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Abstract: This thesis studies the global regularity theory for degen-
erate nonlinear parabolic partial differential equations. Our objective
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GLOBAL HIGHER INTEGRABILITY FOR NONLINEAR
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS
IN NONSMOOTH DOMAINS

MIKKO PARVIAINEN

1. INTRODUCTION

Higher integrability questions have been extensively studied over the
last few decades. In this work, we investigate the parabolic equations
of the type

ou

T divA
T div A(z,t, Vu),

where A(xz,t,Vu) satisfies the well-known Carathéodory-type condi-
tions and p-growth conditions. In particular, the results apply to the
parabolic p-Laplace equation

ou

o = div (IVul'= V),

with 2 < p < o0.

Weak solutions of the above equations locally belong to a slightly higher
Sobolev space than assumed a priori, as Kinnunen and Lewis proved in
[KL0O]. We intend to show that this also holds globally, that is, up to
the boundary. To this end, we prove that the gradient of a weak solution
satisfies a global reverse Holder inequality. In contrast to the local
case, the regularity of the boundary, as well as the boundary and initial
values, play a role in the proofs. We assume that the complement of the
domain satisfies a capacity density condition, which is essentially sharp
for our main results. In addition, the boundary values are assumed to
belong to an appropriate higher Sobolev space. Note, however, that
the results of this work are already nontrivial for regular domains and
smooth boundary values.

The proofs are based on Caccioppoli and Sobolev-Poincaré-type in-
equalities, as well as on the self-improving property of a reverse Holder
inequality. Due to nonquadratic growth conditions, the proofs apply
intrinsic scaling and covering arguments. One of the advantages of this
method lies in the fact that it can be employed to a wide variety of
problems. Indeed, the proofs extend to parabolic systems of the form

(9ui
ot

although we consider the scalar case for simplicity.

=div A;(z,t,Vu), i=1,2,...,n,

6



Global higher integrability 7

Motivation for studying the higher integrability comes from applica-
tions to partial regularity (see, for example, [GM79]) and stability ques-
tions, to mention a few. On the other hand, the regularity properties
of solutions are often interesting in their own right.

The first higher integrability results apparently date back to a 1957
paper of Bojarski, [Boj57]. Later, Elcrat and Meyers proved the local
higher integrability for nonlinear elliptic systems in [EM75] (see also
[Gia83]). In [GS82], Giaquinta and Struwe studied similar questions
for systems of parabolic equations with quadratic growth conditions.
In addition, Arkhipova has considered the global integrability questions
for parabolic systems, for example, in [Ark92] and [Ark95]. For recent
higher integrability results, see [AMO07].

In [Gra82|, Granlund showed that an elliptic minimizer has the higher
integrability property if the complement of the domain satisfies a mea-
sure density condition. Later, Kilpeldinen and Koskela generalized the
elliptic results to the uniform capacity density condition in [KK94].
For a good survey of boundary regularity, see Section 8 of [Mik96].
Recently, it was shown in [Par| that parabolic quasiminimizers with
quadratic growth conditions have a global higher integrability prop-
erty.

This work is organized as follows. Section 2 introduces the problem and
notation, while the following sections consider the higher integrability
near the lateral and initial boundaries separately: Sections 3 and 4
concentrate on the lateral boundary case while Sections 5 and 6 are
devoted to estimates near the initial boundary. Theorem 4.7 provides
the main result.

2. PRELIMINARIES

Let 2 be a bounded open set in R”, n > 2 and let p > 2. We study
the equation

% = div A(z,t, Vu), (x,t) € Q x (0,7), (2.1)
where u : Q2 x (0,7) - R, A: Q x (0,7) x R* — R", and A satisfies
the following conditions.

(1) z — A(z,t,€) and t — A(x,t,€) are measurable for every &,

(2) £ — A(x,t,€) is continuous for almost every (zx,t),

(3) there exist constants 0 < o < [§ < oo such that for every &
and for almost every (z,t), we have A(z,t,€) - & > ]’ and

Az, t,6)| < Bl
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As usual, W'?(Q) denotes the Sobolev space of functions in LP()
whose first distributional partial derivatives belong to LP(Q2) with the
norm

||u||W17P(Q) = ||u||LP(Q) + ||vu||LP(Q) :

The Sobolev space W, (Q) is a completion of CS°(2) in the norm of
Whr(Q).

The parabolic space LP(0,T;WP(Q)) is a collection of measurable
functions wu(x,t) such that for almost every ¢t € (0,7'), the function
x — u(z,t) belongs to W1?(Q), and the norm

T
HUHLP(O,T;WLP(Q)) - (/0 HUHI;W’P(Q) dt)

is finite. Analogously, the space LP(0,T;W,"(Q)) is a collection of
measurable functions u(z,t) such that for almost every ¢ € (0,7, the
function z — u(x,t) belongs to Wy(Q) and

1/p

||u||LP(O,T;W1»p(Q)) < 00.

The parabolic Sobolev space W2(0,T'; L*(Q)) is defined as
W2(0,T; L*(Q))

= {p e L*0,T; L*()) : g—f € L*(0,T; L*(Q))}

with the norm

Iy
||90||W172(0,T;L2(Q)) = ||90||L2(07T;L2(Q)) + HE :
L2(0,T5L2(Q))
Finally, the space C([0,T]; L*(2)) comprises all continuous functions
w: [0,T] — L*(Q) (that is, u is continuous with respect to ¢ in the
norm || - |[2q,) such that

-t < Q.
tgf%llw, M 2y < 00

In the Bochner integration theory, the space LP(0,T; W1P(Q)) is de-
fined as a collection of strongly measurable functions v : (0,7) —

Whr(Q) for which
T 1/p
(/0 el dt) < .

We could take this definition as a starting point as well. Indeed, u(z,1)
is not, in general, product measurable, but there always exists a mea-
surable representative. Consequently, Fubini’s theorem is available in
this setting also. The reader is referred to Chapter 4 of [Soh01] and
Chapter 23 of [Kut98] for further information.
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A functlon u belonglng to the space LV _(0,T; W'?(Q)) is a weak solu-
tion to (

//u—dxdt—l—// (x,t,Vu) - Vodardt =0, (2.2)

for every ¢ € C5°(Q2 x (0,7))

There is a well-recognized difficulty in proving Caccioppoli-type esti-
mates for weak solutions: One often needs a test function depending on
u itself, but u may not be admissible. For example, the time derivative

of the test function contains ‘Z—;‘, which does not necessarily exist as a

function. There are several ways to treat this difficulty: We may, for
example, use the Steklov averages, as on page 25 in [DiB93], or we may
use the standard mollifications. We adopt the latter approach and set

o(x, 1) /¢ (s)ds,

where ¢ € C§°(2 x (0,7)) and (.(s) is a standard mollifier, whose
support is contained in (—¢,¢) with e < dist (spt(¢), 2 x {0,7}). We
insert ¢ into (2.2), change variables, and apply Fubini’s theorem to

obtain
T a¢ T
—/ / u.— dz + / /A(x,t, Vu). - Vodz = 0. (2.3)
o Jo Ot o Ja

Here u. and A(x,t, Vu). denote the standard mollifications in the time

direction.

We finish this section with the notation used throughout the work. Let
D=Qx(0,T)

be a space-time cylinder. We denote the points of the cylinder by
z = (x,t) and employ a shorthand notation dz = dzdt. Let zp =
(x0,t9) € D and 6, p > 0. Then we denote

B,(xzg) ={x € R" : [z —xo| < p},
B(ao) = {z €R" : [o — o] < p},
and
Noga(to) = (o — 505%, to+ 300°).
Further, a space-time cylinder in R™*! is denoted by
Qpp2(20) = Qpop2 (0, T0) = By(wo) X Ngp2(to)-

When no confusion arises, we shall omit the reference points and simply
write B,, Ag,2 and @, g,2. The integral average of u is denoted by

u(t) = ]{3 u(z,t)de = ﬁ/}gpu(x,t) da,
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where |B,| denotes the Lebesgue measure of B,. Finally, ¢’ sometimes
denotes the time derivative of ¢ instead of %.

3. ESTIMATES NEAR THE LATERAL BOUNDARY

In this section, we derive estimates near the lateral boundary 0 x
(0, 7). These estimates are applied in Section 4 in order to prove a
reverse Holder inequality.

A Lebesgue-type initial condition and a Sobolev-type boundary condi-
tion turn out to be convenient for our purposes. To be more specific,
we say that u is a global solution if u € LP(0, T; WP(Q)) satisfies (2.2)
as well as the initial and boundary conditions:

u(-,t) — (-, t) € WyP(Q) for almost every t e (0,7)

and
1 b
E/ /|u—gp|2dxdt—>0 as h—0,
0o Ja

for a given

(3.1)

o € WH2(0,T; L*(Q)) N LF(0, T; WHP(Q)).
Observe that already smooth ¢ leads to a nontrivial theory. We start

with a Caccioppoli-type inequality.

