3y = lle(u— @ — ug)) < (83)

< [le(w = vo = ug)ll o) + lle(@ = vo) |-
Since div(vg + ug) = ¢, we estimate the first norm by (72) and find that
le(u =)oy < lI7+ gl — pee — ve(vo + ug)| 1) +
Lol + lle(@ = vo)lw) < M7+ gl — pae — ve(V)[l-1) +
1Ll + 2)e(@ = o)l w)-
By (82) we obtain (80).
Estimate (81) follows from (75) and (80). O

Estimates (80)and (81) have the same principal structure as (48) and
(49). The only difference consists in the new term C'.||tn — F'||s,q that serves
as a penalty for possible violation of the Neumann boundary condition.

Remark 12. By the same arguments as was used in Remark 5 the pressure
can be excluded from the upper bound and we obtain

I . L.
le(u—B)llo) < J |72 — pael — veP @), 1y + S Idivs — 6l12, 1) + (34)

+C|[Divr + f]| + Crllrn = Flloya + 2v4! *ca|dive — o]

26



6.4 Estimates for the pressure

Theorem 9. Let ¢ € ) be an approximation of the pressure field p. Then
1 AN .
i Ip =gl < |lve() + pae — 7 — qlf| 1) + Cr||Divr + f|| +
Q

+Cr [ = Fllosg + vg!“cal|dive — 6] (85)
where U and T are arbitrary functions in %;I(Q) and Ypiy, Tespectively.

Proof. Since (p—q—[p—qlg) € EQ(Q), we have a function wy € V(2) such
that wo = 0 on 0€2,

divwg =p —q—[p—qlg, and |[le(wo)| < callp—q—[p—qlgll-

Let vT €V'(Q) be a vector—valued function such that dive! = 1in . We note
that many functions with such a property exist. Indeed, the nonhomogeneous
Stokes problem

—Av+Vp=0 inQ,

dive =1 in €,
v=20 on 0412,
v=a on 0,12, / a-nds = |9
8202

has a solution (see, e.g., [46]). The latter can be taken as vf.

It is easy to observe that w) := wy + [p — ] E\O/’l(Q),

/ dive)(p — q)dz = [Ip — gl

Q
and
le(wi)llo) < lle(wo)llw) + [P — alalle@Nllw) < (86)
1/2
< covd?lp—a—[p—aloll + [p — dlalle@No) <

where cf, = cqvl/* + 1Q|~2|le(v") || o). By the integral identity

/ <1/€(u) ce(wh) + pee g(wg)) de = (w)) + / pdivwide  (87)
Q Q
we find that

Ip—al? = [ (vel) : ) + pee s e(ud) - adivad) do ) =
ve(u —70) : e(wd)dx +

+ (1/8(@) ce(wl) 4+ pee s e(wh) — qdivwg) dz — 0(w)).
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Note that

/?du—m:d%wMSchu—mmmm—qu
Q

and
/ (Vg(@) ce(wh) + pee s e(wl) — qdivwg)) dz — O(w)) =
0
= / (ve(D) + poe — 7 — qll) - e(w))dz — / (Divr + f) - widz +
Q Q
+ [ (rn=F)-ulds < (Jve@) + e — 7 =l +
020
+CelDivT + fl| + Co | F = 7 nllose ) ()l
Therefore,

Ip—all < ch(ll(w =Dl + Ive(@) + pee 7 = gl 1) +
FCADIVT + fIl + CollF = 7nllase).
Now, we apply (81) and obtain the estimate
Ip—all < 2} (lI7+ aI— pae— ve(®)pr) +
+CeDivT+ ]| + Crllrn = Floya + v&%eqldive — o] ),

which is equivalent to (85). O

Remark 13. The constant ¢, contains a subsidiary function v! that must
satisfy the condition dive! = 1 and v' = 0 on 0;Q. Usually, such a function
is not difficult to construct. For example, for polygonal domains v! can be
constructed with the help of Raviart—-Thomas elements of the lowest order.
It is desirable to have a function v such that [|(v7)| be as small as it is
possible.
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