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1 Introduction

This paper is devoted to the study of asymptotic properties and convergence
to equilibria of a two-phase model involving non-local terms. Considering a
binary alloy with components A and B occupying a spatial domain €2, and
denoting by v and 1 — u the local concentrations of A and B respectively,
Gajewski and Zacharias [5] studied a model describing also long range inter-
action of particles. This phenomenon is represented by spatial convolution
with a suitable kernel, ¢f. Chen and Fife [2]. The system in question reads:

ur— V- (uVo) =01n (0,7T) x £, (1.1)

v=f"(u) —I—/QK(\:U —y)(1 = 2u(t,y))dy, (t,x)€ (0,T) x . (1.2)
pr - Vo =0in (0,7) x 09, (1.3)

uw(0,2) = ug, up € L>*(Q), 0<wup(x) <1, 0< / up dr =u, < 1. (1.4)
0

Gajewski and Zacharias [5] proved global existence, uniqueness of solutions
and compactness of trajectories in the space L?*(£2) under assumptions stated
below. In particular, the (strictly convex) function f is given by f(u) =
ulnu+ (1 —u)In(1 —u). However, convergence of trajectories of this system
to equilibria was proved only in the case when the non-convex global interac-
tion represented by the convolution term is small compared with the strong
convexity constant of f. This condition ensures that the equilibrium state is
uniquely defined, which need not be the case in general.

The convergence of solutions of various phase-field systems to equilibria
has been proved by many authors with help of the Lojasiewicz inequality. In
our case, we have compactness of trajectories only in the space L?(Q2). But,
in this space, the energy functional is not twice continuously differentiable,
so we have to use the non-smooth version of the Simon-Lojasiewicz theorem
which was proved in [6] and generalized in [4]. This version is formulated in
Section 4.

The boundedness of v in L*°(2) norm was proved in [5] on compact time
intervals provided that the initial datum wug is bounded away from "pure
states” 0 and 1. The aim of the present paper is to show that this holds
true on the whole positive line and, moreover, any solution with such an
initial datum stabilizes to a single stationary state. In addition, the solution
starting from wug satisfying (1.4) separates from 0 and 1 in the sense that

max{“ Inu(t)||Lry, |[In(l— u(t))HLT(Q)} <Crfforalt>1,r>1, (1.5)
and there is a sequence of times {¢,}, ¢, — oo, when r — oo, such that
max{“ Inu(t)||zr), |In(l— u(t))HLT(Q)} < C forall t >t,. (1.6)

We will proceed as follows. First, we start with the initial value such that

¢ <u(0,z) <1—cforaa ze€ and some 0<c<1, (1.7)



and prove that u remains bounded away from 0 and 1 for all £ > 0. To this
end, we apply the method of Alikakos [1] in a bit different way than in [5].
Then we prove (1.5), (1.6) (Lemma 3.3, Lemma 3.5). Finally, we apply a
generalized version of the Lojasiewicz-Simon theorem to show that the time
derivative of u belongs to L' (T, +o0; H'(2)*) which in turn allows us to show
convergence of u(t) in L?(2), when ¢ — oo.

2 Assumptions and Preliminaries

We assume that 2 C R" is a bounded domain with a smooth boundary 0f2.
The existence of global weak solutions of the problem (1.1)-(1.4) in the class

u € C(0,T; L>(Q)) N L*(0,T; HY(RQ)), us € L*(0,T); H(Q)*), (2.1

w= [ Ko=)~ 2u(t. )y € CO.TH™@),  (22)
Q
v=f"(u)+w, (2.3)
was proved in [5] under the following assumptions:
flw)=ulnu+ (1 —u)n(1l —u), (2.4)
= %&UD, a satisfies some monotonicity conditions, (2.5)
u

[t = ul e dy = ko < oo s [ K= y)idy = by < e (26)
QJQ zeQ JO
and the operator J defined by Jz = [, K(|z — y|)z(y)dy satisfies

1T 2lms < ol 1<p < . 27)

In addition, the existence of a triple (u*,v*, w*) and a sequence of times
t, — oo such that

u(t,) — u* strongly in L*(Q) (2.8)
w(t,) — w* strongly in H* (2.9)
arctan(e *")/2) — arctan(e™""/?) strongly in H', v* = const.  (2.10)
with
1
ut = [y me— v* = const, w* = /QK(]x —y)(1 —2u*(t,y))dy