Lemma 3.2 (CaccioppoLl). Let u be a global solution with the bound-
ary and initial conditions (3.1). Let § > 0, suppose that 0 < p < M
for some M > 0, and let Q,p,2 = Q,0,2(0,t0) C R™™'. Then there
exists a constant ¢ = c¢(n,p, M, «, 3) > 0 such that

/ |VulPdz+  esssup / lu — | dz
Q , oND teAgpzﬂ(O,T) B,NQ

p,0p
C C
Sﬁ lu — pl*dz + — lu — P dz
P Qup,0(4p)20D Qup,0(4p)2N D
+e / dz,
Qup,0(ap)2"D

where D = Q x (0,T) and f = (|80/|p/(p_1) + |V90|p)1/p'

Proof: We may assume that Q,g,2 N D # () since otherwise the claim
is trivial. Let t; € Age N (0,7). We define x(,, (t) to be a piecewise
linear approximation of a characteristic function such that

X]&tl(t):l as h <t<t; —h,
Xoo () =0 as t<h/10 or t>t —h/10,
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and

Further, denote by Xg”f (1), uc and @, the standard mollifications in the
time direction for e < h/20. We choose a test function

0-(x,t) = 0P (w, ) (ue(x, 1) — pe(w, ) xo7, (8),

where n € C§°(R") is a cut-off function such that sptn C Qupp(ap)2,
n(x,t) =11in Q g2, 0 <n <1, and

p |Vl +6p?

n
—| <ec .
(%‘_c (3.3)

The mollification in the time direction does not affect the lateral bound-
ary values, and thus ¢.(-,t) € W, *(Q) for almost every t € (0, 7).

To begin with, we insert the test function into (2.3) and manipulate
the first term to have

- /D usgldz = — /D (e — pe)¢c dz — /D peprdz. (34)

By integrating the first term on the right hand side of (3.4) by parts,
we obtain

- / (ue - 908>¢/5 dz
D
£ 1 £
= — /D ((us — ) (Pxes,) + 5 [(ue = ws)Q}/npx'&’tl) dz
1 c
=5 [ = P raiy e

As a next step, we take limits, apply the initial condition, and use the
well-known convergence properties of mollified functions. We deduce
for almost every t; € Agy,2 N (0,7) that

1
- / (e — @e)p. dz— — 5/ u— 'prP " dz
D QX(0t1
/]uxtl o(x,t1)*nP(x, ;) da,

as first ¢ — 0 and then h — 0. Because we take the limits in this
order, the mollifications are well defined. Observe also that the initial
boundary term disappears at ¢ = 0 because of the initial condition.
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Then we combine the previous estimates, integrate the last term of
(3.4) by parts, and obtain

1 _
—/ U, dz — — 5/ lu— p|*p" ' dz
D Qx(0,t1)

+ % /Q(u(x,tl) —o(z,t))*n"(z,t1) da

+ / '’ (u — ) dz,
QX(O,tl)
as first € — 0 and then h — 0.

Inserting the test function into the second term of (2.3) implies

/A(x, t,Vu). -V (np(us - @E)X&Z) dz
D

— Az, t,Vu) - [pP ' Vin(u — @) + 7 (Vu — V)| dz,
Qx(0,t1)

as first € — 0 and then h — 0.

Collecting the facts, we arrive at
1
/ npA(I7t7 VU) -Vu dz + _/ |U(l‘7t1) - 90<x’t1)|277p<x7t1) dz
Qx(0,1) 2 Ja

1 B
< 5/ lu—Ppn?~ 1| dz +/ || P |u — | dz
Qx(0,t1) Qx(0,t1)

[ At Tu) e (9 gl ds
Qx(0,t1)

+/ |A(z,t, Vu)|n* V| dz.
Qx(0,t1)
(3.5)

In view of our hypotheses on A, the first term on the left hand side
satisfies the inequality

a/ P [Vul? dz < / Az, t,Vu) - Vu dz.
Qx(0,t1) Qx(0,t1)

Since p < M, there exists a constant ¢ > 0 such that 1 < ¢/pP, where
¢, of course, depends on M. Consequently, Young’s inequality implies

/ '[P |u — | dz
Qx(0,t1)

= 6/ [/ o dz = lu — p|Pn” dz,
Qx(0,t1) PP Jax(0,t1)
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where the constant depends on M and € > 0. Next we estimate the
third term on the right hand side of (3.5). Young’s inequality and the
structural assumptions on A lead to

/ Al t, V) pr " [Vl Ju — o] dz
Qx(0,t1)

Sa/ |Vu|p'r]pdz—i—c/ IVnl” |u — pl? dz.
Qx(0,t1) Qx(0,t1)

A similar reasoning allows us to estimate the fourth term on the right
hand side of (3.5) as

| eyl vl as
Qx(0,t1)

< 5/ |VulP nP dz + c/ " Vol dz.
Qx(0,t1) Qx(0,t1)

Let us then estimate the second term on the left hand side of (3.5).
We can choose t; € Ag,2 N (0,T) such that
1

—  esssup / lu — @*n” da
t€A,,20(0,7) J BN

< / (e, 1) — (s )PP (o, 1)
Q

Finally, we combine the above estimates with (3.5) and choose £ > 0
small enough to absorb

5/ n” | Vul” dz
Qx(0,t1)

into the left hand side. Since 7 satisfies condition (3.3), we obtain the
claim. [

The regularity of the boundary plays a role in the global higher inte-
grability. In this work, we assume that the complement of the domain
satisfies a uniform capacity density condition.

Let 1 < p < co. The variational p-capacity of a compact set C' C € is
defined to be

cap,(C, ) = ilgf/ |Vg|? dz,
Q

where the infimum is taken over all the functions g € C§°(€2) such that
g =11in C. To define the variational p-capacity of an open set U C (2,
we take the supremum over the capacities of the compact sets belonging
to U. The variational p-capacity of an arbitrary set £ C  is defined
by taking the infimum over the capacities of the open sets containing
E. For further details, see Chapter 2 of [HKM93], Chapter 2 of [MZ97],
or Chapter 4 of [EG92].
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A set E C R" is said to be of p-capacity zero if
cap,(ENU,U) =0

for all open U C R™. For the capacity of a ball, we obtain the following
simple formula

Capp(EW B2P> =cp" P, (3.6)
where ¢ > 0 depends only on n and p.

Let us now introduce the capacity density condition which we later
impose on the complement of the domain. For the higher integrability
results, this condition is essentially sharp as pointed out in Remark 3.3
of [KK94] in the elliptic case.

Definition 3.7. A set E C R" is uniformly p-thick if there exist con-
stants p, po > 0 such that

Capp(E ﬂgp(x), B2p($)) > Mcapp(§p<x)> ng(x)),
for all x € E and for all 0 < p < py.

If we replace the capacity with the Lebesgue measure in the definition
above, then we obtain a measure density condition. A set F, satisfying
the measure density condition, is uniformly p-thick for all p > 1. If
p > n, then every nonempty set is uniformly p-thick. The following
lemma extends the capacity estimate in Definition 3.7.

Lemma 3.8. Let 2 be a bounded open set, and suppose that R™ \ Q is
uniformly p-thick. Choose y € € such that B%p(y) \ Q #0. Then there

exists a constant i = fi(u, po,n,p) > 0 such that
cap,(Ba2y(y) \ Q. Bay(y)) = ficap,(Bap(y), Bap(y))-

Proof: Since B%p(y) \ Q # 0, we may choose z € R"\ Q such that
dist(z,y) < 3p. Then

By,(y) C B(%+4)p(x) and ng(x) C Bs,(y),
and hence due to the properties of the capacity, we obtain

capy (Do) \ 2 Bip) = cap, (Boo0) \ 2 By ()
> cap, (B, (0) \ @, B ().

Lemma 2.16 of [HKM93] provides the estimate
capy (B (1) \ ©, Bia () > ccap, (B, () \ ©, By (2)),
and hence the uniform p-thickness condition implies
capp(E%p(x) N, By, (2)) = cp Capp(E%p(l‘), Ba,(z)).  (3.10)
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According to (3.6), there exists a constant ¢ > 0 such that
cap,(Bz,(x), B1,(x)) > ccap,(Bs,(y), Biy(y))- (3.11)

A combination of (3.9), (3.10), and (3.11) implies the result. O

A uniformly p-thick domain has a deep self-improving property. This
result was shown by Lewis in [Lew88]. See also [Anc86] and [Mik96].

Theorem 3.12. Let 1 < p < n. If a set E is uniformly p-thick, then
there ezists a constant ¢ = q(n,p, u) such that 1 < q < p for which E
s uniformly q-thick.

A uniformly ¢-thick set is also uniformly p-thick for all p > ¢. This is
a simple consequence of Holder’s and Young’s inequalities. We prove
the claim for a compact set.

Lemma 3.13. If a compact set E is uniformly q-thick, then E is uni-
formly p-thick for all p > q.

Proof: Choose x € E and p such that 0 < p < pg, where pg is the
constant in Definition 3.7. Denote B, = B,(x). By (3.6), we have

cap, (B, Ba,) = cp" " = cp?" cap,(B,, B,),

where the constant in the last expression depends on n, p and q.

