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Abstract: In this work, we prove both global and local weak Har-
nack estimates for supersolutions to a nonlinear degenerate parabolic
partial differential equation using measure—theoretical arguments. The
main tools are various estimates for both sub- and supersolutions, ex-
pansion of positivity, the comparison principle and the existence result
for a Dirichlet problem with zero lateral boundary values and square—
integrable initial data.
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2. INTRODUCTION

Harnack estimates play a central role in the regularity theory of par-
tial differential equations. In this work, we prove parabolic Harnack
estimates for the evolutionary p-Laplace equation using measure theo-
retical arguments. We study questions similar to those in a recent work
[DGV06] by E. DiBenedetto, U. Gianazza and V. Vespri. The problem
has a long history in the field of nonlinear degenerate diffusion equa-
tions. The question whether the Harnack estimates hold for equations
with growth of order p instead of quadratic growth arose after the cel-
ebrated result of J. Moser in [Mos64] and [Mos67], see also [Mos71]. E.
DiBenedetto and M. Herrero found a partial answer in [DH89]. The
major difference from the case p = 2 is that the Harnack estimates hold
in an intrinsic time scale dictated by the solution itself.

The Harnack estimates have many profound consequences. Amongst
others, together with a proper compactness result, they imply the ex-
istence of an initial trace. They can also be used in the study of free
boundaries and asymptotic behavior. Furthermore, our second main
result, the local weak Harnack estimate, can be seen as one of the
main tools in the nonlinear parabolic potential theory. Also the Holder
continuity of weak solutions follows from the estimate.

We study weak supersolutions to the degenerate second—order partial
differential equation

ou

ot

in R x (0,7p). Function A is assumed to be a monotone Caratheodory
function and satisfy growth conditions similar to the p-Laplace operator
with p > 2. These conditions are described in detail in Section 3.1. The
first main result is that the weak global Harnack principle holds.

(2.1) div(A(x, t,u, Vu)) —

Theorem 2.2. Let u be a nonnegative weak supersolution to (2.1).
Then there exists a constant C = C(n, p, structure of A) such that for
almost every 0 < to < Ty, every g € R", R >0 and 0 < T < Ty — ty
we have

C’Rp>1/(p2) N ( T

][ u(x, to) dr < < C —)n/p ess inf u™/?

where A =n(p —2) 4+ p and Q = B(xo,2R) X (to +T/2,to +T).

In particular, our theorem applies to the equation

(2.3) Z aii (Zmy(%t) %

i1 8xj
where p > 2, a,; is a bounded measurable function and

Aolé]? < aij(z,1)&E < A€, 0< Ap < Ay < oo,

6:15]-

P29 )
)=
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for almost every (x,t) in R"” X R and every £ in R™. The particular case
with the identity matrix (a;;) was studied in the monograph [Lio69] by
J-L Lions.

The constant C' in Theorem 2.2 is stable as p — 2 in the sense that, if
2 < p < po, then it may be chosen so that it depends only on py.

The version of the global Harnack estimate we present here is of the
same type that D. Aronson and L. Caffarelli proved for the porous
medium equation

ou
ot
in [AC83]. The corresponding result for a more general porous medium
equation is due to B. Dahlberg and K. Kenig in [DK84]. A good
overview of techniques used in these articles can be found in recent
monographs [Vaz06a| and [Vaz06b| by J. Vazquez. We also mention a
forthcoming monograph [DK] by P. Daskalopoulos and C. Kenig. In
[CL98], H. Choe and J. Lee applied the method developed in [DK84]
to equation (2.3) with a symmetric matrix (a;;) depending only on z.

Au™ m > 1,

For the weak solutions to the homogeneous equation

ou

div(|VuP*Vu) = —

iv(|Vul u) 5

Theorem 2.2 was proved in [DH89]. The methods used in both [AC83|
and [DH89] rely on the existence of a self-similar solution. It is not

clear how to generalize such a method to more general equations.

In [DGV06], the authors have made a breakthrough by proving Har-
nack-type estimates for the bounded coefficient case. For continuous
solutions, they prove a local intrinsic Harnack estimate

u(z,t) < C inf u(y,t+ Cu*P(x,t)),

yeB(x,1)

where C' is a constant independent of u. They have general growth
bounds for A and they do not need the monotonicity of the operator.
They also pay attention to the stability of constants as p — 2 and use
neither Holder continuity of solutions nor the comparison principle.
This gives a new proof and generalizes Moser’s fundamental results for
the case p > 2, see also the works of D. Aronson and J. Serrin in [AS67]
and N. Trudinger in [Tru68]. In [DGV06], the proof uses extensively
De Giorgi’s estimates [DG57]. In our proof we have emphasized the
roles of super- and subsolutions. This resembles the original idea of
Moser. In the proof of the weak Harnack principle for supersolutions,
we use the comparison principle and the existence of a weak solution
to a Dirichlet problem with L2-initial data and zero lateral boundary
values. For the existence result we refer to [Hun01].

Our proof of the Harnack inequality requires local results proved by
Moser’s iteration technique. We present these in Section 4. Many
of these fairly standard results can be found from [DiB93]. See also
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[CL98], where similar techniques were applied in the global setting. In
[DiB93], estimates are proved by using intrinsic De Giorgi’s estimates.
Our contribution here is that we prove the estimates either for sub-
or supersolutions. Main ingredients of Section 4 for the proof of our
main theorem are estimates for subsolutions with zero lateral boundary
values. In particular, we show that, if we have the initial L'-mass of
one, then the diffused mass can be estimated by means of the growth
constants of A — at least for a short time. To see this, we need to esti-
mate the LP~'-norm of the gradient and have a proper estimate for the
essential supremum of a subsolution. We also show that a local coun-
terpart for Theorem 2.2 cannot hold in a standard space-time cylinder.
If u € LP(0,T; W,”(B(xy, R))) is a nonnegative subsolution with zero
lateral boundary values, then there exists a constant C' independent of
u such that

RP> 1/(p—2)

(2.4) esssup u < C(—
B(zo,R)x(T/2,T) T

The estimate above is interesting as such.

The crucial step in the proof of Theorem 2.2 is to show that the su-
persolutions have a property called expansion of positivity. This phe-
nomenon is studied in Section 5. Our method to show this is similar
to the one used in [DGV06]. That expansion of positivity is the key
estimate to prove the Harnack estimate has been known for a long
time. The device of the family of expanding cylinders already appears
in Krylov’s and Safonov’s work in [KS81], see also [GV06] and the
references therein. We first assume that the initial data of a superso-
lution has positive values in a set that has positive Lebesgue measure
and satisfies a finite-capacity-type constraint. Next, positive values of
a supersolution may decay in time. We cancel the decay by simply
multiplying the supersolution by the decay factor. It is then easy to
see, after a proper change of time variable, that the result is a super-
solution. After these steps, we can show that the positivity expands in
time. The main real analytical tools for the proof can be found from
[DiB93] or [DUV04]. The proof of the expansion of positivity described
above uses neither the comparison principle nor the existence result.

In Section 6, we finally prove Theorem 2.2. We use estimates for a
solution with zero lateral boundary values, the expansion of positivity,
the comparison principle and the existence result to show the following
local weak Harnack estimate. This is our second main result.

Theorem 2.5. Let u be a nonnegative weak supersolution in B(xy, 8Ry)
X (to,to+To). Then there exist constants C; = Cy(n, p, structure of A),
1= 1,2, such that, for almost every ty < t; < to + Ty, we have

Ole ) 1/(17—2)

u(z,ty) dr < (— + Cyessinf u,
]{B(mo,RO) (1) To+to—t 2770
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where QQ = B(xo,4Ro) X (t1 +T/2,t1 +T) and

T = min <T0+t0 —tl,C’le(][ u(lf,tl)dx)z_l?>.

B(z0,Ro)
Constants Cy and Cy are stable as p — 2.

Theorem 2.2 is a consequence of the local result above. As seen by
(2.4) the intrinsic time scale is needed in the local Harnack estimate.
If the solution has large initial mass and zero lateral boundary values,
then the boundary values make the solution decay very rapidly. The
correct time scale for the decay is the one introduced in Theorem 2.5.
In this sense, the estimate (2.4) can be seen as a counterexample to any
better Harnack estimate. In particular, the local version of Theorem
2.2 is not true.

We want to point out that the only part where we need the comparison
principle and the existence result is the proof of Theorem 2.5. Indeed,
we show that if the supersolution u in B(0,6) x (0,1) has the initial
mass of one in a ball B(0,1), then there exist constants C' and T,
depending only on the structural constants such that

|B(0,2)|
—

If one is able to prove this without the comparison principle and the ex-
istence result, one can generalize for p > 2 the weak Harnack principle
in [Mos64].

[{z € B(0,2) : u(z,T) > é}’ >

2.1. Notation. Our notation is standard. We denote the ball with the
radius R and center x as B(z, R). The Lebesgue measure of the set 2
will be denoted as ‘Q’ We use the abbreviation

fran- V(lm [ ra

for the averaged integral with respect to measure v. We use a symbol
C' to denote a constant. We use the notation C' = C(+) to describe the
arguments of the constant. In the proofs, the constant may vary from
line to line, but the arguments are as in the statement of the theorem.
By the notation ' € €2, we mean that the closure of an open bounded
set Q' belongs to €. By the Steklov average of the measurable function
f, depending on t € R and = € R”, we mean

t+h
fr(z,t) = %/t f(zx,s)ds.
We denote by (f). the nonnegative part of f, i.e.
(F) = max(f,0) = £(17] + ).

By the parabolic boundary of the set Q) = €2 X (71, 75) we mean
81,@ = (39 X (71,7'2)) U (Q X {7'1}).
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When we have the initial data problem, we denote the initial data of
the solution u as wuyg.

3. WEAK SOLUTIONS

We are now going to state our assumptions on A, define the weak
solutions and prove the comparison principle. We also introduce some
interesting examples of weak solutions for different equations.

3.1. Assumptions on the operator. Let {2 be a domain in R" x R.
We assume that A : Q7 x R x R" +— R" is a Caratheodory function,
i.e. that (z,t) — A(z,t,u, F') is measurable for every (u, F) in R x R"
and (u, F') — A(z,t,u, F') is continuous for almost every (z,t) € Q.

We assume that the growth conditions
Az, t,u, F) - F > Ao|F|?,

3.1
(3:1) |A(z,t,u, F)| < A F|P~!

hold for p > 2, every F' € R"™ and for almost every (z,t,u) € Qr x R.
Here Ag and A; are positive constants, which are called the structural
constants of A.

Furthermore, we assume that A is strictly monotone, i.e.
(3.2) (A(z,t,v,Vv) — A(z,t,u, Vu)) - (Vo — Vu) >0

for every u,v € W'?(Q) and Vu # Vv. The condition is enough to
show the existence of the solutions to a Dirichlet problem with zero
lateral boundary values and L?-initial data, and, that the comparison
principle holds. For more general monotonicity assumptions, we refer
to [HunO1] on the existence of solutions.

3.2. Parabolic Sobolev spaces. Suppose that €2 is a domain in R".
The Sobolev space W?(2) is defined to be the space of real-valued
functions f such that f € LP(2) and the distributional first partial
derivatives 0f /0x;, i = 1,2,...,n, exist in {2 and belong to LP(£2). We
equip the Sobolev space with the norm

e = ([ 1avas)” ([ 19spas)™

A function belongs to the local Sobolev space W,27(Q) if it belongs to
WhP(QY) for every Q' €@ Q. The Sobolev space with zero boundary
values Wy () is the closure of C5°(Q) with respect to the Sobolev
norm.

We denote by LP(ty,ty; WHP(Q)), t1 < t, the space of functions such
that, for almost every ¢, t; < t < ty, the function = — wu(z,t) belongs
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to WhP(Q) and

t2 1/p
||u”Lp(t17t2;W1,p(Q)) - </ / (|u(m,t)|1’ + |Vu(x,t)|p) dx dt) < 00.
t1 Q

Notice that the time derivative u; is deliberately avoided. Definitions
of spaces L (t1,to; W,iP(Q)) and LP(ty, ta; W, 7 (€2)) are analogous.

3.3. Definition of local weak solutions. Let {2 be an open set in
R™ and 7 < 7. A function

w € Li (11,725 Wik ()

is a weak local supersolution (subsolution) of
ou

ot
in Q x (71, 79) if it satisfies the integral inequality

/ /AxtuVu - Vndxdt — / / D g dt

/Q u(zx, to)n(z, ts) dx —/ u(z, ty)n(z,t1) de > (<)0

Q
for almost every 71 < t; < t; < 7o and for every nonnegative test
function n € C§°(2 x (11, 72)). Here A is as in Section 3.1. A function
is a local weak solution if it is both a local weak sub- and supersolution.
The boundary terms above are taken in the sense of limits

t1+o
/u(az,tl)n(:ﬁ t)de = hm / u(z, t)n(z,t) de dt
Q

o—0 O

loc

divA(z,t,u, Vu) =

and

/u(x,tg)n(x ty) dxr = lim — / / u(z, t)n(x,t) de dt.
Q o—00 to—o

3.4. Initial values. When we study an initial value problem we always
mean L>-initial values

u(-, 1) = ug € L*(Q)
unless stated otherwise. We demand that the initial values are attained

in the following sense

: 1t 2
(3.4) }lllir(l) i (ﬁ /T1 u(x,t) dt — uo(z))” dz = 0.