(2.11)
was proved.
In what follows, for the sake of simplicity, and without loss of generality,
we will assume that
0 <a=const, | =1 (2.12)

Then
a

p=——=au(l—u), v=In

" (u) 1—u

+w. (2.13)



3 Global boundedness

In this section, we prove that Inw(t),In(1 — u(t)), and, consequently, v, is
globally bounded in L"(2) for any 1 < r < co. We proceed as follows. First,
we assume that

0<c<u(0,z)<1—¢, foraa. zecQ, (3.1)

and show that ||[Inu(t)||L1q) < my, for all t > 1, where m; depends only
on u,, the integral mean of the initial datum. The proof is based on a
comparison with a quadratic ODE. The continuous dependence on the initial
data allows us to prove boundedness of || Inu(t)|.1 ) for any ug satisfying
(1.4) (Lemma 3.3). Then the iteration method of Alikakos is used to show
that || Inu(t)| 1) remains bounded, where the bound depends on the initial
datum. It follows that it is sufficient to derive bounds for L"-norms with a
general datum satisfying (1.4) only at some times ¢, to get the corresponding
estimates for ¢t > t,.. The dependence on the initial datum is removed at the
cost that the estimate depends on r, again, using a comparison with a suitable
ODE. Finally, existence of a sequence t,, — oo such that u(t,) — u* in L*(£2),
| Inu(t,)||r2) < ¢ |[Inu*||p=@) < c implies that also In(u(t,)) — In(u*)
in L?(€)), and the interpolation inequality enables to show that there is a
sequence of times ¢, — oo such that ||Inu(t)| i) < cfor t > t, (Lemma
3.4).

To begin, assume (3.1). Then, by (2.1), there is t5 > 0 such that
L e L*0,to; H'(Q)). It follows that the time derivative of [;,Inu dz is
an L'—function and we have

d d
E/Qﬂnu(t)\ dx:—E anu(t) dz

- /ﬂ —Va(t) avu(t) - %VW) au(l —u)(t)Vuw(t) dz

u2

_ _/Qayvmu(t)y? da;—/a(l—u)(t)Vlnu(t)Vw(t) de

Q

1 1
< ——/a|Vlnu(t)|2 dx+—/a|Vw(t)|2 dz.
2 Ja 2 Ja

Similarly,

d

— [ —In(1—w) dz = —/ ;VU aVu — ;VU au(l—u)Vw dzx
dt Jg Q 2

(1—w)? (1—u)

= — / alVIn(l — u)* do + / auVIn(1 — u)Vw dx
Q Q

1 1
< ——/a|Vln(1—u)|2 dx+—/a|Vw|2 dz.
2 Ja 2 Ja



Denote

C1 = Sesssup |||V (t)]||%, (3.2)
2 >0
1
O ={z € Qu(t,z) > §ua} (3.3)
Then, necessarily,
1
Q4] > 5 Ua for all ¢ > 0. (3.4)

Indeed, if it is not the case, then we have

ua:/u(t,:c) dx:/ +/ <u—a-1+%\Q\Ql\<ua,
Q o Joa, 2 2

a contradiction.
To estimate [,a|VInu* dz, we use the following lemma, which is a
particular case of Theorem 4.2.1 in [7].

Lemma 3.1 Let Q be a connected, Lipschitz domain and suppose z € H' ().
If L € [HY(Q)]* and L(xq) = 1, then

Iz = L) 2 @) < CollLI[[[ V2| 22 (3.5)
where Cy = Cy(€2).

(Here we denoted by L(z) both the value of the functional and the corre-
sponding constant function). We apply Lemma 3.1 with the functional L of
the form

1

Lz = —
] Ja,

z(x) dz, where ; C Q.

Then 1
Ll = —,
L= o

and, with z = Inu, we have for a.a. ¢ > 0, and Q; = Qf,

[ e 2 (G (1ma) - 2wl
wlel’ (3.6)

2] ( / 2|
> | Inu(t)] dx) - —
202 \ /o C3 2
To get the second inequality we used the definition of Qf, Holder’s inequality
and the fact that |a — b|> > & — b2, Tt follows that

%/ﬂHnu(tﬂ d$+ﬁ2</g|1nu(t)| dx>2 < N?

where
uOt

In —
2

62:L<u—a)2, N2:2L022 2+C1.