We choose g € C3°(By,) such that g =1 in EN B,. Consequently, g is
admissible in calculating the g-capacity for &' N B,, and thus Holder’s
inequality implies

cap, (£ N Ep, By,)

a/p
S/ IVg|? dz < cpm1=9/P) / |Vg|" dz .
B B

By the uniform ¢-thickness of E and the above estimates, we get
Capp<§p7 B2p) = C/Oq_p cap, (Epa B2p)
S qulcqup Capq(E N Fpa B2p)

a/p
< ¢plap)d=n/p) (/ IVg|? dx) .
B

Then we apply Young’s inequality and have

2p 2p

2p

cap,(B,, Bayp) < ep™ P + c/ |VglP d.

Ba,
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The first term on the right can be absorbed into the left side by choosing
¢ > 0 small enough. The result follows by taking the infimum with
respect to g. U

Next we establish a well-known version of the Sobolev-type inequality
(see [Hed81], Chapter 10 of [Maz85] and also Lemma 3.1 of [KK94]).
Later, we combine this estimate with the boundary regularity condition
and obtain a boundary version of Sobolev’s inequality. We repeat the
proof for the convenience of the reader.

The proof uses quasicontinuous representatives of the Sobolev func-
tions. We call u € WHP(Q) p-quasicontinuous if for each € > 0 there
exists an open set U, U C Q C Bg, such that cap,(U, Bog) < ¢, and
the restriction of u to the set Q \ U is finite valued and continuous.

The p-quasicontinuous functions are closely related to the Sobolev space
WhP(Q): For example, if u € W1P(Q), then u has a p-quasicontinuous
representative. In addition, the capacity can be written in terms of
quasicontinuous representatives.

From now on, we only consider the case p < n for simplicity. This
restriction is only technical, but, in this way, we avoid repeating es-
sentially the same proofs with more complicated powers emerging from
the different versions of the Sobolev-Poincaré inequalities.

Lemma 3.14. Suppose that ¢ € (1,p) and that u € W'9(By,) is ¢-
quasicontinuous. Denote

Ng,(u) ={z € B, : u(z) =0}

and choose § € [q,q*|, where ¢* = qn/(n — q). Then there ezists a
constant ¢ = ¢(n,q) > 0 such that

1/4 1/q
. c
u|?dx < / Vul|?dz )
(]{92[) [ ) (capq(NB,, (u), Bap) Ba, Vel )

Proof: First, assume that up,, = f32 u(z)dz # 0. Then choose
¢ € C§°(By,) such that ¢ =1 in B, and |V¢| < ¢/p. We define

v = ¢(up,, —u).

Clearly, v € W,*%(By,) is g-quasicontinuous and

v=up,, —u in B,
Furthermore,

/ |Voul?dx < c/ |Vul?dz (3.15)
Ba,

Ba,
due to Poincaré’s inequality.
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The variational ¢-capacity of a set ' C Fp can be written in the form

cap,(E, By,) = iI;f/ |Vg|? dz,

Ba,

where g € Wy(By,) is ¢-quasicontinuous and g > 1 in F, except on a
set of g-capacity zero (see, for example, pages 75 and 66 of [MZ97]). It
follows that

/ ‘VU/UBZp}q dx > capq(NBp(u),sz)

Ba,

since v/upg,, = 1 in Np,(u), and hence

1/q
1
up,, | < Voulldx ) 3.16
| Bp’ (Capq<NBp(U),BQP)/B ‘ | ) ( )

2p

The triangle inequality, (3.16), Poincaré’s inequality, and (3.15) lead to

1/q

1/q
<][ \u]‘jdx> < <][ [up,, —u|‘7dx> + ‘u32p|
B2p BZP
1/q 1
<c pq_”/ Vul?dx + /
( o ) (capqup(u),sz) ;

Since Ng,(u) C B,, estimate (3.6) implies

1/q
|Vu|qu> .

2p

cap,(Np,(u), By,) < cp" ™,

and, consequently,

1/§ 1/q
- c
ul?dz < / Vul?dx )
(J[sz [ul ) (Capq(NBp (u), Bap) Ba, Vel >

If up,, = 0, the claim follows immediately from Poincaré’s inequality.
0

In the same way, we could prove that the above estimate holds if the
powers on both sides are replaced by p.

Lemma 3.17. Suppose that w € WP (By,) is p-quasicontinuous and
let Np,(u) be as above. Then there exists a constant ¢ = c(n,p) > 0

such that
1/p
|VulP dx) :

1/p
(]{9 ur dx) = <capp<NBf s

2p
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In order to derive a reverse Holder inequality, we estimate the right
hand side of Caccioppoli’s inequality in terms of the gradient. A natural
idea is to use Sobolev’s inequality, but there is a principal difficulty in
the parabolic case: We assume little regularity for a weak solution
u in the time direction, and Sobolev’s inequality is not applicable in
space-time cylinders as such. Nevertheless, weak solutions satisfy the
following version of parabolic Sobolev’s inequality.

Lemma 3.18 (PARABOLIC SOBOLEV). Let u be a global solution with the
boundary and initial conditions (3.1). Suppose that R™\ Q is uniformly
p-thick. Let 0 > 0 and choose Q,g,2 = Q0,2 (0, to) C R such that
B%p(xo) \ Q # 0. Further, choose M such that p < M. Then there

exists a constant ¢ = c(n, p, M, u, po, a, ) > 0 so that

ess sup / lu — @] dz
teA(,pzﬂ(O,T) B,NQ

1 2/p
<ep"? | —— [V(u— )P dz
|Q4p,9(4p)2‘ Q4p’9(4p)2ﬂD
+c/ \V(u—go)\pdz—l—c/ fPde,
Qup,0(2p2" D Qup,0(202" D

where f = (|g0’|p/(p71) + |V<p|p)1/p.

Proof: In order to prove the claim, we estimate the right hand side
of Caccioppoli’s inequality by applying Lemma 3.17 and the uniform
capacity density condition.

Lemma 3.2 provides the estimate

ess sup / lu — @|* dz
teAgpzﬂ(O,T) B,NQ

c c
< — u—pl*dz + — lu—pPdz (3.19)
P™JQupp(apy2NP Qup,o(4p)2"D
+ c/ fPdz.
Q 2ND

4p,0(4p)

We extend u(-,t)—¢(+, t) by zero outside of 2 and use the same notation
for the extension. For a given ¢, we denote

Ng,,(u—¢) ={z € By, : u(z,t) — p(z,t) = 0}.
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We estimate the first term on the right side of (3.19) by using Holder’s
inequality and Lemma 3.17. Consequently,

Yo u— pf* dz

1 2/p
c n
p A9<4p)20(0,T) 4p B4p
2/p

cp” 1 /
=92 V(u—g)Pde)| dt.
0p? A9(4P)QO(O,T)(Capp(Nng<U — ), By,) B,

Since R™ \  is uniformly p-thick and B s ,(10) \ Q # 0, we conclude by
Lemma 3.8 and (3.6) that

cap,(Na,, (u — ¢), Buy(20)) > ficap,(Ba, (o), By(0)) = cp"?

for almost every ¢ € [0,7]. Notice that this estimate still holds true
if we redefine u(-,t) — ¢(+,t) in a set of measure zero in Q2. Next we
merge the estimates and obtain

c 2
Q—pQ/Q |U—90| dz

1p,0(4p)20D

1 2/p
cp™t? (— V(u— )P dz) :

‘Q4p79(4p)2 ’ Q4p,9(4p)2mD

IN

A similar calculation can be repeated for the second term on the right
hand side of (3.19), and thus the result follows. O

One of the difficulties in proving the main result is the fact that both
powers 2 and p play a role in the above inequalities. For example, if
we simply divide the term

c

po lu—l’dz

P Qup,0(4p)20D

into two parts, as in the quadratic case (see [GS82]), powers do not
match. Therefore, we derive a Sobolev-type lemma that takes both
powers into account. We again work out the proof in the case p < n
for simplicity.

Lemma 3.20. Let u be a global solution with the boundary and initial
conditions (3.1). Suppose that R™ \ Q is uniformly p-thick. Let 8 > 0
and choose Q52 = Qpop2(2o,t0) C R such that Ba(xo) \ Q # 0.

Then there exist constants § = ¢(n,p, ) < p and ¢ = c(n,p, pt, po) > 0
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such that
1

‘Q4p79(4p)2 | Q4p,0(4p)20D

q/q
) N
<[ IV(u— )| dz
‘ Q4p,0(4p)2 ’ Qup,0(ap)2"P

a/n
: ess sup / lu — @* dz )
t€89(4,)20(0,7) J Bi,nQ

where ¢ = pn/(n + 2).

lu—f’dz

Proof: The proof is based on Holder’s and Sobolev’s inequalities. We
set

U(l‘,t) = |U($,t) - go(x,t)| ’
and employ Hélder’s inequality to obtain

/ vPdr = / 02P/(2+n)  p=2p/(247) ],
B4me B4me

a/n a/q
< / v?dx / v? dx ,
B4pﬂQ B4pﬂQ

where ¢* = gn/(n—q) = np/(n+2—p). Observe that ¢* is well defined
provided that p < n + 2. This condition is satisfied since we assumed
that p < n.