The same way of obtaining the initial data has been used in, for in-
stance, [DiB93]. We note that almost every 7 < t < 75 is a Lebesgue

point i.e.
}llirr(l)/ / u(zx,s)ds — u(z, t))2d1’:0

for every 2 € Q. Therefore, super- and subsolutions attain locally
their own initial values for almost every 7 <t < 7.
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3.5. The comparison principle. Under the assumptions on the op-
erator, weak solutions and the initial data we have the following com-
parison principle.

Theorem 3.5. Let Q C R"™ be a domain and 7 < 7. Let u and —v be
weak supersolutions in Q = 2 X (11, 72). Suppose that

max (v — u,0) € LP(7y, T2; Wol’p(Q))

and
vo < ug almost everywhere,

ug, vo € L?(Q). Then u > v almost everywhere in Q x (11, 72).

Proof. We start with an estimate

((v— u)h(az:,t))+

:%(‘ /tt+h(v —u)(z,s) ds| + /tt+h(v —u)(z,s) ds>

1 t-‘rhl
<— — — —
_h/ 2(]2} ul +v —u)(z,s)ds

=((v = w))n(z,1).

We set w = uw — v. The assumption for (v — u);, together with the
previous estimate, gives

(wp)4 € LP(1y, 75 — hy Wy P(Q)).

Now let m; < t; < ty < 75 and take h < 7o—t5. By the weak formulation,
we have for almost every t; <t < t, that

0 < @8 "z, On(x, t) do + /Q (A(z, t,u,Vu)), - V(z,t) dz
and
0> aah(x tn(z,t) dx +/Q (A(z,t,v,Vv)), - Vi(z,t) d.

We then choose 7 = (wp,)+ as the test function. It is admissible due to
the approximation. This implies
8wh

0= ; 5 (Wh)+dz

—i—/ﬂ ((.A(a:,t,v,Vv))h — (A, t,u, Vu))h) - V(wp)4 dz

for almost every t; < t < t;. We integrate the inequality over the
interval (¢1,t5). Integration by parts gives

//awhwh dz dt = //la % et

=5 [ (wn)i(z,t2)do — o [ (wn)? (2, 1) do
o), 3!

Q
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On the one hand, since wg = 0 almost everywhere, we have

/Q(wh)?i-(xvﬁ) dx = /(wh(x,ﬁ) —wo(x))?dr — 0

Q

as h — 0 by the initial condition (3.4). On the other hand, the mono-
tonicity of A implies

h—0

to
1im/ / ((A(m,t, v, Vv))h — (A(m,t, u, Vu))h> -V (wp)y dedt
1 Q
to
:/ / (A(z,t,v,Vv) — Az, t,u, Vu)) - V(v — u) 4 dzdt > 0.
1 Q
Therefore, we have

/Q(U —u)}(z,ty) dz <0

for almost every 7 < ty < 75. This leads to the result of the theorem.
O

3.6. Scaling of solutions. Solutions admit a scaling property. Let u
be a local weak supersolution (subsolution) in

B(,Io, Ro) X (to, to + Tg),
where xg € R", to € R and Ti), Ry > 0. Then the scaled function

o(E,7) = (%)1/(17—2)

is a local weak supersolution (subsolution) in

u(xl + Rf,tl —|—TT)

Ty — X1 &)X(to_tl to—tl E)

R 'R T BT T
for every R > 0, T" > 0, ; € R" and t; € R. The solution v is
not necessarily a supersolution (subsolution) to the same equation as

u but to an equation with a similar structure. To see this, we first let
r=ux1+ R¢ and t =t + T'7 so that

B(

0 0
Ve = RV,, 9= Ta.
We then have

|A(z, t,u(z, t), (Veu)(z,t))]

=[A(z1 + RE 6+ T7,70(E, 7), 5 (Vev)(€, 7))

==

p—1
<A (5) Vel
where

B (Rp>1/(p—2)
Y= T .
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Similarly

Alxy + RE, 1 +T7,70(E, 7), 5(Vev)(€, 7)) - Veu

==

p—1
> Ay (%) Veul?.
Thus, if we define

p—1
Ao vo) = (B) A+ Rty + Trnlen). BV E )

then A has the same structural constants as A. We change variables
in the weak formulation and get

T2 —1 - 1
0> (S)/ /Q (%)p A, 1,0, Vo) - EVn TR"d¢ dr
2 1 0n "
—/T1 /QVUTETR dé dr

&l’o—ﬂfl)x(tg—tl to—tl E)
R’ R T T T

and n € C§°(2 x (71, 72)). We divide the inequality above by v/T', use
the definition of v and obtain that v is indeed a weak supersolution
(subsolution) in Q x (11, 72).

where

Qx (m,7) = B(

3.7. Examples of weak solutions. We recall that some fascinating
weak solutions are known. The following functions are classical solu-
tions to the partial differential equation in the set

R"™ x (0, 00)\0{u(x,t) > 0}.

As initial data, they all have Dirac’s delta function with a certain mass
depending on n, p and the positive constant C' given in the formula-
tions. Initial values are attained in the sense of distributions.

The first example is the homogeneous equation

ou

div(IVulP2Vu) = =—.

iv(|Vul u) 5

It was found in [Bar52] that the Barenblatt solution

B _ —n/A p_2)\%1 C%l |$| ﬁ %

pat) =t (Fam (e = () )

A =n(p—2)+ p, is a weak solution in R"™ x (0, 00). The solution was
used to describe the propagation of the heat after an explosion of a
hydrogen bomb in the atmosphere.

The second equation introduced in [Lio69] is

Pt (o

=1

p—2 8u> B @
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This time we have the weak solution
n

P p—1
(P2 (o LIAVEANT
ule,t) =1 ; A (O ;Qm =
A =n(p—2)+ p. As can seen, the free boundary d{u(z,t) > 0} is a
ball with respect to p/(p — 1) norm of R™. Note that in the stationary
case the equation is separable.

The third example is the equation
0
div(|Va 2 B(x)Vu) = =,

where K )
x p—
B(2) = (o) (KTK)™
@) = (gergea) KK
and K is a positive (or negative) definite constant matrix. The equation
has the weak solution

o (P—2 1 » |Kz|\ 721\ \ 5=2
= (5 - () )

The support of u is now an ellipsoid.

These solutions are sometimes referred to as self-similar solutions. The
reason for this is that the scaled function

vz, t) = " u(t e t)

depends only on the spatial variable . Generally speaking, it is an
easy exercise to show that, if u is a weak solution in R” x (0, c0) to the
general equation, then v defined above is a weak solution to

div(ﬂ(m,t,v, Vv) + %vx) = t%

in R” x (0,00), where
/I(x,t,v, Vu) = t(l’*l)(n+1)/>\A(tl/)\x’tjtfn/)\vjtf(n+1)/,\vv)

satisfies the assumptions of Section 3.1.

4. ESTIMATES FOR SUB- AND SUPERSOLUTIONS

This section is devoted to technical results. We wish to present all the
calculations in detail for possible future reference. In fact, one can find
similar results from several articles (see for instance [BC04], [CL98]),
but usually the results are said to hold only for solutions. We wish to
make a clear distinction between super- and subsolutions.

We will first prove a Caccioppoli type of estimate in Lemma 4.1. We
will then use it together with a parabolic Sobolev’s estimate. This is
the starting point of Moser’s iteration technique. As a result, we obtain
reverse Holder inequalities. We then iterate these and obtain estimates
for the essential supremum of the subsolution. The method was used
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for the first time in the elliptic case in [Mos61]. The full power of it for
both elliptic and parabolic cases was later exploited in several papers,
see, for instance, [AS67] and [Tru68].

Besides boundedness, we give a bound to the growth rate of the set
{u(-,t) > 0} € R™ when u is a subsolution. The result follows from
estimates to subsolutions with zero initial data. Furthermore, we study
subsolutions with zero lateral boundary values. As a result we obtain an
estimate that shows our second main result, Theorem 2.5, cannot hold
in the standard space—time cylinder B(xq, R) X (to, to + R?). Moreover,
we prove estimates for the LP~'-norm of the gradient.

For the sake of completeness, we also give an integrability estimate for
supersolutions.

We have tried to take some extra care about the geometry. Bookkeeping
of constants in proofs would be easier if we proved all lemmas in the
space-time cylinder B(0,1) x (0,1). We could then scale results back
to the cylinder B(zg, R) x (to,to + T'). We may, however, want to
generalize the following results to equations like

div (A(z, t,u, Vu)) = % + B(z,t,u, Vu)

with more general growth conditions. Consequently, the solutions, in
general, do not have the scaling property anymore.

4.1. Caccioppoli estimate. A result stated in the following lemma
is essentially a consequence of a substitution of a suitable test function
in equation (3.3). More precisely, the test function depends on u. It
is clear that the test function chosen this way does not necessarily
belong to the correct test function space. The time derivative of u is,
in general, only a generalized function. Nevertheless, we may regularize
the solution by truncating it, and then use either Friedrich’s mollifiers,
Steklov averages, or some other suitable method. Together with the
approximation argument this, justifies the choice of such a test function.
The rigorous treatment can be found in, for instance, [DiB93].

Lemma 4.1. Let ¢ € R\{—1,0} and 6 > 0. Suppose that u > § is
a subsolution (if € > 0) or a supersolution (if ¢ < 0) in Q x (11, T2).
Then we have

2 2
_ p 1
Vul|Pu=tTe pdxdt+—esssup/u+5 P dx
/ﬁ /' ey 2Aole(L+ o) Hovem Jo ' 7

A1p / / p—1+
FIVolP dx dt
Ao!e\ IVl

A0|e 1—|—5|/ /

where p € C§°(2 X (71, 72)).

oo dt,

+e| 0%
ot
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Proof. From the weak formulation we have that supersolutions (sub-
solutions) satisfy the following regularized integral inequality

0<(>) /Q %(m,t)n(m,t) dx +/ (A(z,t,u,Vu)), - V(z,t) dz

Q
for almost every 71 <t < 19 — h. We choose formally the test function

nn = upe”,
where ¢ belongs to C§°(€2 x (71, 72)). We denote 1y = u®p?. We then

choose 71 < t; < ty < 75 — h and integrate the regularized equation. It
follows from the properties of Steklov averages that

/t2/(d4($,t,u, V“))h'vnh(x,t) do dt
(4.2) t1 JQ

t2
H/ /A(x,t,u,Vu) - Vno(x,t)dedt
t1 Q

as h — 0. Integration by parts gives

t2 o 1 to ) 14
/ ﬂuigp” dz dt = / / Y oP dx dt
t Q at 1 + & t1 Q (925

1
1 & Ig”
=— (/ /u,lfsidxdt
1+€ tl Q at

+/u;lfg(ﬂ?atz)@p(x,tz)dx—/u;lfs(x,h)gop(x,tl)dx).
Q Q

Thus, for almost every 7 < t; < ty < 75 we obtain

t2 1 t2 D
/ /%UZQOP drdt — — (/ / u“sai dx dt
tl Q at ]. + 5 tl Q 8t

+ / ue (2, ) 0P (2, t2) do — / u e (z, ) o (1) dx).
Q Q
as h — 0. Furthermore, we have that

Vi = eu® PV + putpP V.

By substituting 7y in (4.2), collecting terms and dividing the result by
€ we obtain

to
0 2/ / u P A, t,u, Vu) - Vuda dt
t1 Q

to
+ E/ / ut Pt A, t,u, Vu) - Vo do dt
€ t1 Q

1 2 1+, p 1690
- P —— dx dt
e(l+¢) <p/tl /Qu Toa

—|—/u1+€(x,t2)g0p(x,t2)dm—/u”a(x,tl)gop(x,tl) dm).
Q Q

The growth conditions (3.1) imply
U,a—lgopA(l‘, t, u, VU) -YVu Z A0|Vu|pug_1(pp‘

(4.3)
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By Young’s inequality we conclude

]Ejuasop‘lfl(x,t,u, Vu) - Vo > — 28 gyt [Tt

€]
Aip

Aglel”

(p 1) -1 AO Aip _
>_ = 7 p +€ p—l+e p
’ Ao|VulPu ( 0|€|> U ©

Substituting these intermediate results in (4.3) we get

[)
02/ /|Vu\pu1+5<ppdxdt
Alp / / p—1+
IVl dx dt
A0|€| Vel

N I+e p—l_gp
ywer p/tl /Q“ oy e

+ [l de = [ ) o) d).
Q Q

We can now choose t; such that

1
/ ute (z, ) 0P (2, t;) do dt > = ess sup/ utepPdr,
o Q

T1<t<T2

> — A0<|Vu|u(_1+5)/pgp> ( up—1+e) /p|v¢|>

(4.4)

i=1,2. Ife(1+¢) > 0, we choose t, and let t; — 7, and if e(1+¢) < 0,
we choose t; and let to — 7. In both cases, we have the result of lemma.

O
Remark 1. In the cases ¢ < —1 and € > 0, we only need to assume
that the test function ¢ belongs to the space
WP (7, m9; Wy P ()
and p(-,71) = 0. Moreover, if ¢ > 1, the assumption v > § may be

replaced with the condition u > 0.