Then [, [Inu(t)| dz is dominated by the solution b of the equation
b(t) + B2b*(t) = N?, b(0) = / | Inu(0)| d. (3.7)
Q

The solution of this equation is bounded by % if the initial value b(0) < %,

and it is given by

b(t) — Nexp2NB(t+k)) +1
-~ Bexp(2NB(t+k)) —1

for b(0) > %, where k is chosen such that the initial condition is satisfied.

We see that for ¢ > 1 and any £ > 0, the estimate

def Eexp(QNﬂ) +1
b B exp(2NG) —1
holds true, where m; depends only on u,, the integral mean of u.

If u(0) satisfies (1.4) but not (3.1), we find a sequence of functions u™(0)
satisfying (3.1) such that

u™(0) — u(0) in L>(2),

| Inwu(t)|y <m (3.9)

and use the following lemma on continuous dependence of solutions on the
initial data:

Lemma 3.2 Let uy, uy be two solutions of (1.1), (1.2). Then

(w1 = u2) ()220 < COI(ur = u2)(0) |72 (3.10)
Proof: We subtract the corresponding equations (1.1) and multiply by u; —
us. We get
d1 )
a§||ul - U2||L2(Q)

= —/ alVuy — Vug|? — (uiVwy — paVws)(Vuy — Vuy) da
Q

< —/ g|VU1 - VU2|2
02

2

+ g [ul(l — ) (Vs — Vaws) + (ur (1 — 1) — us(1 — us))Vana(t)]| da

a
< T61Ver = Vuslliag) + el Vs|[Z g ln = uall® < Cllu = uallz2(q)-

Hence (3.10) follows.
q.e.d.
Consequently, u"(t) — u(t) in L*(Q), for any ¢ > 0, and also in L"(€2) for
any r > 0 because ||u(t)]| =) < 1. Moreover, [, [Inu"(t)| dz < my for any
n and any t > 1, which allows us to deduce

/ | Inu(t)] de < mq, t > 1. (3.11)
Q

The same procedure applies to [, [In(1 — u)| dz, which, together with (2.7)
yields:



Lemma 3.3 Let ug satisfy (1.4), (u,v,w) be a solution of (1.1)-(1.4). Then
o)1) £ M1 +71e forall t2>1, (3.12)

Jw(t) | <7oe for t >0, (3.13)
where my, Too are given by (3.9), (2.7) respectively.

Next, we derive estimates of the norm of Inu(t), also in the space L"(2),
r > 2.

Proposition 3.1 Let u be a solution of (1.1)-(1.4). Then there exist con-
stants By, By, Bs, depending only on u,, and a sequence of times {t.} such
that the following estimates hold for r > 1:

| Inu(t)|r < Billnu(0)||pr@) for allt >0, (3.14)
[ nu®)|zr@ < Bar’ forallt > 1, (3.15)
| Inu(t)||r) < Bs for allt > t,. (3.16)
Proof. For r > 2 we denote
M,.(t) = /(—lnu(t))rdx, (3.17)
0
and estimate its time derivative:
d
— M, (t
M0

d (—Inu)™!

=% Q(—lnu(t))’" dz = —7“/Q "

:r/sqtj%ﬁiyuvwﬂdx

Q

_ —r/ (r—1)(=Inu)"*Vu+ (—Inu)""'Vu
0

u?

u(t) da

a(Vu+u(l —u)Vw) dz

:_qéqv—nemM““H—mw“ﬂ

IVInul® + V(Inu)(1 - u)Vw] dz

< —T/Sza[(r —1)(=Inu)" 2+ (—In u)T_l] (3.18)
[%|V1nu\2 ——(1- u)2|Vw\2} dz
< —7“/9@(7’ —1)(=Inw)"?Z|VInu|* dz



2
dx +

_ _—Q‘L(TT_ D / V(- Inw?
+C /Q r(r—1)(—=Inu)" 2 +r(—Inu)"" dz

< _M[gl /Q(—lnu(t))r de — Ce ™7 (/Q<—1nu(7t))g dff)g]

r

+Ch /QT(T — 1) (=Inu(t) >+ r(—Inu(t)* dr,

where (' is given by (3.2), and we used the inequality
€Nz < ellVelze + Ce= gl

With the notation (3.17) we have M (t) < M,(t) whenever s < r and
M,.(t) > 1. Then, taking ¢ = we arrive at

_a _
Cyr2?