We extend v(-,t) by zero outside of Q2 and use the same notation for
the extension. Let ¢ > ¢ be fixed later and set ¢* = ¢n/(n — q).
Furthermore, for a given ¢, denote

Ng,,(v) ={z € By, : v(z,t) = 0}.
According to Holder’s inequality and Lemma 3.14, we get

a/q
< cpm/7 ( ! T d:v) (3.21)

1 a/q
[ orar)”
(Capq(NB2p (U)v B4p) Bup ‘ |

Notice that the assumption ¢ < p < n is used here. In the case ¢ > n,
we should use a different version of Sobolev’s inequality.
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To continue, we would like to use the uniform capacity density con-
dition, but this is not immediately possible since ¢ < p and since we
only assumed that the complement of the domain is uniformly p-thick.
Nevertheless, Theorem 3.12 asserts that the density condition satisfies
the self-improving property. This, together with Lemma 3.8 and (3.6),
implies
Cap[i(NB2p (u - @)7 B4P) > ﬁcap[j(EQl)? B4P> = Cpniqa

for almost every t and for large enough ¢ < p. We combine this capacity
estimate with (3.21) and conclude that

a/q a/q
(/ v? dx) < cp" <][ |Vol? d:c) .
B4pﬂﬂ B4p

Collecting the estimates, we arrive at
1

’B4P‘ B4pND

a/n 1 a/q
<c / v? dw |Vo|?dx :
By, ’B4p‘ By,ND

The claim follows by integrating this estimate with respect to time and
using Holder’s inequality. U

*

P dx

4. REVERSE HOLDER INEQUALITIES NEAR THE LATERAL
BOUNDARY

In this section, we derive a reverse Holder inequality for the gradient
of a solution near the lateral boundary and show that this inequality
has a self-improving property. We first apply the estimates from the
previous section in scaled space-time cylinders and later use covering
arguments to extend the results to general cylinders. The scaling takes
both the nonlinearity and the boundary effects into account.

Lemma 4.1 (REVERSE HOLDER). Let u be a global solution with the
boundary and initial conditions (3.1). Suppose that R™\ 2 is uniformly
p-thick. Let X > 0, set @ = X\*"P, and choose Q,p,2 = Q,0p2(x0,t0) C
R such that B, (w0) \ Q2 # (). Further, choose M such that p < M
and suppose that there exists a constant ¢c; > 1 for which

1
et < / (IVul’ + f7) dz
|Qp,9p2 | prepg nD

’ (4.2)
L / (|Vu|p + fp) dz < AN,
Q

|Q20p,0(20p)2 | 20p,0(20p)2 D
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where f = (|Vg|” + |@/[”/®~Y )1/p. Then there exist constants ¢ =
c(n,p,c, u,po,M a,3) >0 and ¢ = q(n,p, ) < p such that

|Vul|Pdz
|Q20p 0(20p)2 | / 002D

p/q
c ;
g [ — |Vul?dz
’Q4P,9(4P)2 | Qup,0(ap)2MD

¢ frdz.

’Q4p79(4p)2 | Q4p,0(4p)2mD

Proof: The idea in the proof is to estimate the terms on the right
hand side of Caccioppoli’s inequality with the gradient by using the
parabolic and capacity versions of Sobolev’s inequality. The scaling of
the time direction is used in absorbing the additional terms into the
left.

Recalling Lemma 3.2, we have

el
- Vul + ) dz
’Qp,9p2| prgpzﬂD (| ‘ )

B Ju—¢l*dz
= 00 |Qupotap?| Ja,, piaypenp

C (4.3)
< lu— ¢l dz
PP ‘Q4p,9(4p)2’ Qap,0(4)2"D
C

+ fPdz.

’Q4p79(4p)2 | Q4p,9(4p)2mD

Since p > 2 and § = A\>7P, we may estimate the first term on the right
in terms of the second by using Hélder’s and Young’s inequalities. We
conclude that

c ‘ |2 d
- - u—@ dz
0p? }Q4p,9(4p)2‘ Qup,o(4p)2MD

1 2/p
<N —/— lu—pf" dz (44)
pr ‘Q4p,0(4p)2‘ Qup,0(4p2" P

C

< NPeg + lu — pl” dz,

pr ‘Q4p,9(4p)2‘ Qup.0(1p)2MD

and hence it is enough to estimate the second term on the right hand
side of (4.3).
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In view of Lemma 3.20, there exists a constant ¢ < p such that
1

}Q4p70(4p)2 ‘ Q4p,€(4p)2mD

q/q
< (4 V(u— )| dz) (4.5)

|Qupoam2| Jay, 0200

a/n
: ess sup / lu — @|* dz :
1€0g04,)20(0.7) J Ba,

Furthermore, Lemma 3.18 allows us to estimate

2
ess sup / lu —p|” dz
t€M g (4,)2N(0,T) J B4,pNQ

1 2/p
n+2 p
ALY —— V(- )P dz
<{Q16p,9(16p)2{ Qu6p,6(16p)21 D (46)

+c/ |V(u—g0)]pdz—|—c/ 7 dz
Qlﬁp,@(le)sz

Q16p,0(160)2MD
< Cpn+2)\2,

lu— |’ dz

IA

where we also used assumption (4.2) and the scaling = \27P.

Young’s inequality, (4.5), and (4.6) imply

o u—f”dz
PP }Q4p,9(4p)2‘ Qup.0(4p20D
1 q/q

c 1 " "
<o V=) dz] ()

PP\ |Qupoapy] Qup,0(4p2"D

p/d
. _
<[ —— V(u—gp)Tdz]| +ex
’Q4p,0(4p)2 | Qup,0(ap)2"D

since p? = p~("+2)4/" We combine the previous estimate with (4.3)
and (4.4). Thus, we deduce

1
/ (IVul? + f7) d=
|Qp,9p2’ QpﬁpzﬂD
p/q
C ~
< 2eN + V(u—¢)|?dz
|Q4p,0(4p)2‘ Q4p79(4p)2ﬂD
+—° 7.

’Q4p)9(4p)2 | Q4p,9(4p)2 nD
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By assumption (4.2), we have
1
et < / (|Vul’ + f7) dz,
|Qp,9p2| Qp,QPQHD

and, as a consequence, we can choose € > 0 small enough to absorb
2e N into the left hand side. Finally, since (4.2) implies

1

— |VulPdz
’QQOp,0(2Op)2’ Q20p79<200)2ﬂD
c
< / (|Vu|p + fp) dz,
‘Qp,@pQ ’ Qpﬂpg nD
we have proven the claim. Il

Next we prove that the reverse Holder inequality has a self-improving
property. In the case p = 2, we could use the well-known Giaquinta-
Modica lemma, which can be found from [GM79] or [Gia83]. See also
[GehT73], [Str80], and [GS82]. Since p > 2, we follow a different strategy:
We split the space-time domain into scaled cylinders so that the reverse
Holder inequality holds in each of them.

We say that Qup,ar)2(z0,to) intersects the lateral boundary if
Qur,ar)> (w0, to) N (02 x [0,T7]) # 0,
and that Qupr 4r)2(7o,to) intersects the initial boundary if
Qur,(ar)> (o, to) N (2 x {0}) # 0.
Furthermore, we denote
V2(0,T;9)
= {o € WY(0,T; L*(Q)) N LPT°(0, T; WHPH(Q)) -
p € C([0,T]; L*(Q)), ¢(-,0) € WHH(Q)},
where 0 > 0 and g = pn/(n + 2).
The proof of the following theorem quotes some initial boundary esti-

mates from Section 6. We postpone the proofs of these estimates in
order to provide the main result as early as possible.

Theorem 4.7. Let u be a global solution to (2.2), satisfying the bound-
ary and initial conditions (3.1) for a boundary function
p € VI0,T;9),

where 6 > 0. Suppose that R™\  is uniformly p-thick and that R < M
for some M > 0. Choose Qrpr> = Qrr2(To,t) C R™™ such that
Qur,4r)? intersects the lateral and initial boundaries. Then there exist
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constants g = eo(n, p, M, 9, po, i1, a, 3) > 0 and ¢ > 0 with the same
dependencies such that for all 0 < e < g9, we have

1 1/(p+e)
|Vu|P*e dz
’QR,R2 | QR,R2 nD

c . 1/(g+e)
< )
(’B4R| B4srNOQ
1/(p+e)
c
el (IVul” + %) dz
|Qur,ur2| Jo, r.(am2D

+ [ —— (IVul’ + f7) dz |,
}Q4Rv(43)2‘ Qur,(ar2ND

where 0 = (2+¢)/(2(p +¢€)), g = pn/(n + 2), f = |Ve(z,0)|, and

f=(1VeP + 1P ).

Proof: The proof consists of several steps. First, we cover the space-
time cylinder with smaller Whitney-type cylinders. By using Whitney
cylinders, we are able to derive estimates with constants independent of
the location. Then we divide the space-time cylinder into a good and a
bad set. In the good set, the function |Vu|” is in control by definition,
and in the bad set, we can estimate the average of the gradient by using
the reverse Holder inequality. The Calderén-Zygmund decomposition is
usually applied for this, but here we use a different strategy that seems
to work better in the parabolic setting with general growth conditions.
Finally, we obtain the higher integrability by using Fubini’s theorem.