Remark 2. Suppose that the initial data ug at the time 7, is zero for
almost every x € Q). Let ¢ = 1. Then the result of the lemma continues
to hold with test functions ¢ € C§°(2) since

lim [ ui(z,7)¢"(x)dr = 0.

This is because of the L2-continuity defined in Section 3.4.

Remark 3. Suppose that
we LD (11,12 Wy P ().

is a nonnegative subsolution. We have shown in the proof of the com-
parison principle that

wp € WHP(ty, ty — h; WP (Q)).

loc
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By an approximation and a truncation argument we may choose the
test function 1 = uj ¢ with € > 1, where ¢ depends only on time. We
then proceed as in the proof of Lemma 4.1. The Caccioppoli estimate
becomes

T2 2
+¢) / /\Vv|pu1+€g0p drdt + L ess sup/ ute P da
T 2A0 T1<t<T2 Q

<wl

where ¢ € C(t1,12) N C([t1,2]), ¢ > 0 and (-, t1) = 0.

ot dx dt,

4.2. Parabolic Sobolev estimate. We use the following Sobolev’s
imbedding theorem.

Theorem 4.5. Let 1 < p,k < 0o and suppose that
u € Lp(tl,tg; Wol’p(B(ZL'(), R)))
Then there exists a constant C=C(n,p) such that

[
/ / |u|™ dx dt
i1 B(a?o,R)

b2 p/n
SC/ / |Vul? dxdt(esssup/ || 5~ dx) :
t1 B(l?o,R) t1<t<ta B(xo,R)

For the proof we refer to [DiB93].

4.3. Results for subsolutions. We first show that subsolutions are
bounded. The technical assumption

_ (B
>
“ (TO)

is used in the sequel. The condition could be easily replaced with

pRﬁ)l/(p—%
> (— >0
> (%,
with some p > 0. Then all the constants would depend also on p.

We note that, for the heat equation (p = 2), this condition reduces to
TO ~ R%

Lemma 4.6. Let

> (Rp>1/p 2) 0
>
U T

be a subsolution in B(xq, Ro) X (to —To, to), and let 69 > 0. Then there
exists a constant C' = C(n, p, A(),Al, do) such that

/6
ess sup u < ( > ][ ][ uP~ 0 dr dt>
B(a?o,o’Ro)X(to—O'PTo,to R 1 - U to—To .Io Ro

for every 6 > d0g and 0 < o < 1.
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Proof. Let cRy < s < S < Ry. We set
ro=29, rj=(S—-(S—-s)(1-27), j=012...,
and denote
U; = B; xI'; = B(wg, ;) % (to — (1;/Ro)" 1), to),
U(S) = B(xo,S) x (to — (S/Ro)*Tp, to).

We choose test functions ¢; € C*(U;) N C(U;), 7 = 0,1,2,..., such
that
0 S Pj S 1, w; = 1 in Uj+1, w; = 0 on apUj

and

C 97 % R_g—c
S—s 7 1ot~ Ty (S—s)
The first step in the proof is to apply parabolic Sobolev’s inequality,
Theorem 4.5. With described test functions it implies

(4.7)
/ u ™ dr dt < C/ (uo‘/pgpf/p)“pdxdt
U‘+1

J Uj

DJ

V| <

p/n
S/ |V(uo‘/pgof/p)|p dx dt(ess sup/ (uo‘/pgpf/p)(“_l)” dm)
Uj L B,
for some a € R, # > p and kK > 1. We choose
pite) 5 plp—1+e)
n(p—1+¢) l1+e¢
where ¢ > 1. We then use Lemma 4.1 to estimate terms on the right
hand side. First, we have

ess Sup/ (uo‘/pcpf/p)(”_l)” dxr = ess sup/ u1+6<,0§ dx
B B

a=p—1+¢, rK=1+

Y

L i L i
1 0pi| H-

§C< +1€/ up1+€|thj\pda:dt+/ ulte| 2L o 1d:z;dt).
er—t Jy, U, ot 17

Similarly, we obtain the estimate

/ |V(ua/p<p?/p)]p dw dt
Uj
SC’((p -1+ 5)”/ [VulPu™"*5b da dt + / Vi [PuP~ 17 da dt)
Uj Ui

1 p
<C(1+ u) / (Vo [PuP~ ' d dt
ep .

Uj

_ p
+C<p 1+8) / ul—i—a
e(l+¢) Jy,

9¢;

o Pt dadt

J

Moreover, the assumption u > (R} /Ty)"/P=2) implies

T
I+e 20, p—l4e

u
— pbp
RO
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and consequently we deduce from (4.7) that

/ up71+p/n+'ys dr dt
U.

J+1

dyp

k)
ot

§<C€p—2/ ‘V¢j|pup—1+a+up—l+aﬂ
Ui

Ry
C'29peP gl
<= Pt dy dt
_<(S—8)p/Uju T )7

where v =1+ p/n.

< <C€p’2 / |V [Pul™1 ¢ + ! te
Uj

dz dt) !

9p;
ot

di dt) !

We then choose

gi=0+p =1, p>1, aj=p—2+(1+p7,
j=20,1,2,...,s0that p—1+p/n+~ve; =p—1+¢;;;. With this
notation we have

[ . vl c am .
4.8 Gt dy dt < 2+v)’P Ydrdt) .
(48) P <\Uj+1’1” (S - 5)p( ") o )

Jj+1

Next, a direct calculation gives

J J

H(Qv)p(j—k)w’“ _ (H(Qv)pkvkyj < ((27)1)/(7—1)2)7#1

k=0 k=0

and
j+1

E_ j+1
V=" -1).

The calculation shows that the constants will stay bounded in the it-
eration below. We repeatedly use (4.8) and get

/a1
<][ utt do dt)
U.

j+1

U, C(2Py)jp][ _ v/ 41
< Y dx dt
_<|Uj+1|1/w (S =) Uju ’ )

<( !Uj| C(2)7P )’Y/O‘j+1< ‘Uj_l‘ 0(2’}/)(j_1)p>’72/aj+1
TN U] (S s ARG Rk

72/t
-1 dx dt
X <]€jlu x )
“1aji C
< (5

Yt i
X <][ u®® dx dt> .
Uo

)7/(7—1) (27)1;/(7,1)2 ’ U, D ¥t ey
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Since '
0 1 1
— = - —
aj yIip-1+1+p 1+4p

as j — oo, we get

¢ 1
esssup u < (—n/ uP~ P da dt
U(s) (S =)™ Jus)

This proves the result for 6 > 2. We then choose p = 1. By Young’s
inequality, we obtain for every 2 > § > min{dp, 1} that

YMH)

C 1/2
esssupu < ( ess sup uZ"S—Jr / uP~0 dx dt)
U(s) U(S) (S = 5)"* Jiys)

1 C
g—%ampu+<—___711/ uwi”dxa)
2 v (S = 8)" Ju(Rry)

A standard iteration argument (see, for example, [Gia93] Lemma 5.1)
implies the assertion of the lemma. ]

1/6

We use the previous result to show the following lemma.

Lemma 4.9. Let

RN V/0-2)
> (= >0

“-(n)

be a subsolution in B(xo, Ry) X (to—To,to). Then there ezists a constant

C' =C(n,p, Ao, A1) such that
ess sup u <

To C ( ][ J )p—l
———— | esssup wdx )
B(x0,Ro0) X (to—oPTp,to) g (1 - O-)p(n—H) to—To<t<toJ B(zo,Ro)

for every 0 < o < 1.

oy

Proof. Let (1+0)Ry/2 < s < S < Ry. We set
U(S) = B(xg,S) X (to — (S/Ro)"Ty, to)-
We choose the test function ¢ € C>(U(S)) N C(U(S)), such that
0< <1, ;=1 in U(s), p; =0 on 09,U(S)
and

V| <

C
(S—s)" 1ot
We choose € = 1, use (4.7) with

and obtain

/ uP P do dt
Ul(s)

p/n
< / |V (up)|P dz dt( ess sup / up dx) :
U(S) to—(S/Ro)PTo<t<to B(z0,S5)
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Lemma 4.1 now implies that

/ |V (up)|P dx dt §C/ [Vo|Pul + u?
U(s) u(s)

SL/ uP dx dt.
(S =5)? Jus)

Here we have also used the assumption u*? < T/ RE. Thus

][ uPTPI™ do dt
Ul(s)

CRP p/n
<20 ( ess sup ][ udx) ][ u? dx dt.
(S = 8)P \ tg—Ty<t<tod B(zo,Ro) u(s)

Furthermore, by Holder’s and Young’s inequalities, we get

][ uP de dt < <][ uP P do dt
U(s) U(s)

CR? " n/(n+1)
< (—0 ( esssup ][ u dx)p/ ][ uP dx dt)
(S - S)p to—To<t<to B(zo,Ro) U(S)

np

1 CR
S—][ updwdt—i-—on( ess sup ][ udx)p.
2 Jues) (S = 8)™ " tg—Ty<t<to) Bzo, Ro)

Again, the same argument as in the end of the proof of Lemma 4.6
gives

%g(dxdt

>nmn+n

C P
][ updxdtg—n< ess sup ][ udx) .
U((14+0)Ro/2) (1 - U) P\ to—To<t<to B(zo,Ro)

We now use Lemma 4.6 together with Holder’s inequality and arrive at
T C
esssup u S—Z—m][ uP~ ! dx dt
U(oRo) Ry (1 —o)nte U((140)Ro/2)

T C (p=1)/p
R (1= o)™ \Jy((110)R)2)

< TO C ( ][ d )P—l
< —————( esssup uax ’
RE (1 — )Pt D) \ T it B(zo,Ro)

which proves the result. U

We are ready to prove the following theorem.

Theorem 4.10. Let u be a nonnegative subsolution in B(xq, Ro) X (to—
To,to). Then there exists a constant C' = C(n,p, Ao, A1) such that

RPN 1/(p—2) T p—1
ess sup u §C’<—O> + C’—g( ess sup ][ udm) ,
Q To 0 ~to—To<t<toJ B(zo,Ro)

where Q = B(xo, Ro/2) X (to — To/2,to).

Proof. If u is a nonnegative subsolution in B(xq, Ro) X (to — To, to),
then an application of the previous lemma to the subsolution v =
(Rb/Ty)/P=2) 44 gives the result. O
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Furthermore, Theorem 4.10 implies

Corollary 4.11. Let u be a nonnegative subsolution in B(xg, Ry) X
(to — To, to). Suppose further that

-2/7_, 5
R= ( ess sup udx) T,"" < Ry, A=n(p—2)+p.
to—To<t<to J B(zo0,Ro)
Then there ezists a constant C = C(n,p, Ao, A1) such that
—n/A p/A
esssupu < C'T, ( ess sup U dx) ,
Q to—To<t<to J B(zo,Ro)

where Q) = B(xo, R/2) x (tog — Tv/2, o).

Proof. With the indicated choice of R we apply Theorem 4.10 and
obtain

RPNV(-2) T, p-1
esssup u SC’((—) + —( ess sup ][ de) )7
Q T() Rp to—To<t<to B(Io,R)
RPN\ 1/(p-2) Ty pl
SC’((—) + —( ess sup / udm) )
TO Rp+n(p—1) to—T<t<tg B(xQ,Ro)

Ca/a /A
=CT, ( ess sup U dx)
to—To<t<tg B(zo,Ro0)

as the straightforward calculation shows. U

4.4. Zero initial data. We next prove results when some additional
information is known about a subsolution. The first lemmas deal with
the case when the subsolution has zero initial data.

Lemma 4.12. Let u be a nonnegative subsolution in B(0,1) x (0,1).
Let u have zero initial data, 1i.e.

up =0 almost everywhere in  B(0,1).

Then there ezists a constant C = C(n,p, Ao, A1) such that, if

ess sup/ udr < C,
B(0,1)

0<t<1

then
u=0 almost everywhere in B(0,1/2) x (0, 1).

Remark. As the proof shows, the constant tends to zero as p — 2.
This is of course correct, because in the case of the heat equation the
diffusion is infinitely fast and the positivity expands immediately to
the whole ball B(0, 1).