LM () < —Cyr(r — 2)M,(t) + 2CyrCa= 5 CE (r — 1) (M%(t)>
2
< =207 M,.(t) + 2Cr Arm Tt (Mg(i)) :
(3.19)
provided that r > 4 and A = Ca="/2C?/?. This yields
2
M, (t) < 2max{1, ess sup Ar"tl (Mz(t)) , M, (0)}. (3.20)
te(0,t0) ?
Consequently, choosing r = 2¥, we get
2 ok—1 ok
Mae(t) < A2K+2). ( A2<k71><n+2>> . ( Ag(k%kﬂ))(mz)) . ( Mlzk) ,
(3.21)
where
M, = max{l, esssup M,(t), M,(0)}.
>0
The right hand side of (3.21) becomes
A2 1 (M1 2k>2k QI+ 2le2(k—1)+22 (k=2)+.. 42~ L (k— (k—1))]
2k—1 2 (n+2)(—k+2F+1-2)
- A <M1,2k> . 2 .
Taking the 1/2% power of both sides of (3.21) we obtain
| nu(t)|| @) < AM,, - 22072 = ok (3.22)

which implies (3.14).

To get estimates independent of the size of the initial value || In u(0)|| 1),
we proceed in a similar way as in the proof of Lemma 3.3. Dominating the



equation for /\/l% by a quadratic differential equation, we get an estimate
which does not depend on the size of the initial datum, but it grows as r2.
It is sufficient to show (3.15) for some ¢y € (0, 1], and then proceed as in the
proof of (3.14) starting at ¢y. To get a quadratic equation, we denote

M,(t) = M () = || Inu(t) | 1oy

and estimate its time derivative:

d 1 14 d
— M, = -M; - —M,.
dt " rM dtM

We proceed in the same way as above but this time we need more precise
estimates, so we do not neglect the (negative) term

1 2 r+1
—ar/g(—lnu)”1§\Vlnu|2 der = —ﬁ/ﬂ‘V(—lnu)?

Thus we have (see (3.18)):

d

&Mr < —./\/lr ./Qa[(r —1)(=Inu)" %+ (—lnu)r_l]

2

dzx.

[1|Vlnu]2 — %(1 — u)2|Vw]2} dx

<—2(7;—_1Mr /‘v w3

— ;l / ‘V Inu) Ea
(7" +
M c1 [(r )My g+ MT_I]

2
dx

dx

Now, we apply Lemma 3.1 with

'r+1

z=|Inul2, z=|Inu|>

respectively. Taking (3.4) and (3.6) into account, we get

/Q’V(—lnuﬂ
/Q]w—mu)r‘é

1 u? U U
= r 5 = r = 1 —
2802M —02“1 " 2802M“—C2’n2

at some point ¢y € (0,1) then we can start at this point and proceed as in
the proof of (i) to show that M, (t), M, 1(t) are bounded for all t > ¢. If it
is not the case, we arrive at the estimate

U
> - oy o
dx_802./\/l 2|1112

2

u, Ug U,
dz > 86’2Mr+1 02|ln |+t

If

Uq |y

‘r+1
)

d au2 r—1 au? 1
—M, < — - — M?+Ci((r— 1Mt +1). (3.23
At T AC 2 602 (rr 1)z = DAL . (5.26)

10



Again, we are done if we can find a constant C3 > 0 such that M,(t;) < Csr
for some ¢; € (0,1). Otherwise we have

2
auz r—1

402 2

M, > Ci((r—1)M; ' 4+1)

for t € (0, 1), which implies that M, satisfies a quadratic differential inequal-
ity, and we deduce that

32072

=
au;,

M,(1) < Cyr?, Cy =

(3.24)

Hence (3.15) follows.

To prove (3.16), we use (3.15), (2.8), and the interpolation inequality.
There is a sequence of times {t,)} — oo such that

u(t,) — u* strongly in L*(Q),
and || Inu(t,)|[z2(0) < 4B,. Hence, we get
In(ug, ) — In(u*) strongly in L*(£2),
where, due to (2.11), and the boundedness of w,
mas{[u* (0. |1 = '@y} = m < 1
and, subsequently,
max{ || Inu*|| = (q), ([ In(1 = u")||1~@) < C5 = —Inm.

Now, we find a sequence {e,} such that

r—1
e
- 4327'2 + C5
and a corresponding sequence of times {¢,} such that
| Inu(t,) — Inu®| 2@ < &

It follows that

1 =2
IV, (8 lrgey < Tuty) — nw |y - [ na(t,) — |72l 0, + Cs
_1
<ef N(4Bor® + C5) + C5 < 1+ Cs.