We denote Qo = Qur,r)2(20) = Qur,ur)?2(2o,to) and divide @ into
the Whitney-type cylinders

Qz‘ == Qrim?(yi,ﬁ), 1= 1, 2, ceey

where r; is comparable to the parabolic distance of @); to the 0@y (see,
for example, page 15 of [Ste93]). Parabolic distance is defined to be

dist, (E, F) = inf {|z — 7| + |t — {|'/* : (2,t) € E,(7,}) € F}.

In addition, cylinders (); are of bounded overlap, meaning that every
z belongs, at most, to a fixed finite number of cylinders, and

Qsr,(5r)2 C Qo.

The next step is to divide )y into a good and a bad set. We aim to
choose the scaling A > 0 so that condition (4.2) holds in the cylinders
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having a center point in the bad set. To this end, set

] 1/2
X, = ( (Vul + f7) dz) |

|QO| QoND
and choose A such that

A > max(\g, 1) = Ag.
For (z,t) € Qo N D, we define
W, t) = ——— s min{ QU2 s (2,) € Qi) [Vu(a, )]
ca |Qol
where ¢, > 1 is fixed later. Further, choose (Z,%) € D such that
h(z,t) > A
and fix Q; for which (%,7) € Q; N D. We define

a=ait) = |’g(:||,

and
0 = \>7Pal P2,

If (z,t) belongs to many Whitney cylinders, any of them will do.

Next we show that the second inequality in condition (4.2) is valid due

to the definition of A. For Q, g2 = Q,0,2(%,t), /20 < v < 7y, we

obtain
1
—/ (Vul” + f7) da
|Qr,0r2| Q, g2ND

< €G] 1 (IVul? + f7) d=

N |Ql|0 |QO| QoND

< CQPQP/QAP’

where ¢; is chosen to be large enough. The first inequality in (4.2) will
be valid for small cylinders due to Lebesgue’s differentiation theorem.
We arrive at
1
lim
r’'—0 |Qr/797ﬂ/2| Qr’,@r’Q (i,f)

(IVul? + fP) dz > coPaP/? )P,
which holds for almost every (Z,t) € Q; N D such that h(Z,f) > A\. An

appropriate version of Lebesgue’s differentiation theorem is proven in
[Zyg34].

Observe that the integral above is continuous with respect to r. Fur-
thermore, the integral is less than or equal to c”a?/?AP for all r,
ri/20 < r < r;, and greater than coPaP2 )P for r small enough. Thus,
there exists p1, 0 < p; < 1;/20, such that the integral equals coPaP2\P
if r = p1. Moreover, for all larger values of r, the integral is less than
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or equal to coPa?’?)\P. Consequently, there exists a constant ¢ > 1,
independent of the location, such that

¢ taP2)\p
1
<— (IVul? + f7) dz
’Qpl,ep% Qpl,ep% no (48)
C

<< (Vul? + %) d < Catlo
|Q2Op1,9(2091)2‘ Q20p1,0(20P1)2mD

Similar reasoning implies that there exists ps < p1, 0 < py < 1;/20,
such that

e LaP/2)\p < 1

|Vul? dz

nD
,02,9p§

Q

@, 002
peir (4.9)
<—° |Vul’ dz < a2 )P
| Q20p2,0(2002)2| Quopy 0(20p2"D

At this point, we remark that a, A > 1, and, therefore, # < 1 as well as
Q20p1,62001)2 C Qo.

If \ is replaced by a'/2), then (4.8) shows that condition (4.2) in
Lemma 4.1 holds with p; whenever h(Z,t) > X and, further, 6p*> =
(2N Pp2. If B, (2)\ Q # 0, then Lemma 4.1 implies

b |Vul|” dz
‘Qplﬁp% QPLW%QD
p/q
< (; |Vu|‘7dz> (4.10)
|Q4pl,9(4pl)2‘ Qupy 0(4p)2NP
C

frdz,

|Q4pl,9(4pl)2‘ Qupy,0(4p)2ND
for some ¢ < p.

Assume then that Bi, () \ Q = 0 and denote ¢ = pn/(n +2). If
Q T 2 8(% )2 does not intersect the initial boundary, we obtain a local
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result

1
— Vul” dz

‘szﬁpg @py.0037P

p/q

-1
/ |Vu|?dz (4.11)

sc ‘Q%pzﬁ(%ﬁz)Q

Zp2,0(Lp2)

p/q
c -
S (_ ‘Vu‘qu) )
’Q4p2,9(4,02)2‘ Q4p2,9(4p2)20D

where Holder’s inequality was applied in the last step. For the proof of
the local result, we refer to Lemma 3.4 in [KLO0O.

Next we quote a result from Section 6. If Bi, () \ Q@ = 0 and if
Q T2 0(Lpa)? intersects the initial boundary, then we obtain an initial
boundary estimate

1
— |Vul? dz

‘Qﬂzﬁpg @py.003MP

p/q
< (4 [Vl dz) (4.12)

|Q49279(4P2)2‘ Qupy 0(4p9)2N P

p/q
C ~
+ fidx ,
(’B4p2’ BipyNQ >

where f = |V(z,0)|. Due to our assumptions on the initial values, the
last term is well-defined. Actually, we derive this estimate in a slightly
different form in Lemma 6.1. Nonetheless, the same proof applies here
since p € C([0,T]; L*(2)) and since (4.9) is available.

Let us now return to the case B%pl(i’) \ Q # (. From (4.8), we obtain

c I
1 _
< (W + a7 P2 fP) dz
‘Qplﬁpf Qplﬂp%mD (413)
S — / (h + a7 f?) dz < N
| Q2001020012 Qaop, 0209121 D
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since the volumes of all the Whitney cylinders intersecting Q20,, 6(20p,)2
are comparable. In view of (4.10) and (4.13), we have

1

|Q20p1,9(20p1)2 ‘ Q20p1,0(20p1)2 NnD

p/q
. e B dz (4.14)
|Q4P179(4P1)2’ Qupy0(apy)2"P

c

WP + o P2 fPdz

+ PPz,

|Q4p1,9(4pl)2 ‘ Q4p1,9(4P1)20D

We used (4.13) above and thus obtained a larger cylinder on the left
hand side. The cylinder Qa0 9(205,)> might intersect the boundary of
D even if Q4 g4p,)> does not. On the other hand, the first term on
the right hand side also depends, in a sense, on the values near the
boundary since h(Z,%) > .

Next we decompose @)y into level sets. We define

G\) ={(z,t) € QoN D : h(x,t) > \}
and

G\ ={(z,t) € QN D : f(x,t) > A}

Since h(z,t) > A in G()), we can use the previous estimates in G(\).

Observe that

h(z,t) <nA whenever (z,t) € (Qupy001p12 N D)\ G(nA),
and

f(z,t) <n\  whenever (x,t) € (Qup, 0(4p)2 N D)\ G(n)).

Furthermore, since

o = (jQil /1)) < 1,
we obtain by (4.14) that
1

‘Q20p1,9(20p1)2 | Q20p1’9(20p1>2 nD

(hW? + P2 fP) dz

C

p/q
< enP NP+ hidz (4.15)
)2 QG(T])\)

}Q40179(401)2| Qupy 0(4p,

¢ Pz

T
‘Q4P1,9(4P1)2| Qupy 0(ap))2NG(NN)
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By Holder’s inequality and (4.13), there exists a constant ¢ > 1 such

that
1 (p—9)/q
(— ha dz) < e Y, (4.16)

‘Q4p1,9(4p1)2| Q4p1,9(4ﬁ1)2mD

To continue, we choose > 0 small enough to absorb the first term
on the right hand side of (4.15) into the left. This is possible due to
(4.13). We combine the result with (4.16), multiply by ‘QQOPLQQOM)Z ,
and get
/ hPdz < c)\p_q/ hidz
Q

20p1,0(2001)21P Qupy 0(4p1)2NG (1)

(4.17)

+c fPdz.
Q4p176(4p1)2mG(77)‘)

It Bi, () \ Q@ = 0 and if Q14,0(1p)2 does not intersect the initial
boundary, then we obtain a local version of the above estimate by
using (4.9) and (4.11). Consequently,
/ hPdz < c)\pq/ hidz
Q

20p,0(20p)2 P Q%pg,é(%ﬂz)QOG(n/\)

(4.18)
< el hidz.
Qupy.0(4pp)2 G (M)

Finally, if B%’)Q(:ﬁ) \ Q = @ and if Q%p%e(%pz
boundary, then we obtain an initial boundary version by using (4.9)
and (4.12). Since |Q20p2’9(20p2)2‘_1 =c |B4p2|_p/q, we deduce

J

)2 intersects the initial

hPdz < c)\pq/ hidz
Qupy.0(apg)2 G (M)

p/q
+|c / fidx ,
B4p2ﬁé(n>\)

G(n\) = {z € Bir(xo) NQ = f(x) > nA}.
We consider this case in more detail in the proof of Theorem 6.6. Since
p2 < pi, either Ba, (T)\Q = () and (4.9) holds, or Bi, (2)\ Q2 # () and

(4.8) holds. Thus, one of the above estimates is always available.