Proof. Recall that, because of the second remark after the proof of
Lemma 4.1, we may choose the test function n = wup?, where ¢ €
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C(B(0,1)), 0 < ¢ < 1. The Caccioppoli estimate Lemma 4.1 be-

comes
1 ?
/ / |Vul? pdxdt+—esssup/ucppdx
0 JB(0,1) 2»/40 0<t<1

Alp //up|V<p\pda:dt

We first use the estimate 4.7 as at the proof of Lemma 4.6 and obtain

1 1 1+p/n
(4.13) / / uP PGP dg dt < (C’/ / uP| VP dx dt) .
0 JB(0,1) 0 JB(01)

Notice that in the calculation of this we do not need the assumption
u > 1, since ¢ does not depend on time. Similarly, we follow the proof
of Lemma 4.9 and get

1
/ / up+p/ng0p dr dt
0 JB(0,1)

p/n
< C(ess sup/ ud:r: / / |VplPuP dx dt.
0<t<1l JB(0,1) B(0,1)

We test this with cut-off functions ¢ € C5°(B(0,S)) such that
C
=1 in B(0,s) and [Vg|< T
-5

3/4 < s< S < 1. As a result we obtain

1
/ / WP s
0 B(0,s)
C p/n 1
< — ( ess sup u d:v) uP dx dt.
(S = s)P\ o<t<t Jpon 0 JB(0,5)

We apply Young’s inequality and get

/ / uPtPM e dt < = / / uP TP/ dy dt
B(0,s) B(0,5)

. < / d >p+p/n
————( esssu wdx )
(S — 8)(”+1)p 0<zt<1p B(0,1)

Therefore, an iteration gives

1 p+p/n
(4.14) / / wPtPm dy dt < C ( ess sup / u dx) .
0 B(0,3/4) 0<t<1 JB(0,1)

We now set R; = 1/2 + 27277 and take ¢; € C5°(B(0, R;)) such that
Y; = 1 in B(O, Rj+1), |V(Pj| S OQJ

1
Mj:/][ uP TP s dt.
0 JBO.R))

We denote
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We apply (4.13) together with Holder’s inequality and obtain

1 (n4+1)/(n+2)
M; g( / / uPtRImOE dt)
0o JB(0,1)
e (14+p/n)(n+1)/(n+2) .
gCJ( / ][ uP d dt) < QM 2,
0 B(O,ijl)

We rewrite this as
i rl+(p—2)/(n+2)
M; < OJMj_lp .

It is then a standard iteration argument (see, for example, [DiB93])
that states M; — 0 as j — oo if

My <C~((+2)/(p=2))*

By (4.14), this is the case, provided that C' is small enough in the
assumptions. O

Lemma 4.15. Let u be a nonnegative subsolution in B(xzg,2R) X
(to, to + To). Suppose further that

up =0 almost everywhere in  B(xq,2Ry).
Then there ezists a constant C = C(n,p, Ao, A1) such that
u(z,t) =0

for almost every x € B(xg, Ry) and

ty <t < min (To,Rg(Cesssup][ udx)Q_p).
B(z0,2R0)

to<t<Tp

Proof. We denote

to<t<Tp

T = min (Ty, RE(C ess sup][ udz) 2_p)
B(z0,2Rp)

and define the scaled solution

T1/(p-2)
Rg

where x; € B(xg, Ry). It is clear that

v(x,t) = u(z, + Rox,to + 1),

T1/(P—2) 1
ess sup][ vdxr = 5 €88 sup][ udr < —.
0<t<1 JB(0,1) Ry 0<t<T" J B(x1,Ro) ¢

Therefore, for C' large enough, v satisfies the assumptions of Lemma
4.12. Hence,

u(z,t) =0
for almost every (z,t) € B(xg, Ro) X (to,to +T). O

It immediately follows that, if subsolution’s initial data is zero, then it
has a representative that attains its initial values continuously.
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Corollary 4.16. Let u be a nonnegative subsolution in B(xo, Ry) X
(to, to + To). Suppose further that

up =0 almost everywhere in  B(xo, Rp).

Then

esssup  u—0 as t— .
2€B(z0,R) X (to,t)

for every R < Ry.

Remark. Using the result above one can show that, if the initial
data is continuous, then there is a representative of the weak solution
that attains its initial values continuously. Moreover, on the initial
boundary, the refined solution has the same modulus of continuity as
the initial data.

We may now use the full power of Moser’s iteration technique and
obtain the following lemma.

Lemma 4.17. Let u be a nonnegative subsolution in B(xq, Ro)X (to, to+
To). Let 09 > 0. Suppose further that

uwy =0 in B(xg, Rp).
Then there ezists a constant C = C(n,p, Ao, A1, o) such that

C to+70 1/6
esssupu < ( m / / uP~H0 dy dt> ,
Q ((1 - U)Ro)n P to B(xo,Ro)

0 > dg, and

< TO C < % d )p_l
esssupu <—-———————~( esssup uaxr
Q g (1 - U)p(n+1) to<t<to+To B(zo,Ro0)

for every 1/2 < o < 1, where Q = B(xg,0Ro) X (to,to + 1p).

Proof. Both results are essentially consequences of the fact that we
can, in the light of Corollary 4.16, take formally test functions
n=ue,
where ¢ > 1 and ¢ € C§°(£2). We can then repeat the proof of Cac-
cioppoli’s estimate Lemma 4.1 with dp/0t = 0. We set
ro=295, r=8—-(S-s)(1-27), j=0,12,...

and denote

U; = B; x I' = B(xg,7;) X (to, to + Tp).
We choose test functions ¢; € C§°(B;), j =0,1,2,..., such that

0<p; <1, ¢;=1 in Bjn

and .
c
[
The first of the results follows then by repeating the proof of Lemma
4.6. The second result follows analogously. U

V| <
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4.5. Zero lateral boundary values. We now prove results for the
Dirichlet problem with zero boundary values on the lateral boundary.

Lemma 4.18. Let
u € Lp(to — To,to; Wol’p(B(.To, Ro)))

be a nonnegative subsolution in B(xo, Ry) X (to — To,to). Let o9 > 0.
Then there ezists a constant C = C(n,p, Ao, A1, d0) such that

€ss sup u
B(zo,Ro)x (to—aTo,t0)

< <( ¢ )(n+p)/p /to / ul=AMPHS gy dt)l/é
T\ (1 -0)Th to—To v B(wo,Ro)

A=n(p—2)+p, forevery § > =1+ A/p+3dp and 0 < o < 1.

Proof. We have remarked after Lemma 4.1 that, because of the zero
lateral boundary values, we may choose a test function ¢ that depends
only on time when € > 1. We set

ogj=0—(c—0o)(1- 277)

and
Uj = B(l’o,Ro) X Fj = B(.I'o,Ro) X (to — O'jTo,to),

U(O’) = B(ZL’(), Ro) X (to — O'T(),t()).
We choose ¢; € C(I';) such that

. 0p; 1 C%
OSQOJSL ()szl mn FjJrl, Vgpj:(), a_tj STO]_—O'
We proceed as in the proof of Lemma 4.6 and get
/ up—l-l—p/n-‘r'ye da dt
Uj+1
2 Cite | 142|095 7
< (C’sp |V, [PuP +u 5 dx dt)
Uj

1 C2igr—2 v
<(7=— / ut*drdt)’
TO 1—0 Uj

where v = 1+ p/n. This time we choose

—2+p/n , —24+p/n A A
gj:(Huﬂw_u:(l%ﬂ)#“,
p/n p/n p P

where A = n(p—2)+pand p > 0. Let o; = 1+¢;. With this notation
we have

][ uo‘”ldxdtS( ol 1 ¢ (27)jp][ uajdxdt)w.
U; U

- ‘Ujﬂ‘l/wﬁ)l —0 :
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[terating this estimate as in the proof of Lemma 4.6, we get
A g 1/a; C -1
u® dg dt) <|Us [ ( c
(f, 0 (=)
At o
x (2y)P1/ =1 ‘Uo}][ u™ dx dt> .
Up

Since ,
0 1 1

oé_j_fy—ﬂ'(l—>\/1o)+1+)\/p+p_> 1+ MNp+p
as j — 0o, we have

C n 1/(1+X/p+p)
esssupu < ((—/)( +p)/p/ urte dxdt) .
U(o’) (0 —a')Ty U(o)

This proves the result for 6 > 1+ A/p. Let then p = 0. By Young’s

inequality, we get for every 1 + A/p > ¢ > —1 4+ A\/p + min{dy, 1} that
esssupu < < esssup u! AP0
U(o’) U(o)

C

% ( )(n+p)/p/ UM g dt) 1/(1+A/p)
(o0 —o')Ty U(o)

1
<—esssupu
U(o)

n (( C )(n+P)/P/ uLNPHS o dt) 1/6
(0 —a')Ty Uo)

and the result follows by the iteration. U

By choosing § = A/p, we conclude that the result of Corollary 4.11
holds up to the boundary.
Corollary 4.19. Under the assumptions of Lemma 4.18, we have

€ss sup U
B(z0,R0)x (to—0To,to)

C' N\ (4p)/A f RE\ n/A B/
() ) o )
(1 — 0‘) TO to—To<t<tg B(mg,RQ)

Moreover, the proof of Lemma 4.18 gives more. We may indeed pick
d = A/p—1> 0. Then the constant diverges as p — 2, but the right
hand side does not depend on u. We state the result as a theorem. It
gives, for the subsolutions with zero lateral boundary values, an upper
bound for the decay of the essential supremum.

Theorem 4.20. Let
(IS Lp<t0, to + Tb7 Wol’p(B<£L'0, Ro)))

be a nonnegative subsolution in B(xq, Ry) X (to,to + To). Then there
exists a constant C' = C(n,p, Ao, A1) such that

RPN 1/(0-2)
][ w(x,to+T)dr < C’(—O> ’
B(mo,Ro) T
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and
RN 1/ (0—2)
ess sup u <C ( )
B(:Eo,Ro)X(t0+T/2,to+T)
for almost every 0 < T < Tj.

The theorem above gives a uniform integrability estimate for subsolu-
tions with zero lateral boundary values. If the subsolution exists up to
the time Tp, then the Lo-norm with small § is bounded with a constant
that depends only on 7j. In particular, the constant does not depend
on the initial data.

Corollary 4.21. Let 0 < 6 < p— 2 and let
u € LP(to, to + To; Wy P (B(wo, Ro)))

be a nonnegative subsolution in B(xg, Ry) X (to,to + To). Then there is
a constant C' = C(n,p, Ao, A1, 9,Ty) such that

to+To
/ / wWdrdt < C.
B(z0,Ro)

The next lemma gives an estimate to a subsolution with zero lateral
boundary values and zero initial data in an annulus near the boundary.
It is needed in the proof of Theorem 2.5. We give only the outline
of the proof since we have already introduced all the technical steps
needed.

Lemma 4.22. Let
u € Lp<t0, to + To, Wol’p(B(l’o, Ro)))

be a nonnegative subsolution in B(xqg, Ro) X (to, to+T0). Suppose further
that
up =0 almost everywhere in  B(xo, Ry)\B(xo, R1),

Ry < Ry. Then there exists a constant C' = C(n,p, Ao, A1) such that

< T C d p—1
e war)”

where 0 < T < Ty, 0 <o <1 and
QU = B(Zﬂo,Ro)\B(l’o, Rl -+ O'(Ro — Rl)) X (to,to + T)

€ss sup ][
to<t<to+7oJ B(xo,Ro)\B(z0,R1)

Proof. The proof is based on the fact that we may take test functions
of the type

n=umax(u k), e>1, k>0
where ¢ € C*(B(xg, Ro)\B(zo, R1)) and ¢ vanishes on the boundary
of B(xg, Ry) and is equal to 1 in B(xg, Ry +0(Rg — R;1)). By Corollary
4.16, a representative of u attains its initial values continuously in the
support of . It is then clear that

n € LP(to, to + To; Wy P (B(xo, Ry)))

and n(-,tp) = 0 almost everywhere. The result now follows as in the
proof of Lemma 4.17. [l
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4.6. Gradient estimates. We next prove estimates for the gradient.
Similar proof for solutions can be found in [DiB93] and in the global
setting in [CL98|. The main ingredient of the proof is Corollary 4.11.

Lemma 4.23. Let u be a nonnegative subsolution in B(zg,3Ry) X
(0, 7o) and let e > 0. We define

N = esssup / udx
0<t<To B(x073R0)

and suppose that
To < RYN*?, X =n(p—2)+p.

Then there exists a positive constant C = C(n,p, Ao, A1,€) such that
for every 0 < 7 < Ty

/ / \VulP~tdzdt < C(NP~>7) 1//\N,
0 JB(zo,Ro)

where p > 2+ €.