Again, starting at t,, we repeat the proof of (3.14) to get (3.16).
q.e.d.

Remark 1. This procedure applied to || In(1 — u)||" yields the same esti-
mates also in this case. With Lemma 3.3 at hand, we can also deduce the
convergence of a sequence v(t,) to v* in L*(Q), in addition to (2.10).

11



Remark 2. Assuming that
f'(ug) € L=(Q), (3.25)

we can take the limit as k& — oo of both sides of (3.22) to infer that there is
a constant B (which does not depend on time) such that

lv(t)]| Loy < B forall t >0, (3.26)

which extends the assertion of Theorem 3.5 in [5]. We also have the L>-
estimate for u, namely, there exists a constant 0 < k£ < 1 depending only on
U, such that

kE<u(t,r)<1—Fk foraa x€Q, t>0, (3.27)
and, consequently,

ak* < pu < for a.a. € Q, t > 0. (3.28)

>~ e

4 Lojasiewicz-Simon Theorem

In this section, we state the generalized version of the Lojasiewicz-Simon
Theorem proved in [4].

Let V and W be Banach spaces densely and continuously embedded into
the Hilbert space H and its dual H*, respectively. Assume that the restriction
of the duality map J € L(H,H") to V is an isomorphism from V' onto
W = J(V). Moreover, let H = Hy+ H; where H; C V is a finite-dimensional
subspace and Hy is its orthogonal complement in H. Denote by H{ the
anihilator of Hy:

HY ={g € H*{g,z) =0 for all z € Hy}.

Let

FEo 4+, (4.1)

with &, W satisfying the following conditions:
® is a Fréchet differentiable functional from an open set U C V — R.
Moreover, assume that the Fréchet derivative D® : U — W is a real analytic

operator which satisfies
(DO(21) — DP(25), 21 — 22) > |21 — 27y,

4.2
1D®(21) — Db(zs) - < vz — 20l (4.2)

for all 21,29 € U and some constants a,y > 0. In addition, the second
Fréchet derivative D?*®(z) € L(V, W) is assumed to be an isomorphism for
all z € U. Concerning V¥, assume that

1
U(z) = §<Tz,z> +(l,z) +d, z€H,

where T' € L(H, H*) be a self-adjoint and completely continuous operator
such that its restriction to V' is a completely continuous operator in L(V, W).
[l € W and d € R are fixed.

12



Theorem 4.1 Let F be given by (4.1) and the above assumptions be satisfied.
Let (u*,v*) € U x HY satisfy DF(u*) = v*. Then we can find constants
5, A >0, and 0 € (0, %] such that for all z € U which satisfy z — u* € Hy
and ||z — u*||g < & we have the following inequality:

[F(2) = F(u*)]'™" < Ainf{[| DF(2) — f|

e f € HY}. (4.3)

5 Convergence

In this section, we prove that there is T > 0 such that u; € L*(T, oo; (H')*),
which enables us to show convergence of the whole trajectory of u to u*, a
stationary solution given by (2.11). We will apply Theorem 4.1 to the energy
functional associated with our system, i.e.,

F(z)= / f(z2) +uJ(z) +2z- K*1dz, u*, v* satisty (2.11), (5.1)
Q
the corresponding spaces being

H = H* = L[*(Q), Hoz{zEH;/zdxzo}, HY = {z = const},
Q

k k
V=L*Q), U={zeV; §<z(x)<1—§},

@(u):/ﬂf(u) dz, T(u) = -2J(u), l=K=x*1, d=0.

Multiplying (1.1) by v and (1.2) by u,, integrating over {2 and subtracting,
we obtain the energy equality

%F(u(t)) = %/Qf(u(t)) —u(t) T (u(t)) +u(t)lde = —/Q/L\Vv|2dx (5.2)

As u(t) stays bounded away from zero and one, the functional F' is
bounded from below and the hypotheses in Theorem 4.1 are fulfilled. In-
deed, the function f is strictly convex on (4,1 — £), hence (4.2) holds, and
(D*®(2)21,22) = [, f"(2)z1 - 22 dx yields that D*®(z) € L(V, W) is an iso-
morphism for all z € U. Moreover, the convolution operator is compact on
the corresponding spaces and [ € W by (2.6).