200279(2002)20[)

(4.19)

where

As a next step, we use a covering argument to extend the estimates to
the whole of G()). By Vitali’s covering theorem, we have a disjoint set
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of cylinders
{Quroap (G}, Z€ G, &= (T4h) (4.20)

such that almost everywhere
G(\) C U onp;,e(mp;)?(gz‘) C Qo
i=1

and either (4.17), (4.18) or (4.19) holds in each of the cylinders. Then
we sum over ¢ and obtain

/ Wdz <> hP dz
G i=1 7 Qa0p;,6(20p;)2 (%1)ND
<oyt

=1

Q4Piv0(4pi)2 (Z))NG ()

_ p/q
gcAp‘@/ h‘jdz—irc/ fpdz—l—c</ fqu) ,
G(nA\) G(nN) G(nX)

where b; is either the lateral boundary term, initial boundary term, or
zero, depending on the corresponding estimate. When summing over
the initial boundary terms, we used the fact that p/q > 1.

hidz + bi> (4.21)

The higher integrability result is now a consequence of (4.21) and Fu-
bini’s theorem. To see this, we integrate over G()g) and use (4.21)
together with Fubini’s theorem. Thus,

h
/ WPt ds = / ( / eI + (A0)€> hP dz
G(No) G(ro) o

_ . / A / WP dzd) + (Ao)° / hPdz
o aln) G(o)

< c/ 8)\51”5/ hidz + 8)\61/ fPdz
Ao G(nN) G(nA)

o\
+ ax‘—1< fo dx)p ") dr+ (o) hP dz.
G G0)

We estimate the right hand side in three parts. First, by Fubini’s
theorem, we see that

£ / NP / hidzd\ + (\o)° / h? dz
GV G(h)

Ao
h/n o
06/ / NeTHP=apd g dz + ()\0)6/ hP dz
G(nXo) 7 o G(Mo)
ce

(h6+pn§—p—6 _ ()\O)s+p—iihfi) dz + ()\0)5/ hPdz.
G(Xo)

(4.22)

-
€+P—aJamn)
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Since the second term in the first integral is negative, it follows that

ce ~/ (herpn(ifp*E . )\Osﬂ)ﬂihd) dz

EFTDP—q Jamr)

< ce _ </ hsﬂh,]tifpﬁi dz + ()\0)5/ hpanpfs dz)
E+p—gq G(Mo) G(n2o)\G(Mo)

e / P dz + ¢ (No)® / h? dz,
E+P—4q Jam) G(n)o)

where we also used the fact that A\g > h in G(nAg) \ G(Ag). We end up

with
e/ )\61“"7/ hidzd\ + ()\0)5/ h? dz
o G(n\) G(Xo)

< L/ h5+pdz+c()\0)5/ hP dz.
E+DP—4qJc G(nAo)

(4.23)

Let us now estimate the lateral boundary term in (4.22). We utilize
Fubini’s theorem and obtain

OO/\E_1 Pdzd)\ = — (\)F) fPd
/ /@(Wf . /é(w)((f/n) (Mo)f) fdz

(4.24)
<c / fetrde.
G(n)o)
The initial boundary term in (4.22) can be estimated as
0o N p/q
5/ A= </ 11 dx) dA
. G (4.25)

~ (p+e)/(g+e)
< CRQE/(q+E) (/ fq—i-a dl‘) )

G(nXo)

A detailed calculation for the initial boundary term is presented in
(6.12).

Now we are ready to collect the estimates. We combine (4.23), (4.24),
and (4.25) with (4.22). Then we choose € > 0 small enough to absorb
the term containing h?*¢ into the left hand side and get

/ hp+€dZ§C(/\g)€/ hde—I—C/ fp+€dz
G(Mo) G(nXo) G(nXo)

~ (p+e)/(g+e)
+ ¢cR%/(ate) < / fate dx) .

G(nXo)

(4.26)

Notice that if the term we would like to absorb is infinite, then we can
replace h by hy = min{h, k}, k > X\o. Indeed, estimate (4.21) continues
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to hold in the form

/ R0 dpy < eAP7d / dp
{hx>A} {he>nA}

~ p/q
+c/ fpdz+c(/ fqda:) ,
G(nN) G(n\)

where dy = h9dz. Then we use this estimate in the calculations start-
ing from (4.22) and end up with

(4.27)

{hx>Xo} et+p—g {hx>Xo}

+c(N\o)° / W ldp + ¢ / frredz
{hx>nXo} G(nho)

~ (pte)/(g+e)
+ cR¥/(@t) ( / fate dx) :

G(nXo)
As a result, we can absorb the first term on the right hand side into

the left and then employ Lebesgue’s dominated convergence theorem
to let kK — oo. Thus, we obtain (4.26).

Since h < A\g in (QoN D)\ G(Xg), estimate (4.26) extends to the whole
of Qrr2 N D. Indeed,

/ hPtedz < ()\0)5/ h? dz —|—/ hPtedz
Qp,g2ND (QoND)\G(Mo) G(Xo)

gc(AO)E/ hpdz—Irc/ e ds
QoND QoND

i (p+2)/(a+2)
+ CRZE/(q+€) (/ qurs dx)
BonQ

We divide the estimate by |Qo| and apply the definition of h(z). Since
Qr,r> lies far away from the boundary of Qg = Q4g,ur)2, there exists
¢ > 0, independent of R, such that

min{|Qi["/? : (w,t) € Qi}/|Qo]* > ¢
for every (x,t) € Qrr2 N D. On the right hand side, we estimate

min{|Qi’1/2 : (wi < Ql}/ |QO|1/2 <1

and, consequently,

1 Ao)®
— |Vul|P™e dz < ¢ (o) / |Vul” dz
|Q0‘ Qg r2ND |Q0‘ QoND
. X . L\
+ — i 6dz—i—(— 14 de)
|Qol Jaunp | Bol J om0
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Next we take the cut-off level into account. Remember that either
)\0 =1 or )\0 = )\6

The first case is clear. Moreover, if Ay = A}, then Young’s inequality
1

and the definition of \j leads to
(e+2)/2
_ |Vul’ dz)
|QR,R2 | QR,RQ nD

c (e+2)/2 c .
+ | = fP dz> + — frrede
<|QO| QoND |Q0| QoND

< c - (p+e)/(g+e)
+ | — fire dx)
|BO| BoN$

This finishes the proof. U

VulPte dz<<
Vul Qo S

5. ESTIMATES NEAR THE INITIAL BOUNDARY

This section provides estimates near the initial boundary Q x {0}. Here
we compare the solution with its average instead of the boundary func-
tion, and the estimates become somewhat different. Furthermore, the
regularity of the lateral boundary does not play a role in the proofs,
and weaker assumptions on the initial data can be used.

We say that u is a weak solution to an initial value problem if w,
belonging to the parabolic space LP(0, T; W,-7(12)), satisfies (2.2) and
the initial condition

//\uxt (z)]? dzdt — 0 as h— 0, (5.1)

for all compact sets C' C €2 and for a given initial value function ¢ €
W2 (Q). Here 2, = 2n/(n + 2).

ocC

The proof uses the weighted mean

f32 u(x,t) dx
fsz nP x,t) de

ug,(t) =
instead of the standard mean

Uy (t) = /B ) u(z, t) da.

The weighted mean should be close to the standard mean, and therefore
the weight n € C5°(R"™) is defined to be a cut-off function such that

Spt?? - Q2p79(20)2 (fﬂo,to), 0 S n S 1, and n = 1in QpﬁPQ(iIfo,to),
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where ¢ > 0. In addition,
sup (1) < @ ][ e t)de, ¢ Agpelte)  (5.2)
Z'EBQp BQP

where

1 1
Ngiapy2(to) = (to — 59(20)27 to + 59(20)2)-

The following lemma gives a useful connection between the standard
mean and the weighted mean.

Lemma 5.3. Suppose that By, € Q, let u(-,t) € LY (), where p > 1,
and let m, uy,(t), us,(t) be as above. Then there exists a constant

¢ =c(p,¢) >0 such that

J

/ [u — uy,(t)|P dv < c/ |u — ug,(t)|P da.
Ba,

Bs,

[ — ug,(t)|P do < c/ [u — uy,(t)|P dw

2p B2p

and

Here ¢ is the constant in (5.2).

Proof: Let us begin with the first inequality. We add and subtract
uy,(t), which leads to

/B fu — w (£) + () — ug, (P da

2p
<o [ fu a0 do el Byl (6) - usn(0)]
Bs,

since p > 1. This implies the desired estimate since

(Bl [ (1) — unp (1) < / i (1) — P da

2p

due to Holder’s inequality.

To obtain the second inequality of the claim, we add and subtract
ug,(t). It follows that

][ ju — (B da
B

2p

e fuu (O do o+ clus,(t) - ()P
B

2p
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Then we estimate the last terms on the right hand side by using the
definition of ug (), Holder’s inequality, and assumption (5.2). We con-
clude that

< JCBQP |u — ug,(t)[n? d
- fng nP dz

p
su
< [ ZPeeBa T ][ [0 — g, (t)] d
fngndx B

2p
<o (4
B

which completes the proof. O

|z, (t) — ua,(t)]

1/p
|u — sy (8) [ d:v) :

2p

When we employ Lemma 5.3 in deriving estimates, the constants in the
final estimates depend on ¢ in condition (5.2). Since this constant is
fixed as soon as the weight is fixed, we do not write out this dependency
explicitly.