Proof. First, we use Holder’s inequality and get

/ / (VulP~! dz dt
0 JB(zo,Ro)

:/T/ |vu|P—1u1/2u—1/2t1/(2p)t—1/(2p) dx dt
0 JB(x0,Ro)

T 1/p
< (/ / ul/?¢=1/2 dmdt)
0 JB(zo,Ro)

, (r-1)/p
" ( / / w2/ @ Ty P dy dt) _
0 B(zo,Ro)

From Corollary 4.11 we have that

esssup  u < CtTVANP/A
B(y,Ro/2)x(t/2,t)

for every 0 <t < 7 and y € B(xo,2R,) since
To < RyN*P

by the assumptions. This implies

Uy(1) = / ' / uP* V2 d dt
0 B(zo,Ro)

g/ t1/2|yuug/j1/ wda dt
0 B(af(),Ro)

<O N PP=2)/(2) /T 1 12=n(p=2)/2N) gt — O N1TP(P=2)/(20) 1/ (23)
0

Next, we choose the test function

(p—2)/(2p—2)41/(2p=2) ,p

n=1u v,
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where ¢ € C§°(B(xo,2Ry)) depends only on the spatial variable and
has the properties ¢ = 1 in B(xzg, Ry) and |Vy| < C/R,. We substitute
the chosen test function in the weak formulation and, in a way similar
to that of the derivation of (4.4) in the proof of Lemma 4.1, obtain

Uo(7) = / ’ / (Vo |Pu~ 1+ =2/ 0-21/@-2) g gy
B(zo,Ro

gC(E ’ / ’ / P~ V=D o241/ 202 G b g it
- B(z0,2R0)

+C—/ / =2/ =21/ 2=2) oy gt
:I:(),QR())

—C’— +(p—2)/(2p~2) 1/(2p—2) d
P (mo’zRO)u (z,7)7 P () da

and finally

Wy(T) §C<i) / ' / up P2/ =2/ @p2) g gy
RO 0 B(z0,2Ro)

+CO(e) / ’ / W2/ (2024~ 141/20-2) g gt
0 JB(z0,2R0)

In the previous calculation we have noted the singularity of the constant
as p — 2. We treat the terms separately. For the first term we have

/ ’ / P12/ 20211/ 20-2) g gt
0 B(SC(),QR())

< / ]| P22+ @2 1/ -2 / i dt
0 B(z0,2Ro)

<O N @M P=2)(1+1/(2p=2)) /T ¢~ (n(p=2)/A)(1+1/(2p=2))+1/(2p=2) 14
0
—C NI/ N (p=2)(1+1/(2p~2)) p(2p—1)/(A(2p—2))

:C(prZT)P/’\N1+(p/A)(pf2)/(2p72)7.p/(/\(2p72))
SCRgN1+(p/>\)(p—2)/(2p—2)Tp/(A(2p—2))

by the assumptions. The second term can be estimated similarly

/ ’ / L1 2)/ (=2 —14+1/(20=2) g s
0 B(z0,2Ro)

§0N1+(p/>\)(p—2)/(2p—2) /T 1= (/N (p=2)/(2p=2)-1+1/(2p=2) 14
0
— O N+H®/N)(p=2)/(2p=2) -p/(M2p=2))

Altogether, we have the estimate
Uy (7) < ONHE/NE=2)/2p=2) 72/ (A2p=2))

Combining the results for ¥; and ¥, we get
/ / ‘Vu‘pil de dt < ‘111(7')1/70\112(7-)1*1/29 < C(N]FQT)I/)\N,
z0,Ro
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which proves the result. O

We still need a ”stable” version of the previous lemma as p — 2. We
have not been able to modify the previous proof to achieve this. Nev-
ertheless, we prove a weaker version of the result, which will be enough
in the proof of Theorem 2.5.

Lemma 4.24. Let u be a nonnegative subsolution in B(zg,3Ry) X
(0,Ty). We define

N = ess sup/ udx
0<t<To J B(z0,3Ro)
and suppose that
N/Ry >1, and Ty < RyN*7?, X=n(p—2)+p.

Then there exists a positive constant C' = C(n,p, Ag, A1) such that for
every 0 < 17 < Ty holds

/T/ |Vu|”_1 dz dt < CMp—lT(l—l/M)/AN1+(p—2+p/(nM))/A
0 J B(z0,Ro)

for every M > 3. Moreover, the constant C' is stable as p — 2.

Proof. As in the proof of Lemma 4.23, we obtain by Corollary 4.11
that

ess sup u < Ct /A NP/A
B(y,Ro/2)x (t/2.t)

for any 0 < ¢t < Ty and y € B(xg,2Ry). By the assumptions
tANPA S TANPY S NJRE > 1.
Thus we have

esssup  (u+1) < CtVANP/A
B(y,Ro/2)x(t/2,t)

for any 0 < t < Ty and y € B(xg,2Ro). Now denote v = u+ 1. We
then use Holder’s inequality and get

/ / |VolP~ dx dt
0 B(xo,Ro)

< /T / V[P~ o EDE=D/py (0= D/pdp-1)/p=0-1)/p gy gy
0 B(zo,Ro0)

g( / ' / P (PmI gy dt) v
0 B(mo,Ro)
T (p—1)/p
X (/ / v VolP da dt)
0 JB(zo,R)
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for some 0, > 0. Here we used the fact that v > 1. We estimate the

first term as
(1) = / / pP~ 1= P09 g dt
0 B(zo,Ro)

g/ t—<p—1>5uv|y’;;2/ vda dt
0 B(x0,2R0)

<CNVH-2)/A / T - En-2)/ gy
0
:C((g)Tp//\—(p—l)éNHp(p—?)//\

provided that 6 < p/(p — 1)A. Next, we choose the test function n =
vt P, where ¢ € C§°(B(z9,2Ry)) depends only on the spatial variable
and has properties ¢ = 1 in B(zg, Ry) and |Vp| < C/Ry. We insert
the chosen test function in the weak formulation and follow the proof
of Lemma 4.1. We conclude

Uy (7) :/ / |VolPo~ 5t da dt
0 JB(zo,Ro)

C T
<— / / VPTIER |V o|P da di
€ Jo JB(zo,2Ro)

co [T
+ — / / VI P da dt
€ Jo JB(x0,2R0)

C
— —/ v (z, )0 P da
€ JB(%0,2R0)

and consequently

Wy(7) Sc(i) / / vP I do dt
Ry Jo B(z0,2Ro)

—i—C(e)/ / V! TETI d dt.
0 JB(xo,2Ro)

We require that § — (n/\)e > 0 and estimate

/T/ ’U1+€t_1+6 dr dt
0 B(z0,2R0)

SCNEP/)\ /T t(n/)\)sl+§/ vdrdt = CT67(n/)\)5N1+sp/)\.
0 B(xo,?Ro)

Similarly,

/ / VPTIE d dt
0 B(z0,2R0)

<CONC-2+p / " /N p=24e) 8 / v d dt
0 B(x0,2Ro)

<CONHO-24Ip/A / T /N 24048 gy
0

—OrP A=/ Ve N1+ p-2+)p/A
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since p/A + 0 — (n/A)e > 0. Altogether, we have the estimate
Wy(7) <O/ Ve NIep/A <1 4 (TNp—ZRO—)\)p//\>
<O (n/Ne NLtep/A

Combining the results for ¥; and ¥, we get

/ / (VolPtdedt < Uy (r)Y/P0y (7)1 < CrO-ne=De/p/A,
x0,Ro

We choose
__ P i e= Li’
2A(p—1) nip—1) M
M > 3, and the result follows. O

Remark. The condition N/Rj > 1 can easily be replaced with the
condition N/Rj > pu = p(n,p, Ao, A1) > 0.

4.7. Results for supersolutions. We prove a counterpart of Lemma
4.9 for supersolutions.

Lemma 4.25. Let
RP 1/(p—2) 0
(7)o
be a supersolution in B(xg, Ry) X (to, to+Tp) and let 0 < e < 1/2. Then
there exists a constant C' = C(n, p, Ao, A1) such that

to+oPTy 1/q C
<][ ][ ul dx dt) < ———— esssup ][ udx,
to B(wz0,0Ro) eM(1 — o) ty<t<to+Ty B(wo,Ro)

where g <p—1+p/n—cand 0 <o < 1.

Proof. We set
U(S) = B(xo, S) X (to, to + (S/Ro)"Tp).
for S < Ry. We choose test functions ¢ € Cg°(U(S)) such that
0<e<1 ¢=1 in U(s), oRy<s<S
and

’v90|<— ‘815‘— (S —s)P

We then choose for 0 < e < 1/2
p

=p—1-— =14 —
a=0p g, K +n(p—1—6)

, O=p
so that (4.7) becomes

/ 1IN g gt gc/ V(- )|P da dt
U(s) S

p/n
><( ess sup udm) .
to<t<to+To J B(xo,Ro)
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Lemma 4.1 implies that

/ |V(u(p_1_€)/pg0)|p dx dt
U(s)

C

< —
ep

|VlPuP~1 ¢ dx dt
U(s)

+ C / ul—a
(1 —¢)e Juw

C To
<— (|V90|” + =5
el Ju(s) Ry

P
ot
dp
ot

dx dt

cpp_l)up_““S dx dt,

where we have used the assumption u?~? < T/ Rb. Hence, we obtain

p/n
/ uPTHPIME e dt < ( ess sup / u dw)
U(s) to<t<to+7o J B(zo,Ro)

¢ 1 / w1 dg dt.
(S —s)P|U(s)|er Jus)

We apply Young’s inequality and get

X

][ uP~ 1PN E o dt < 1][ uP~ 1P/ =E o dt
U(s) U(s)

CRP 1 n\ (pP—1+p/n—e)n/p
+ <—0p_p( €ss sup ][ udw)p/ > .
(S = 8)P el N yy<i<totTo Blao,Ro)

An iteration argument together with Holder’s inequality now implies
the result. O

5. EXPANSION OF POSITIVITY

A fundamental property of a solution to a diffusion equation is that
the information, or, in other words, positivity, spreads as time evolves.
Showing this is an essential step in proving Harnack’s inequality for
solutions to evolutionary p-Laplace type of equations. The simple de-
scription of the phenomenon is the following. Let us start with positive
initial data supported in a ball of radius one. We then let time evolve
and after some time the values of the supersolution are positive in a
ball of radius two. We show that expansion of positivity occurs for
supersolutions.

We consider a Dirichlet problem with the nonnegative initial data
up € L*(B(0, R)). We suppose that there exists a weak nonnegative
supersolution u to

div(A(z,t,u, Vu) :%, in B(0,R) x (0, 00),
u(-,0) =wup ’

(5.1)
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where R > 2. Here A is as in Section 3.1. We assume that the initial
data ug has the following property: The set
V ={z € B(0,2) : uo(z) > N}, N >0,
contains a set U C B(0,1) such that
\U| > wvy|B(0,1)|, UcCV,

for some vy > 0. Moreover, we assume that there is a Sobolev function
w € WyP(B(0,2)) such that w > 1 for almost every z € U and w = 0
for almost every z € B(0,2)\V. We call

Ceap = / |Vw|P dx.
B(0,2)

The main result of this section is the following theorem. We have
presented its proof so that the use of the comparison principle has
been avoided. In the spirit of [DGV06], we pay some extra attention
to the stability of constants as p — 2.

Theorem 5.2. Let u be a weak supersolution to (5.1) with R > 4. Then
the positivity expands, i.e. there exist constants T and p*, depending
only onn, p, Ay, A1 (=structural constants), vy and Ceap such that

eSSQinfu > Ny,

where Q = B(0,2) x (N?7PT*/2, N>*"PT*). Moreover, constants T* and
W are stable, as p — 2.

Remark. In Theorem 5.2, we only need to assume that u is a super-
solution in B(0,4) x (0, N27PT™*).

A crucial step in the proof of Theorem 5.2 is that, if u is a weak
supersolution, then also a time-scaled function is a supersolution.

Lemma 5.3. Suppose that u is a weak supersolution to (5.1). Then

exp(kt) exp(k(p —2)t) — 1
’U(I,t) = ( 3 I D) )7
N k(p — 2)NP
k, N > 0, is a supersolution - not to the same equation, but to an
equation with a similar structure.

Proof. We first define
1 _ _ _
9(t) = (L4 5(p = NTZ)VED, 0 g(t) = kg™ P (1),

Note that g(t) — exp(xt)/N and (k(p —2)t) —1)/k(p—2)NP™2 — t as
p — 2. We formally calculate with

n(x,t) = g(t)p(x,t), O(w,t) =g(t)u(z,1).
This implies
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and
on kNP~ 2ugp )
U = +ug—-
ot 1+rlp—2)Nr2t ot
NP2 0
i ¥ + T

T 1+ k(p —2)NP—2t ot

Furthermore, if we define

A(z,t,9,V0) = ¢" L A, t,0/9,Vi/g)

we obtain
A(z,t,0,V0) - Vo > Ag| VP,
[A(z, 1,3, V0)| < Ay Vo
and
NP—2 ~

Az, t,u,Vu) - Vn =

1+n@—2ﬂWF%A@J”“Vw'V@

We change the time variable

_
K(p—2)

T=1(t) = In(1+ K(p — 2)NP~%t)

so that

dr NP2

dt — 1+k(p—2)t
Rewritten weak formulation for v and

e =t 2

is

0< // (:c,eXp p=27) 1 G0) . Vi dedr

K(p — 2)Nr—2

/ /Rn“a_wdf”dT—H/ /nwd:pdT
+/nv x, To)(x, 72) dax — /n o(z, 7 )(z, m) d.

Thus, v is a supersolution. Il

Furthermore we need the following energy estimate. We have proved
this in Lemma 4.1. Notice that, since u is a supersolution, then k& — u
is a subsolution and, hence, also max(k — u,0) is a subsolution. The
same result can also be found from [DiB93].

Lemma 5.4. Let u be a supersolution in B(xg, R) X (t1,t3) and k € R.
Then there exists a constant C' depending only on structural constants
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such that
to
/ / IV((u—Fk)—¢)| dxdt—i—esssup/ (u— k)2 " dx
t1 B(xo R t1 <t<ta B(xo R)
— | dedt
ot ‘ v

<c// (= KP [Tl + (u— 2™ |52
B(zo,R)

where (u — = —min(0,u — k) and ¢ is a nonnegative smooth test
function wzth a property that ¢(-,t1) = 0 and ¢(-,t) € C§°(B(xo, R))
for every t; <t <t,.

We denote
{v >k} ={z € B(xo,R) : v(z)>k}.
Definitions of {v < 1} and {l < v < k} are similar.

The following two Sobolev estimates are proved in [DiB93].

Lemma 5.5. Let v € W'?(B(xzg, R)). Then there exists a constant

C = C(n,p) such that

n+1
ey < CET Vol da
HU > kf}} {l<v<k}

for every k > 1.

Lemma 5.6. Let Q be a domain and v € LP(ty,ty; Wy ?(Q)). Then
there exists a constant C' = C(n,p) such that

to
/ / ofP d dt <C|{(2.8) € Q% (t1,42) : [o] > 07/
t1 Q

t2
X (/ |Vv|pdxdt—|—esssup/ |v|? dz).
t1

11 <t<tg

Throughout this section, we denote by C' and p constants that depend
only on structural constants or, in other words, n, p, Ay and Ay, and
the constants vy and Clyp, of the initial condition.

The first lemma is a straightforward consequence of a choice of a proper
test function in the weak formulation.

Lemma 5.7. Let u be a weak supersolution of (5.1) with R > 4. Then
there exist constants k = k(p, Ao, A1, vy, Ceap) and v = v(n,vy) such
that for

1
g(t) = (1 + w(p = 2)N"21) /=2

we have
{z € B(0,3) : u(z,t)g(t) > 1}| > v|B(0,3)]

for almost every t > 0.

We have an immediate corollary of Lemma 5.7 for a supersolution v
defined in Lemma 5.3.
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Corollary 5.8. Let u be a weak supersolution of (5.1) with R > 4 and

exp(kt) exp(k(p —2)t) — 1
v(e.t) = —x ule. K(p — 2)NP~2 )

where k 18 as in Lemma 5.7. Let also v be as in Lemma 5.7. Then v
18 a supersolution and

[{z € B(0,3) : v(z,t) > 1}| > v|B(0,3)|

for almost every t > 0.

Proof of Lemma 5.7. First, we define the supersolution v = u + ¢,
e > 0. We choose the test function n = v!PwP, where w is the function
related to the initial data defined at the beginning of this section. The
function 7 is an admissible test function by arguments used to prove
Lemma 4.1 and by approximation.

We now study the initial values of function v. Since
/ (vp(,0) — vo(x))? dz — 0
B(0,2)

as h — 0 we have that v,(z,0) — vo(x) for almost every z € B(0,2)
as h — 0. Thus, the dominated convergence theorem gives

/ vy P(z, 0)wP dr — / v P (x)wP do < / N* Pyl dx
B(0,2) B(0,2) B(0,2)

as h — 0 since vy > N +¢ almost everywhere in the support of w. This
holds for every € > 0. Therefore, for any 6 > 0, we find a small time
ts > 0 such that

/ u* P (2, ts)wP doe < / N* PP dg + 6.
B(0,2)

B(0,2)

We choose such a time t5. We then proceed formally and obtain

-1 [T 2—p
/ / u—d dt = / / Ou™" v dwd
B(0,2) p—2 ts JBO2) Ot

-1
P=- (/ u2_p(x, T)w? dx — / u* P (w, ts)w? dx)
P =2\ /o2 B(0,2)

so that

/ / u— dz dt
B(0,2)

/ u? P (x, T)w? do — / u* P (x, ts)w? da
B(0,2)

B(0,2)

1
= </ u* P (2, T)w” do — / Pz, ts)w? d:c)
p—2 B(0,2) B(0,2)
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for almost every T' > ts5. Furthermore, we use the structural conditions

(3.1) and Young’s inequality and obtain
A(xt,u, Vu) - Vn
<(1 — p)Ao|VulPu Pw? + pAi | VulP~u! P | Vaw|w? ™!

=(1— )Ao]Vu]pu’pwp + (AP Vulu w)P (A Ay PV w))

Ay
< P
<A, ( o ) IVl
We now send § — 0 and conclude

2—p t _ N2—p
lim sup/ u Pz, ts) wP dz < 0.
B(0,2)

ts—0 p—2
Hence,

2—p T — Npr
/ w @ T) w? dx
B(0,2) p—

2
<A1 / / Vwl? dz dt = OcapAl(Al)p T.
B(0,2)

Ao
for almost every 7' > 0. It follows that, for every ¢ > 0, we have
£2-p _ N2-P
-2

2—p T — Npr
< / v, 1) dz < CoapCT.
U p—2

{z € U:u(z,T) <5}‘

We then choose
= N(142(p - 2)N?2|U| ' CeupCT) 72
and obtain
{z €U :u(z,T)<e}| < %|U|

Consequently, since U C B(0,3), we get
1
{o € B0.3) s u(x,T) > &}| > 5|U| > %U|B(O,1)|

and the result follows with x = C‘U ‘ eap and v = vy /2271,

O

By the corollary above, we know that the time scaled supersolutions
have values bigger than one for almost every ¢ > 0, at least in a set
of uniformly positive measure. Next, lemma tells that, for later times,
we can find positivity in a larger set. This type of argument has been
used in the ’Second Alternative’ in the proof of the Holder continuity

of the solution, see [DiB93].

Lemma 5.9. Let v be a weak supersolution of (5.1) with R > 4. Sup-

pose that
[{z € B(0,3) : v(z,t) > 1}| > v|B(0,3)|.
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for some v > 0. Then, for every 0 < v* < 1, there exists a constant
M = M(n,p, Ao, A1, v, v*) such that
[{(z,t) €B(0,3) x (T,4T) :v(z,t) <27M}]
<v*|B(0,3) x (T.,4T)|,

where T = 2M®=2)

Proof. We define k; =277, j =0,1,2,..., M, and T = kj;”, where M

is going to be fixed. Let 6 be a test function vanishing on the parabolic
boundary of B(0,4) x (0,47), # =1 in B(0,3) x (T,4T) and

vo| < C, ‘_( <v

Vol < ol — T

Now

4T
L
0 B(0,4)

2
<&\B 0,3) x (T,47T)| < Ck?|B(0,3) x (T,4T)|

00
ot

‘ (v — k;)? dx dt

and
AT
/ / VO (v — k;)? dodt < CEY|B(0,3) x (T,4T))|.
B(0,3
It follows from lemma 5.4 that
4T
/ / V(v —Fk;)_Pdedt < CkﬂB(O,B) X (T,4T)’.
B(0,3

Lemma 5.5 together with assumptions yields
k?j+1’{£(] € B(O, 3) . U(l’,t) S k’j+1}{
C [5i0m |VUIXk  <ocn) dT
(0,3) j+1<U<K; < C/ |VU d
= > X{kjy1<v<k;} T
Hx € B(0,3) : v(x,t) > k’]H B(0,3) Xk 12 <0<y

for almost every t > 0. We integrate this in time from 7" to 47". We
first notice that

[{(z,t) € B(0,3) x (T,AT) : v(z,t) < ky }|
<|{(z,t) € B(0,3) x (T,4T) : v(z,t) < kj41 }|.
The use of Holder’s inequality then gives
}{xt ) € B(0,3) x (T,AT) : v(z,t) < ka}|

4T /p
< / / (v—Fk;)_|Pdx dt)
j+1 B(0,3)
4T (»=1)/p
/ / X{kj+1<v<kj} dx dt)
T JB(03)

1/p AT (r—1)/p
< C(\B(o,:a) « (T, 4T)|) ( / / Xtk <vehy 4 dt) .
T JB(03)
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We take power p/(p — 1) on both sides and sum up from 7 = 0 to
M — 1. Note that sets {k;11 < v < k;} are disjoint for different j’s.
This implies

H(x,t) € B(0,3) x (T,4T) : v(z,t) < kMH

C
Therefore, if we take M so large that

M
the result follows. O

14

e Y

((J ><p—1>/p o

We are ready to proceed to the proof of Theorem 5.2. It follows the
proof of Lemma 4.1, p. 49, in [DiB93].

Proof of Theorem 5.2. We have shown in Lemma 5.3 that the
function

exp(kt) u(z, exp(k(p —2)t) — 1)

v@:1) = N k(p — 2)NpP—2

is a supersolution. Moreover, by Corollary 5.8, it satisfies the assump-
tions of Lemma 5.9. Thus, for every v* we find M such that

|{(x,t) €B(0,3) x (T,4T) :v(x,t) < 2_M}‘ <

B(0,3) x (T,4T)],
where T = 2M®=2) We define
kyj=2"M"11+427), r=2427 T;=2T(1-277")
for y =0,1,2,.... We also denote
Q; = Bj xT'j = B(r;,0) x (T3,4T).
We then have
kj —kj=2""7"2 and 27Mt <k <27 M

Furthermore, let 6; be a test function such that it vanishes on the
parabolic boundary of @); and 6; = 1 in @);1;. We may choose it so
that

00;|  C

IVo;] < C2, ’E << CYK2,
Also the estimate
(v—Fk) _ T
(v—Fkj)2 > kpfzj 5 (V= k)"
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will be used. Collecting the results so far, we have from Lemma 4.1
that

(5.10)
1
T IV((v —k;)-0;)|F dz dt + ess sup/ (v — k;)20% do
Q] J Bj
— | (=K VP drdt+ [ (v—Fk;)2eP! 8 dx dt
Qj

210] 9 1 p—2
< [ k) (0= k)2 R dadt,

J

A change of variables z = t/T now gives

(5.11)

/ /|V w — k;)-1;)|P dx dz + esssup/ (w — k)27 dx
/T 1,/ T<t<4.J B

<C2Pi /T./T/ '(w — k)" + (w— k)2 kY de dz,

v(z,Tt) and ¢;(x,t) = 0;(x,Tt). Now let

x,t)
AT
/ / X{w<k; }d$ dz = _/ / X{v<k; }de dt.
T, /T

Note that from Lemma 5.9 we have an estimate A; < v*|B(0,3)| for
the first level set. From Lemma 5.6 and inequality (5.11) we get

4
/ / (w — k)27 dr dz
T;/T J Bj

4
seaf e [0 19w = k)v)p v

where w(

—i—C’Ap/ nte) esssup/ (w — k)24 d
B;

T;/T<t<4
<O AP/ gD,

Finally, we have

4 4
/ / (w — k)25 dx dz 2/ / (w— k)" dz dz
T;/T J B; Tj+1/T 7 Bjt1

1
>(kj — kjp1)PAjpa > WAJ'-H'

This yields an iteration inequality
Aj < C4ij;+p/(n+p)‘
By a standard argument (see Lemma 4.1, p. 12, in [DiB93]), A; — 0 if
A, < C~(tp)/py=(n+p)*/p,

By taking
v = C—(n+p)/p4—(n+p)2/p’3(0’ 3)|—1.
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we indeed have that

v(x,t) > 27 M1
for almost every (z,t) € B(0,4) x (27,4T), T = 2M®=2)_ Note that
v* may be chosen so that it depends only on the structural constants.

That is why also M depends only on the structural constants. The
result is now proved with

™ exp(k(p — 2)2MP=2+2) |
r(p—2)

and
,LL* — 2—M—1 eXp<—f€2M(p_2)+2).

6. PROOFS OF THEOREMS 2.2 AND 2.5

We now proceed to the proofs of main theorems. In what follows, we
extensively use the results of previous sections.

In the proof of Theorem 5.2, we needed a special test function related
to the initial data. There is no a priori information as to whether such
a test function exists. As the next lemma shows, we indeed find such
a test function. It depends on the supersolution itself.

Lemma 6.1. Let u be a nonnegative supersolution in B(xg,2Ry) X
(to, to + 2Ty). Then for every k > 0 there is a Sobolev function

w € WyP(B(z0,2Ro))
and a time ty + Ty < t* < tg + 21y such that
w =1 almost everywhere in {x € B(xo, Ry) : u(x,t*) > 2k}
and
w =0 almost everywhere in {x € B(xo,2Ry) : u(x,t*) < k}.
Moreover, there is a constant C' = C(n,p, Ao, A1) such that

1 1
VuwlPder <CR}(—= + ———).
L(zo,QRo) ‘ ’ 0 (Rg Tokp_Q)

Proof. We fix & > 0. Since u is a supersolution, min(u, 2k) is also a
supersolution. This implies that v = 2k — min(u, 2k) is a nonnegative
subsolution. Let ¢ € C§°(B(xg,2Ry)) now be such that

0¥ <1 w=1 in BlaoRy), ad [Vif< o
0

and let further { € C*(ty, to + 275) be such that
OSQSL C(t)zl as t0+T0§t§t0+2T0, C(to):O
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and |0¢/0t| < C/Ty. By Caccioppoli estimate, Lemma 4.1, there is a
constant C' = C(n, p, Ay, A;) such that
to+2To
/ IV (yv)|P dedt < C(KPToRy* + k*Ry).
z0,2Ro

to+To
This is seen with the aid of the test function ¢ = (. Furthermore,
1
n= Euf —v)

is a function such that n = 0 almost everywhere in {u < k} and n =1
almost everywhere in {u > 2k}. Moreover,

to+2To to+2Tp
/ V()P de dt < — / V(o) P da dt
to+T1o (z0,2R0) k to+T1o (zo0, 2Ro)
n T 2—
< CR} (= I + k7).
Therefore, there exists a time ty 4+ Ty < t* < to + 21, such that

1
t* Pde < CRy )
/(cco 2Ro) V(n(t, ) de (Rp Tokp_z)

Thus, we may choose w = n(-,t*)y and it satisfies all the requirements
we asserted. O

Much of the work done in Section 4 aimed to prove the following result.
The technique is fairly simple. We have a solution to the Dirichlet
problem with zero boundary values and initial mass of one. The goal
of the lemma is twofold. On the one hand, we want to show that there
exists a time depending only on data such that the solution’s mass has
not grown too much. On the other hand, we want to show that some
quantity of the initial mass is preserved for such a time.