From now on, we assume that the cut-off function 7, defined at the
beginning of the section, also satisfies

p|Vn| + 6p <ec. (5.4)

n
ot

Next we derive a Caccioppoli-type inequality near the initial boundary.

Lemma 5.5 (CaccioppoLi). Let u be a solution to an initial value
problem with the initial condition (5.1). Let 6 > 0 and choose Q9,2 =
Q002 (w0, to) C R such that By,(zo) C Q and 0 € Agap2(to). Then
there ezists a constant ¢ = c(n,p,a, ) > 0 such that

/ |Vu|P dz 4+ esssup lu—ud, (t)° dz

Q, 0p2ND teNy,2N(0.T) J B,
¢ c

So3 [ — uzp(t)[* dz + — | — g, (t) [P dz
P™ I Qyp 0020200 P™J Qap p(2p2ND

2/2.
+c / Vel dx ,
Bsy

where 2, = 2n/(n+2) and D = Q x (0,7T).

Proof: We may assume that Q,g,2 N D # () since otherwise the claim
is trivial. We choose a test function

0:(2,t) = 0P (w, t) (ue(x, ) — ud, . ())xo7, (1), 1 € Agye N (0,T),
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where uy, _(t) is the weighted average of u. and otherwise the notation
is the same as in Lemma 3.2.

Next we aim to estimate the first term of (2.3). To accomplish this, we
add and subtract uy, . (t)$L to obtain

—/Dusd)é dz = —/D(ue—ugp,g(t))d)’g dz—/Dugp,e(t)¢’adZ- (5.6)

The last term in the above expression vanishes. To see this, we integrate
by parts, use the definition of ug, (t), and have

- [ .0z
D

t [ P dx [, nPu.dx
h.e Bap Bs, n /
= Xo't, (T / u.n? dr — Uy, (t)) dt
JAC ( 5 ) el

=0.

Let us then integrate the first term of (5.6) by parts, take limits, apply
the initial condition, and deduce for almost every t; that

—/ u-gL dz
D

1 _ 1
—os [ ol a5 [ le- e 0
2 Jaxo.m) 2 JB,,
1
5 [ttt = (0Pt do
B2,

as first ¢ — 0 and then h — 0. See also the proof of Lemma 3.2. We
may now choose t; € Ag,2 N (0,7 such that
1

—  esssup / |u—u’27p(t)|277pd$
tefy,2N(0.7) J B,

< / e, 1) — () PP, 1) do
B

2p

Furthermore, we use Lemma 5.3 and Poincaré’s inequality to estimate

2/2.
/ lo — gogp|2da: <c / Ve > dx )
B BQp

To continue, we estimate the second term of (2.3). We see that

/A(x, t,Vu). - Vo.dz
D

2p

— Az, t, Vu) - [pnp_1V7](u — ugp(t)) + anu] dz,
Qx(0,t1)
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as first € — 0 and then h — 0.

Collecting the estimates, we end up with

1
/ A(z,t,Vu) - n’Vudz + = esssup / Pl — g, (t)]? da
QX(O,tl) Bp

tEAepg N(0,T")

2/2.
< ju-agoPal] et ( |19l dx)
Qx(0,t1) Bs,

s A Sl V(0] de
Qx(0,t1)

Finally, we complete the argument in a way similar to that used in the
proof of Lemma 3.2: We apply the growth bounds, Young’s inequality,
and assumption (5.4). Due to Lemma 5.3, we can replace the weighted
means by the standard means on the right hand side of the resulting
estimate. U

Next we prove a parabolic Poincaré-type inequality.

Lemma 5.7 (PARABOLIC POINCARE). Let u be a solution to an ini-
tial value problem with the initial condition (5.1). Let 6 > 0 and
choose Q,p,2 = Qpa2(xo,to) C R™ such that Byy(zo) C Q and
0 € Agpe(to). Then there exists a constant ¢ = c(n,p,a,3) > 0
such that

ess sup / u —ug,(t)[° dz < g/ |Vul?dz
By

tGAepgﬂ(O,T) QQP,Q(QP)QOD
2/2.
+c/ \vuv’dz+c</ IV|* d:c) ,
@2p,0(20)2N D Bap
where 2, = 2n/(n + 2).

Proof: We leave out the first term on the left hand side in Lemma 5.5
and have

ess sup / u—ug,(t)]* dz
teAy,2N(0,7) J B,

c
S 3 [ — uz,(1)[* dz
P™ S Qs 02p20D
2/2,
c
+— [ — ug,(t)|P dz + ¢ / IVel* dz :
P Q2p,0(20)20D B2y
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We may estimate the first term on the right hand side as

S [ — sy ()2 dz

2
¢ 2
< |u — ug,(t)]* dz dt
ep A9(2p)2 Q(O,T) sz

P Qap,0(202" D
c 2
< i |Vu|” dz dt,
Agap2N(0.T) J B

2p

by Poincaré’s inequality. Similar reasoning also implies

c
— U — ug,(t)|P dz < c/ / |VulP dz dt,
p QQﬂ!9(2p)2ﬂD A0(2p)gﬂ(O,T) ng
which completes the proof. Il

The following lemma helps us to combine Caccioppoli’s inequality with
parabolic Poincaré’s inequality. The proof is a straightforward appli-
cation of Holder’s and Poincaré’s inequalities.

Lemma 5.8. Let u € L9(0,T; W29(Q)), where ¢ = pn/(2 +n). Let
0 > 0 and choose Qg2 = Q,0p2(0,to) C R such that Ba,(x¢) C Q
and 0 € Ag(ap)2(to). Then there exists a constant ¢ = c(n,p) > 0 such

that

[ u-wre
Q 2ND

p,0p
a/n
< c/ |[Vul?dz | esssup / lu — uy,(t)|* dz .
Q. ,.2MD te,,2n(0,7) J B,

Proof: First, we apply Holder’s inequality and obtain

[ lu-utpas
By

= : ‘u _ up(t)‘2p/(2+n) |u o up(t)‘prp/(2+n) dx
P

< (/B — dx)q/n (/Bp|u—up(t) v dx>q/q ,

where ¢* = ¢gn/(n — q) = np/(n + 2 — p) is well-defined only when
q < n, that is, p < n + 2. The claim, nevertheless, is true for large
values of p as well. To prove the result for p > n + 2, we should use
Poincaré’s inequality with the exponent 1 instead of ¢ and then use
Holder’s inequality once more.

p,0p
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The previous estimate and Poincaré’s inequality lead to

q/n
/ lu — u,(t)]” dz < c/ |Vu|? dx (/ lu — u,(t)]? d:c) :
B By By

P

We would like to have ug,(t) on the right hand side instead of w,(t)
when applying this lemma. This can be obtained since

/B lu — u,(t)]* dz < / | — g, (t) 4 ugy(t) — u,(t))* dz

Bp
< / ot — gy (8)2 da + ¢ |By| [usy(t) — uy(8)
By

and the last term can be estimated as
2

< ][ gy (t) — ul? dz.
B

P

[ung(£) = up(1)[* <

‘éfmAﬂ—mdx

Combining the estimates, we have

q/n
/|u—%uwdxgc/\vmum</|u—wgm2m> |
Bp Bp BP

The claim follows by integrating this inequality with respect to time.[J

6. REVERSE HOLDER INEQUALITIES NEAR THE INITIAL BOUNDARY

In this section, we show that the gradient is integrable to a higher power
near the initial boundary. First, we derive a reverse Holder inequality
and then show that it has a self-improving property. We already have
used some estimates from this section in the proof of Theorem 4.7, but
now we work out the details. Observe that cylinders are not scaled
with respect to initial values, since this would not simplify the proof
here.

Lemma 6.1 (REVERSE HOLDER). Let u be a solution to an initial value
problem with the initial condition (5.1). Let X > 0, set § = \*7P,
and choose Q02 = Qp0p2(0,t0) C R™ such that Bag,(xo) C Q and
0 € Agapy2(to). Suppose that there ewists a constant ¢, > 1 for which

1
et < / |VulP dz
|vaep2| QP:OPQQD

< L/ |VulP dz < 3P,
| Q20p.0020002| Joo

(6.2)

20p,0(200)2 D
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Then there ezists a constant ¢ = ¢(n,p, c1,«, 3) > 0 such that

.
—_ |Vul|P dz
|vaep2 | Qp’gp2 nD

p/q p/q
c
< | = |Vul?dz +c ][ IVl? dz :
|Q4P79(4P)2‘ Qup0(ap)2MD Bap

where ¢ = np/(n + 2).

Proof: In view of Lemma 5.5, we have

Q P 9;)2 /(;? 2 D
| ’ | p,0p

C

0p? ‘Q%ﬁ(?pf’ Qap,6(20)20D

c (6.3)

+ |u — ug,(t)|P dz

pp |Q2P’0(2p)2 ‘ Q2p,9(2p)2mD

2/2.
—i—E(][ V> da:) :
0\ /b,

Since p > 2 and § = A\?7P, we can estimate the first term on the right
hand side in terms of the second in the same way as in (4.4). Thus, we
can concentrate on the second term of (6.3).

Recalling Lemma 5.8, we see that

1

PP |Q2p0202 | Qap o220
C

|u — ug,(t)|P dz

< |Vul?dz
PP ‘Q2p,9(2ﬁ’)2‘ Q2p,6(20)20 D

a/n
- esssup / u—ul,(t)]* dz :
t€A9<2p)2 N(0,T) By,

We also applied Lemma 5.3 to manipulate the last part. The first inte-
gral is of the correct form, but the second integral should be estimated
from above by the gradient. To accomplish this, we apply Lemma 5.7,
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Holder’s inequality, and assumption (6.2). This leads to

ess sup / u—u, (1) dz
)/ B

t€A9<2p)2ﬂ(0,T 2p

<

O

/ \Vu\zdz—i—c/ |Vul? dz
Qup,0(2p2" D Qup,0(202" D

2/2.
+c / IVo|* da < cp"N f e / Ve
By, Bap

since 6 = A2 and |Qupp(p)2| = cOp™ 2.

2/2,
2* dl‘)

Collecting the facts, we end up with
1

—_— lu — ug ()P dz
pp |Q2p,9(2p)2‘ Q2p,9(2p)2mD ’

< ¢ |Vul?dz
PP |Q2p,9(2p)2‘ Q2p.0(20)2MD

2/24
pn+2)\2+ (/ |V(,0‘2* d&?)
By,

Observe that p™? = p~("*2)4/" and, on the other hand, p™? = (p~")%/(2"),
Young’s inequality now implies

1

q/n

I |u — ug, ()P dz
PP |Q2p,9(2/))2| Q2p,0(20)2"P

p/q
< (— rwqdz) (6.4)

’QQp,e(zp)z | Q2p,9(2p)20D

p/2«
+e ][ IV|> da + e,
Bu,

Next we estimate the last term in (6.3). Since § = A\?>7? we see by
Young’s and Holder’s inequalities that

2/2. p/q
¢ ][ IV 2 dg <eXN+e ][ Vl? dz ) (6.5)
0 B2p B4p

Moreover, the second term on the right hand side of (6.4) can be esti-
mated by the last term of (6.5) due to Holder’s inequality.

Finally, we combine (6.3), (6.4), and (6.5), as well as recall the remark
after (6.3). Furthermore, we absorb the terms containing AP into the
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left by choosing € > 0 small enough. This is possible due to assumption
(6.2). O

The previous lemma makes sense if the gradient of the initial value
function is integrable to the power pn/(n + 2) instead of p. Below, we
show that the reverse Holder inequality has a self-improving property
in this case as well.

Theorem 6.6. Let u be a solution to an initial value problem with the
initial condition (5.1) and a given initial value function

RS Wzl’qw(Q%

oc

where § > 0 and ¢ = pn/(n + 2). Let Qg ge(xo,t) C R™ be such
that Bgg(xo) C 2 and 0 € Augy2(to). Then there exist constants eg =
eo(n,p,a, 3,9) and ¢ > 0 with the same dependencies such that for all
0 < e < ¢ggy, we have

, 1pte) Jgse
—_ |VuP dz <c (][ |V p|7+e da:)
|QR,R2| QR’RQOD Bir

| |Vul? dz
|Qur,r)?| Qur.am2nD

1/(p+e)
c
+ | |Vul? dz ,
|Qur,ary| Qur.ar2nD

where 0 = (2+¢)/(2(p+¢)).

Proof: The proof is partly similar to the proof of Theorem 4.7. The
main difference is in the choice of the level sets and in the calculations
concerning the boundary term. We shall focus our attention on the
changes.

We denote QO = Q4R,(4R)2 (ZQ) = Q4R,(4R)2 (l’o,to) and divide QO into
the Whitney-type cylinders

Qi = Qri,r?(g/i?Ti)7 1= 1, 2, RN

in the same way as in the proof of Theorem 4.7.

1 1/2
= (— Vul? dz)
° ‘QO' QoND | |

We choose

and
A > max(\y, 1) = Ag.
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Let h(z,t), o and 0 be defined as in the proof of Theorem 4.7. Again,
we consider (7,%) € Q; N D such that

h(Z,t) > A.

Reasoning similar to that in Theorem 4.7 implies that, for almost all

such (Z,t) and for Q, 9,2 = Q,0,2(Z,1), we obtain
1

/ h? dz
|Qp,9p2| prepgﬂD

C

AP <

(6.7)
< hPdz < NP,
{QZOp,Q(QOP)Q { @20p,0(200)2MD

Notice also that 6 < 1 and that
(Q200,6(200)2 C Qo-

Since the volumes of all the Whitney cylinders intersecting (20,,9(205)2
are comparable and since

a PP < (1Qil /1Q)™* < 1,
we conclude by Lemma 6.1 that
1

‘ Q20p79(20p)2 ‘ Q20p79(20p)2 nD
p/q
&
< |— h?dz (6.8)
}Q4p79(4p)2 ‘ Q4p,9(4p)2mD

p/q
+c (][ |Vl dx) ,
B,

if 0 € Agp2(f). On the other hand, if 0 ¢ Ag4,)2(f), then we obtain a
local result without the boundary term by using similar methods as in
the proof of Lemma 6.1. See also (4.11).

hP dz

Let us then consider the case 0 € Ag(,)2(t). We define the level sets
G\) ={(z,t) € QoN D : h(x,t) > A},
and
G(\) = {x € Byr(zo) : |[Vo(z)] > A}
Estimates (6.7) and (6.8) now imply
! e < N Bt dz

|Qupoan2| Jay, o y2ncmn)

p/q
c
+ |Vl? da .
|B4P| B4pﬂa(77)\)

‘ Q20P79(20ﬂ)2 ‘ onp,9(20p)2 nD
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For further details, we refer to (4.17).

Since ¢ = pn/(n+2) and 6 < 1, we have

}Q4979(4p)2‘ / |B4p|p/q sc.

, it follows

Thus, if we multiply the previous estimate by ‘ngp,g(Qopy

that
J

hPdz < c)\pq/ hidz
Q4p’g(4p)200(7]>‘)

p/q (
+c / |Vl? dz :
B4pm§(77)‘)

Let us now construct a Vitali covering for G(\) (see (4.20)) such that
either (6.9) or the local estimate holds in each of the cylinders. Similarly
to (4.21), a summation over the covering implies

p/q
/ h?dz < c)\p_q/ hidz + ¢ (/ |Vl dx) . (6.10)
G\ G(nA) G(nN)

Here we also used the fact that p/q > 1.

20p,0(200)2D

6.9)

In much the same way as in the calculations starting from (4.22), we
obtain

/ Wredy < 5 / R dz + ¢ (Ao)f / P dz
G(M) ETP=aJan Gno)

00 p/q
+ ce/ P (/ Vel dx) dA.
Ao G(nA)

Next we estimate the initial boundary term in (6.11). First, we divide
the term into two parts as

e’} p/q
g/ P (/ |Vl dx) dA
Ao G(nA)
p/a=1  poo
< (/ Vel dx) / sX':_l/ |Vepl? dzdA.
G(nXo) o G(nA)

(6.11)
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Now we can apply Fubini’s theorem to estimate the second part. The
first part can be estimated by using Holder’s inequality. It follows that

e ) p/q
e/ P (/ |Vl? dx) dA
Ao G(nA)

p/q—1 IVel/n
< (/ |Vl]? dx) / / XLVl dhdz (6.12)
G(nXo) G(nXo) J Ao

(p+e)/(g+e)
G(nXo)

To continue, we merge (6.11) with (6.12) and choose € > 0 small enough
to absorb the term containing AP into the left. If the term containing
hP*¢ is infinite, then we can consider the truncated functions instead,
as in (4.27).

So far we have considered G()\g), but the estimate extends to the whole
of Qo N D. Indeed,

WP < ASR? in (QoN D)\ G(No),

and, consequently,

/ hPtedz < c()\o)g/ h? dz
QoND QoND

6.13)
+ cR2/(ate) (/ ’Vg@‘q+s da
Bar

) pre)/gre)

Taking a smaller cylinder on the left side, we can estimate h by |Vul.
Since ¢ = pn/(n + 2), it follows that

|Q0|_1 R2/(a+e) — |BO|—(p+€)/(q+€) ‘

Thus, (6.13) implies

1
‘Q0| QoND

>\ )
|Vu|P*e dz < ¢ (o) / |Vul” dz
’QO, QoND

(pro)/qre) (014
o (][ V| dx) |
Bir
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The final step is to take the cut-off level into account. The case \g = 1
is again clear. Moreover, if A\ = Aj, then Young’s inequality implies

1

S — VulP™® dz
|QR,R2‘ Qg r2ND ’ ’
(e+2)/2
< —— |Vul|” dz
|Qur,ar)?| Qupar2ND
(p+e)/(g+e)
be (][ V| d:v) |
Bsr
This proves the claim. U
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