Lemma 6.2. Let
u € LP(0,1; Wy *(B(0,6)))

be a nonnegative solution in B(0,6) x (0,1). Suppose further that the
wniatial data satisfies

up=0 in B(0,6)\B(0,1)

/ ug dx = 1.
B(0,1)

Then there are constants 1o = 19(n, p, Ao, A1) and C' = C(n, p, Ao, A1)

such that )
/ uw(z,t)dx > =
B(0,3) 2

/ u(z,t)de < C
B(0,6)

and

and

for every 0 <t < 1.
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Proof. We want to apply Lemma 4.24 in such a way that the right
hand side does not depend on u. We cancel the dependence by taking
T to be the smallest root of the equation

-8
T= ( sup / udx) ,
0<t<T J B(0,6)

where 8 > 0 is to be chosen. We denote

N=N(T)= sup/ udx
0<t<T J B(0,6)

which is larger or equal to 1 by the initial condition. We infer that N
is a continuous function. Since w is a solution we see from the equation
that Qu/dt belongs to the dual of LP(0,1; W,"(B(0,6))). It is then a
standard result that u belongs to C(0,1; L?(B(0,6)), see, for example,
[Sho97], and thus also N is continuous. Hence, there exists the smallest
root of T'= N(T)~" by Rolle’s theorem. We choose

p , 3np—2) +p)}

— —1lp—24 2
P max{p P et gt 2

We then obtain from Lemma 4.22 that

ess sup u<C
(B(0,6)\B(0,2)) x(0,T)

and from Lemma 4.24 and the remark thereafter that

T
/ / |VulP~tdz dt < C.
0o JB(03)

Furthermore, from the weak formulation with the cut-off function ¢ €
Cs°(B(0,3)), ¢ =11in B(0,2), [Vy| < C, we deduce

/ u(z,t)pdr §/ u(z,0)pdx
B(0,3) B(0,3)
T
+A1kuoo/ / IVt da dt < C
0o JB(03)

for every 0 <t < T'. Consequently, we have

/ u(z,t)de = / u(z,t) dx +/ u(z,t)de < C
B(0,6) B(0,2) B(0,6)\B(0,2)

for every 0 < t < T. With f fixed, we get
T=N"¥ >C"

Hence, we obtain a lower bound for 7', which depends only on n, p, A
and A;. Let 0 < 79 < T be chosen so that

0 1 _
L] wuptand < G(Alvel.) ™
0 B(0,3) 2

Such a constant 7y can be found by Lemma 4.24. Moreover, 7o may be
chosen to depend only on n, p, Ay and A;. Therefore, again from the
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weak formulation, we obtain

1:/ u dx g/ u(z, t)pdx
B(0,1) B(0,3)
T0
F ANl [ VP deds
0 JB(03)

1
< / u(z,t)dr + =
B(0,3) 2

for every 0 < t < 715. The result now follows. U

We also need the following simple tool.

Lemma 6.3. Let ) be a bounded domain in R™. Suppose that f is a
measurable function in  satisfying

][fdx22N
Q

(]{2 fi dm)l/q < CyN

for some 1 < q < +oo. Then
[{zeQ: f(x) > N} >y Vq.

and

Proof. By Holder’s inequality, we have

2N g]éfdx:ﬁ(/{f>N}fdx+/{f<N}fdx)

1 1-1/
SOoN<m\{f >NY) N,

which implies the result. U

Finally, we are ready to prove the local weak Harnack estimate. This
is the only proof of this work that uses the comparison principle and
the existence result.

Proof of Theorem 2.5. By the existence result in [Hun01], we have
the solution

v € LP(ty, to + Ty: Wy P(B(z0,6Ry)))
to the problem

div(A(z,t,v, Vo) :% in  B(z,6R) x (t1,to + Tp)

v(-,t1) = v

where
Vo = XB(xo,Ro)U("> 1),

for almost every tg < t; < to + Tp. By the comparison principle,
Theorem 3.5,

v<wu in B(z,6Ry) x (t1,to+ To).
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We now denote

N :][ u(z,ty) dx
B(xo,Ro)

N> < Cle )1/(1?—2)‘
To +to — t

and assume that

We scale the solution v as

1
= ——— Rox. t B(0,1)|N)> PRt
w(ajv ) ‘B(0,1)|NU(%+ 0T, 1+(‘ ( ) )’ ) 0 )

so that w is a solution in B(0,6) x (0,1) provided that
N> 1 ( R} >1/(p2)‘
|B(0, )| \To +to — t

This is certainly true if C; > 1. Moreover, the support of the initial
data wy belongs to B(0, 1) and

/ wo dx = 1.
B(0,1)

By Corollary 4.19 and Lemma 6.2 we obtain

esssup w(z, 7) < O~
2€B(0,6)

for every 0 < 7 < 79, where 79 = 19(n, p, Ao, A1) is as in Lemma 6.2.
For such 7, we also have

1
]i(m)w(x,f) - 2|B(0,2)|

It readily follows from Lemma 6.3 that
1 T[;L/)\
> B(0,2
4\3(0,2)\}}— B0.2)

[{z € B(0,2) : w(z,t) > 8

for every 75/2 < t < 719. We then define yet another supersolution
1
v(x,t) = Nu(:vo + 2Ry, t + N*7P(2R,)Pt)

in the domain B(0,4) x (0, N*~2Ty/(2R,)?). By the comparison prin-
ciple, we have

oz € BO,1): v(z,t) > 1/C}| > %\B(O, |

for almost every 7/2 < t < 71, 7 = 277| B(0, 1)‘2_]970, and for some
C =C(n,p, Ay, A1). We now define

U(t) ={z € B(0,1) : v(x,t) > 1/C}
and
V(t) ={z € B(0,2) : v(z,t) < 1/2C}.
Since v is a supersolution, it follows from Lemma 6.1 that we find a

test function w € W,y (B(0,2)) and some time 7,/2 < t* < 7 such
that

w =1 almost everywhere in U(t"),
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w =0 almost everywhere in V(")

/ |Vw|P dz < C.
B(0,2)

Moreover, we have already shown that

and

U(t)

1
> 5\3(0,1)|.

Consequently, Theorem 5.2 gives constants 7' and i1, depending only
on n, p, Ag and A; such that

essinfv > [,
Q1 =H

where Q1 = B(0,2) x (t* + T/2,t* + T). We scale back and have for
Cy =2P(T 4+ t*)
essQinfu > N,

where Q = B(xg,4Ry) x (t; + C1N*7?/2.t; + C;N?7?). To guarantee
that u still is a supersolution up to the time t; + C;N?>7P we need the
condition

CiN*PRE < Ty +tg — t,

that is ,
CiR, 1/(p—2)
][ u(z,ty) de > (A> :
B(zo,Ro) To+to—t
We now have finished, since we may choose Cy = 1/i. O

We use the local Harnack estimate to prove the other main result, the
global Harnack estimate.

Proof of Theorem 2.2. We use the blow-up argument. First, we
scale the supersolution as

v(z,t) = u(zo + (R/M)zx, (R/M)Pt),
where M < 1. Then v is a supersolution in
R™ x (0, To(M/R)P).
We have

(6.4) ][ u(z, t) dz :][ v(x,t)de < M”][ v(z,ty)dx,
B(wo,R) B(0,M) B(0,1)

where t; = (M/R)"ty. Let C} and C5 be as in Theorem 2.5 and suppose
that

Cl 1/(p—2)
(6.5) ][ v(z, ty)dx > 2( )
B(0,1) ' (To — to)(M/R)P
We then apply Theorem 2.5 and obtain

) 1/p-2)
]{3(0,1) oo h)dw < ((To - tOC;(M/R)p>

+ Cyessinf v,
Q1
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where Q1 = B(0,4) x (t1 +T1/2,t + T1) and
1 _
T, = 01(5][ v(z,ty) dx)2 P < (Ty — to)(M/R)?
B(0,1)
by the condition (6.5). It follows that

(6.6) ][ v(x,t;) de < 2Cyessinf .
B(0,1) @1

Furthermore, we choose

ClRp 1 2—p
MP = (—][ v(x,t dx)
CY Y

so that

1 _
T = (R/M)p01<§]{3(0 ) U(I,tl) dl’)Q b < Ty —tp.

The choice of M leads by (6.4) to the inequality

CiRP /1 2-
M* < 1—(—][ u(z, to) d:c) g
T A2 B(wo,R)

Thus, the requirement M < 1 is certainly fulfilled if
2P—2C RPN\ 1/ (p—2)
][ u(zx, to) de > (—1) :

B(z0,R) T

For such initial masses, we have by (6.6) that
M”][ u(z, ty) dr < 2Cy essinf u,
B(zo,R) Q2

where Qo = B(xg,4R/M) X (to +T/2,to + T). Note that

essinf v = essinf u
Q1 Q2

by the definition of M. Moreover, we obtain, again by (6.6), that

) ()

T \n/p
SC’(—) essinf y"P=2)/P,
Rp

Q2

We combine estimates and conclude that

ess inf u™?.
Q2

T \n/p
u(x,tg)de < C|—
]{3(103) (z,%0) (Rp)

Recall now that Q) C Qq, where Q = B(xg,4R) x (to +1/2,t90 + T),
since M < 1. This proves the result. OJ
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7. HOLDER CONTINUITY OF SOLUTIONS

We now turn our focus to the solutions and prove that every solution
has an Holder continuous representative. We first prove the local intrin-
sic Harnack estimate and then use this to prove the Holder continuity
of the solution. The proof presented here follows [DGV06] and it is
similar to the one due to Moser in [Mos64].

We again want to emphasize the fact that we have stronger assumptions
than Theorem 1.1 has in [DGV06]. Our proof uses the comparison
principle and the existence result.

We start with a lemma that implies the local Harnack estimate.

Lemma 7.1. Suppose that u is a local nonnegative weak solution to
(8.3) in B(0,4) x (—Cy, Cy), where Cy = Cy(n, p, Ao, A1) > 1 is given

in the proof. Moreover, suppose that

ess sup u>1.

B(0,1/4)x (—1/4,0)
Then there ezists a constant C' = C(n,p, Ao, A1) such that
ess inf u > —.
B(0,1)x(Co/2,Co) C

Moreover, the constants C' and Cy are stable as p — 2.

Proof. Basic ingredients of the proof are Theorem 2.5 and Theorem
4.10. For the sake of clarity, we enumerate our constants. They will
all, however, depend only on n, p, Ag and A;. We first use Theorem
4.10 for subsolutions and get

RPN1/(0-2) T, -1
1< <<_1> ? +—;<esssup][ udx)p )
Ty R\ —1<i<0) B0, R)

LR
Rlz—, —:(201) p’ 1<T1<Co.
2 Ty

We obtain for some —717 < t; < 0 and constant Cy that

2
w(z, t)de > —.
]{9(0,1/2) Cy

We then apply Theorem 2.5 for supersolutions with Ry = 1/2 and
Ty = Cy — t1. We may choose Cy so that the condition

with

1 (Cng) 1/(p—2) ( Cs ) 1/(p—2)
> - (=
Co =\ T 2°(Co — 1)
is satisfied and consequently
1

— < (Cy essinf v,
Cy B(0,2)x(Ts/2,Ts)



52

where

27
TQZC:;(][ U({L’,tl)dl‘> pé g
B(0,1/2) 2

We still need to carry the obtained positivity up to the time Cy. We
study a function

v(x,t) = u(x, Ty + 1),
which is a supersolution in B(0,4) x (0,Cy — T3). We now follow the
proof of Theorem 5.2 and comment on the details briefly. First, repeat-
ing the calculations in the proof of Lemma 5.7, we may choose

gzé(leCS(V )(C’ T))*l/(pr)’
Cs = Cs(n, p, Ao, A1) and v* > 0, so that
[{z € B(0,3/2) : v(z,t) < e}| < v*|B(0,3/2)]
for almost every 0 < t < Cy — Tp. We then choose r; = 14+ 2717 and
Q; = B;j xTI'=B(0,r;) x (0,Cy —T5).

We also choose the test functions 6; € C§°(B(0,7;)) such that §; =1
in B(0,7;41) and |V6;] < C2/. The truncation levels k; are chosen as

ki = 3(1 + 279,

Then (v(x,0) — kj)— = 0 for almost every x € B(0,3/2) and (5.10)
becomes

|V((v— )_0,)[P dx dt + £ pesssup/B(v—kj)geﬁda:

r j

<c/ v — k)P |V, du dt.

We change the time variable z = eP~2¢. Using the notation of the proof
of Theorem 5.2, we conclude that

Al S EV*(CO — TQ)‘B(O, 2)|
We may now choose a suitably small v* so that it depends only on n,

p, Ap and A; and repeat the argument in the proof of Theorem 5.2 to
show the assertion of the lemma. O

We now define the values of u pointwise via

u(z,t) = im  esssup  wu.
B—0 B(2,R)x (t,t—RP)

We then obtain the local Harnack estimate.

Theorem 7.2. Suppose that u is a nonnegative local weak solution in
Q1 = B(z1, R1) x (t1,t1 +T1) to
ou

div(A(z,t,u, Vu)) = re
Then there exist constants C; = Ci(n, p, Ao, A1), i = 1,2, such that, if

Q() = (QT(), 4R) X (to — Clu(l‘o, tO)Q pRp’ to + Clu(QT(), t0)2 pRp)
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belongs to Q1 for R > 0, then

u(zo, o) < Cy essQinf u

where
Q = B(JT(), R) X (to + Clu(l'o, to)z_pRp/Q, tg —+ Olu(l‘o, tg)Q_pRp).

The constants C' and Cy are stable as p — 2.

Proof. We assume that u(zg,ty) > 0. Let Cy be as in Lemma 7.1.
Then the scaled solution

v(x,t) = u(zo + /R, to + u(zo, to)* Pt/ RF)

U(SL’O, to)
satisfy the assumptions of Lemma 7.1 and by scaling back we get the
result. U

We will now use previous Harnack estimates to show that solutions are
Hoélder continuous. We define

€SS OSCUu = esssupu — essQinf u.
Q

Lemma 7.3. Let u be a local weak solution in B(xg, Ry) X (to — To, to)
and let
C()Rg
T,
where Cy > 32 is as in Lemma 7.1. Then there exists a constant
C =C(n,p, Ao, A1) and a = a(n, p, Ay, A1) < 1 such that

p

(6%
essoscu < C’w(—)
Q - Ry/

max ( €8S 0SC u, ( )1/(p_2)> <w < 00,

B(zo,Ro) % (to—To,t0)

where

Q - B('T()ap) X (to - w2_ppp7t0>7
p < Ro/4.

Proof. Let w, = 6*w, k = 0,1,2,..., where 1/2 < § < 1 is to be
chosen. We define the intrinsic geometry as follows. Let

C
Ry =47""Ry, S = 70(

Wi

1 )2_pRZ, sk = to — Sk

and
Q1 = B(xo, Ry) X (sk,to), Uk = B(xo, Ri) X (sx — 35k, to).
We first infer that Uy, is a subset of Q). This is true if the condition
Sk < Spy1 — 3Sk41

holds. For k£ = 0 it follows from the assumptions. For k > 1 we rewrite
the condition equivalently as

(3) TR = A R
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or

Ryy1 < (5p_2>1/p'
R, — 4
This implies the inclusion because Ry /Ry 1 =4 and § > 1/2.

We then define two scaled solutions

1 25
v(,t) = — (esssupu — u(wo + Rs1®, Sp1 — Sker + s t))
Wk Qk Ch
and
= 2511 .
w(x,t) = —(u(xo + Ry, Sp41 — Sk + t) — essinf u)
Wk 0 Qk

Note that they are nonnegative solutions in B(0,4) x (—Cy, Cy). We
study different cases. Let first

(7.4) ess sup v > 1.
B(0,1/4)x(—1/4,0)
It then follows from Lemma 7.1 that
) 1
essinf v > =,
B(0,1)x(Co/2,Co) C

C > 1. In the original coordinates this implies

1
—(esssupu — esssup u) > —.
Wk Qk Qk+1 ¢

Consequently, we have

Wi .
7.5 essoscu < esssupu — — —essinfu < wi(l — —).
( ) Qrt1 - Qk P 4C Qr41 o k( 40)

Suppose then that

1
7.6 €SS 0SC U > —Wy.
( ) Qk -2 b

The definition of v and w now gives
4
v(x,t) +w(x,t) = —essoscu > 2.
W Qk
Therefore, if (7.4) is not the case, then

ess sup w > ess inf w > 1
B(0,1/4)x(—1/4,0) B(0,1/4)x(—1/4,0)

and it follows that

1
ess inf w > —.
B(0,1)x(Co/2,Co) C

This means

. . Wk
essinfu —essinf u > —
Qrt1 Qk 4C

and again we obtain (7.5). We now choose

11
=1 — > =
1C ~ 2
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If (7.6) is not the case, then trivially

essoscu < essoscu < —wi < Wi-
Qk+1 Qk 2

Hence, we obtain in all cases

essoscu < 0Fw.

Qk
We then choose k such that
(7.7) 47 2Ry < p < 47FIR,.
Remark that
o

Spy1 = 5 P*24*Pw2*p§(k+l)(27p)4f(k+1)pRg > %w2ppp > W2 PP

provided that Cy > 32. It is clear from the proof of Lemma 7.1 that
we may indeed choose such Cy. We now define o = —logd/log4 and
the result follows since we have

«
essoscu < essoscu < 0FFly = w4~ (kD < C’w<£>

Qr+1 0

because of (7.7). O

The Holder continuity of solutions is a consequence of Lemma 7.3. Let
Qr = Q x (11, 72) be an open set in R*™!. Tts parabolic boundary is
defined as

(9pQT =0 x {7'1} U 89 X (Tl,TQ).
Let K € Q. We define the general intrinsic parabolic distance from
K to Qr as

T, — dist(M) = inf min(|z — y|, MP2/P|¢ — g|1/P),
P (M) wocol ek (lz -yl t—s|/?)

where M > 0.

Theorem 7.8. Let u be a local weak solution in Q X (11, 72). Suppose
that w = essoscq, u < oco. Then u is, after a proper redefinition on a
set of measure zero, locally Holder continuous. Moreover, let K € Q.
Then there exist constants C = C(n,p, Ao, A1) and o = a(n, p, Ao, A1)
such that

|20 — yo| + wP~D/P|ty — tlll/p>a

!u(azo,to) — u(wo, t1)| < C’w( T dist(w)

for every (o, to), (21, t1) € K.

Proof. We show the estimate for arbitrary K & €)p, which shows the
local Holder continuity. Let (xq,to) and (x1,¢;) be two given points in
K. Without losing the generality, we may assume that t, > ¢;. We
define

Ty = inf [t — s
(z,t)€0pQ7,(y,s)EK

and ) )
—pr — dist(w) <

(r-2)/p/p
w ",
Ccy/ Cy'” ’

Ry =
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where Cy as in Lemma 7.1. The definitions imply that

and

B(J?(),R()) X (to — To,to) C QT

CoRP -
w > max ( €SS 0SC u, M)1/(1) 2))~
B(z0,Ro) % (to—To,to) To

Suppose first that

(7.9)

max(|zo — yol, PP (to — 11)7) = p < Ro/4.

It then follows from Lemma 7.3 that

‘U(.ﬁEo,to) —U,(ZEl,tl)‘ S C’w(Rﬁo>a

which is the result of the theorem. If (7.9) does not hold, then the
result follows trivially since

[ACS3)]

[AS67]
[Bar52]

[BCO4]

[CL9g)

[DG57]

[DGV06]

[DHS89)]
[DiB93]
[DK]

[DK84]

[DUVO04]

lzo — yo| + wP=D/P(ty — tl)l/p>a

1<
- C( I, — dist(w)

REFERENCES

Don G. Aronson and Luis A. Caffarelli. The initial trace of a solution of
the porous medium equation. Trans. Amer. Math. Soc., 280(1):351-366,
1983.

Don G. Aronson and James Serrin. Local behavior of solutions of quasi-
linear parabolic equations. Arch. Rational Mech. Anal., 25:81-122, 1967.
Grigory I. Barenblatt. On self-similar motions of a compressible fluid in a
porous medium. Akad. Nauk SSSR. Prikl. Mat. Meh., 16:679-698, 1952.
Hyeong-Ohk Bae and Hi J. Choe. Regularity for certain nonlinear par-
abolic systems. Comm. Partial Differential Equations, 29(5-6):611-645,
2004.

Hi J. Choe and Jin H. Lee. Cauchy problem for nonlinear parabolic equa-
tions. Hokkaido Math. J., 27(1):51-75, 1998.

Ennio De Giorgi. Sulla differenziabilita e 'analiticita delle estremali degli
integrali multipli regolari. Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat.
Nat. (3), 3:25-43, 1957.

Emmanuele DiBenedetto, Ugo Gianazza, and Vincenzo Vespri. Intrinsic
Harnack estimates for nonnegative local solutions of degenerate parabolic
equatoins. to appear in Acta Mathematica, preprint in LM.A.T.I.-C.N.R.
Pavia, 2006.

Emmanuele DiBenedetto and Miguel A. Herrero. On the Cauchy problem
and initial traces for a degenerate parabolic equation. Trans. Amer. Math.
Soc., 314(1):187-224, 1989.

Emmanuele DiBenedetto. Degenerate parabolic equations. Universitext.
Springer-Verlag, New York, 1993.

Panagiota Daskalopoulos and Carlos E. Kenig. Degenerate diffusions.
Bjorn E. J. Dahlberg and Carlos E. Kenig. Nonnegative solutions of
the porous medium equation. Comm. Partial Differential Equations,
9(5):409-437, 1984.

Emmanuele DiBenedetto, José M. Urbano, and Vincenzo Vespri. Current
issues on singular and degenerate evolution equations. In FEvolutionary
equations. Vol. I, Handb. Differ. Equ., pages 169-286. North-Holland,
Amsterdam, 2004.



[Gia93]

[GV06]
[HunO1]

[KS81]

[Lio69)]

[Mos61]
[Mos64]
[Mos67]
[Mos71]

[Sho97]

[Tru68]
[Vaz06a]

[Vaz06b)

57

Mariano Giaquinta. Introduction to regularity theory for nonlinear elliptic
systems. Lectures in Mathematics ETH Ziirich. Birkh&user Verlag, Basel,
1993.

Ugo Gianazza and Vincenzo Vespri. A Harnack inequality for a degenerate
parabolic equation. J. Evol. Equ., 6(2):247-267, 2006.

Norbert Hungerbiihler. Quasi-linear parabolic systems in divergence form
with weak monotonicity. Duke Math. J., 107(3):497-520, 2001.

Nicolai V. Krylov and Mikhail V. Safonov. A certain property of solutions
of parabolic equations with measurable coefficients. Math. USSR Izv.,
16(1):151-164, 1981.

Jacques-Louis Lions. Quelques méthodes de résolution des problemes aux
limites non linéaires. Dunod, 1969.

Jiirgen Moser. On Harnack’s theorem for elliptic differential equations.
Comm. Pure Appl. Math., 14:577-591, 1961.

Jiirgen Moser. A Harnack inequality for parabolic differential equations.
Comm. Pure Appl. Math., 17:101-134, 1964.

Jiirgen Moser. Correction to: “A Harnack inequality for parabolic differ-
ential equations”. Comm. Pure Appl. Math., 20:231-236, 1967.

Jiirgen Moser. On a pointwise estimate for parabolic differential equa-
tions. Comm. Pure Appl. Math., 24:727-740, 1971.

Ralph E. Showalter. Monotone operators in Banach space and nonlin-
ear partial differential equations, volume 49 of Mathematical Surveys and
Monographs. American Mathematical Society, Providence, RI, 1997.
Neil S. Trudinger. Pointwise estimates and quasilinear parabolic equa-
tions. Comm. Pure Appl. Math., 21:205-226, 1968.

Juan L. Vazquez. The Porous Medium Equation Mathematical Theory.
Oxford Mathematical Monographs. Clarendon Press, 2006.

Juan L. Vazquez. Smoothing and Decay Estimates for Nonlinear Diffu-
sion Equations Equations of Porous Medium Type, volume 33 of Ozford
Lecture Series in Mathematics and Its Applications. Oxford University
Press, 2006.






(continued from the back cover)

A522

A521

A519

A518

A517

A516

A515

A514

A513

Antti Hannukainen , Sergey Korotov , Marcus Ruter
A posteriori error estimates for some problems in linear elasticity
March 2007

Sergey Korotov , Ales Kropac , Michal Krizek

Strong regularity of a family of face-to-face partitions generated by the longest-
edge bisection algorithm

April 2007

Teemu Lukkari
Elliptic equations with nonstandard growth involving measure data
February 2007

Niko Marola
Regularity and convergence results in the calculus of variations on metric spaces
February 2007

Jan Brandts , Sergey Korotov , Michal Krizek
Simplicial finite elements in higher dimensions
February 2007

Sergey Repin, Rolf Stenberg
Two-sided a posteriori estimates for the generalized stokes problem
December 2006

Sergey Korotov
Global a posteriori error estimates for convection-reaction-diffusion problems
December 2006

Yulia Mishura , Esko Valkeila
An extension of the L’evy characterization to fractional Brownian motion
December 2006

Wolfgang Desch , Stig-Olof Londen
On a Stochastic Parabolic Integral Equation
October 2006



HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS
RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are
available at http://www.math.hut.fi/reports/ .

A528 Kalle Mikkola
Hankel and Toeplitz operators on nonseparable Hilbert spaces: further results
August 2007

A527 Janos Karatson , Sergey Korotov
Sharp upper global a posteriori error estimates for nonlinear elliptic variational
problems
August 2007

A526 Beirao da Veiga Lourenco, Jarkko Niiranen , Rolf Stenberg
A family of CY finite elements for Kirchhoff plates IT: Numerical results
May 2007

A525 Jan Brandts , Sergey Korotov , Michal Krizek
The discrete maximum principle for linear simplicial finite element approxima-
tions of a reaction-diffusion problem
July 2007

A524  Dmitri Kuzmin , Antti Hannukainen , Sergey Korotov
A new a posteriori error estimate for convection-reaction-diffusion problems
May 2007

ISBN 978-951-22-8974-5 (print)
ISBN 978-951-22-8977-2 (pdf)
ISSN 0784-3143