The limit energy

F. = tliglo F(u(t)) = F(u")

is the same for any u* in the w—limit set of w.
The Fréchet derivative of F'(u(t)) is represented by

F'(u(t)) = f'(u(t)) = 2T (u(t)) + 1 = v(t)

13



Now, let (u*,v*, w*) belong to the w-limit set and satisfy (2.11). (Exis-
tence of such solutions was proved in [5]). Then

F'(u*) =%, v eU,
and integrating (5.2) from t to oo, we get
/oo/ﬂu\w? deds = F(u(t) — F = F(u(t)) — F().  (5.3)
t
By virtue of Theorem 4.1, we have

|[Fu(t) — F(u)["™

< AnE{o(t) — lluzg; = = const} = Ao(t) — /(z) S
Q

provided that
[u(t) — u||z2(0) < 0. (5.4)

This, combined with (5.2) and taking into account (2.12), (3.25), (3.28),
yields

4 o0 o0
—/ /(,u|VU|)2dxds§/ /M|VU|2 dazds
a Ji 0 t Q
_1 _1
< Aol) = [ 0(0) el ) < AT (5.5)
1 %1 1
< Desup ™| ol ()] ey < Ae(ah®) " Nl ol ey,

where ¢ depends only on the domain 2, and k is the bound from (3.27).

At this point, we employ the following lemma, the proof of which can be
found in [3].

Lemma 5.1 Let Z > 0 be a measurable function on (0,00) such that
Z € L2(07 00)7 ||Z||L2(0,OO) <Y

and there ezist o € (1,2), £ > 0 and an open set M C (0,00) such that
(/ Z2(s) ds)™ < & Z3(t) for a.a. t € M.
t

Then Z € LY (M) and there exists a constant ¢ = ¢(§,a,Y) independent of

M such that
/ Z(s) ds < c.
M
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Setting Z(t) = ||u|Vv|(t)||2() in Lemma 5.1, we get

/ 11V (s)] L2(ds < oo, (5.6)
M

where
M =U;{J | J is an open interval where (5.4) holds}.

Since u* € wlu], M is non-empty, and realizing that

—v(t)
el < VUV, g o
_ veoR o
= [ o 4 < OO0,
we get
[ @l < o (5.7

Our next goal is to show that there exists 7 such that (7,4+00) C M. To
begin, realize that from the inequality (5.3) and (3.28) we deduce that

up € L*(0,+00; H'(2)%),

V| € L*(0, +00; L*(£2)).
To any 6 > 0 we find T'(§) > 0 such that

2] L1 (M (8), 400y (@) < 6 (5.8)
HutHL2((T(6),+oo);H1(Q)*) <90 (5.9)
VUl L2((1(6) +00):22()) < 0 (5.10)

Next, let (t1,t) € M, t; > T(9) for some 6 < 1. We can find t3 €
[t1,t1 + 1] such that

fults gy < N =1+ L1
where C comes from (3.2). In fact,
V()20 = 7 (VO(8) = V() 1200
IZ0)
< 1UVo@) @y + V0t 12@), (5:11)

and there is t3 € [t1,t; + 1] such that Vu(ts) <6 < 1, in view of (5.10). Then

luts) = u(t2) T2 ) <2 [Ilu(tl) —u(ts)|[12(0) + llults) — ulta) 120 |
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and we obtain

() = ey = | n(s) utts) = u(s))ds

t3
< [ ) lmor

t1

[u(ts) || e o) + [[uls) 20

1
+ 1 IVws)lre + HW(S)Hmm)] ds

< e 21 (0 11)s 11 ()% [N + [Jw]| Loo (0, +00;2(02)) + vaHLw(O,Jroo;L?(ﬂ))}
VUHLQ(T(&),+OO;L2(Q)) S 5(2N —+ (5)

+ el L2(78), 40011 (02))

The same estimate holds for ||u(ts) — u(t2)||z2(q) provided that t5 > s,
and also for t3 < to, where we use (5.8). Summing up, we have

lu(t) = ut2) | Z20) < 85(2N + 6) (5.12)
and we can find ¢ and the corresponding 7'(§) = 7 such that

[ults) = ulte)l|z2@) < §
whenever (5.13)

lu(t) — u*|| 2 < € for all t € (t1,15) where 7 < t; < t5.

Since u* € wlul, a large 7 can be chosen so that

. £
[u() — w20 < 3 (5.14)
and then (5.13) yields [, 00) C M. Indeed, taking
t=1inf{t > 7 | ||u(t) — u*|| 2@ > €},
we have t > 7 and
lu(t) — u*|| 2 > € if T is finite. (5.15)

On the other hand, by virtue of (5.13), (5.14),

* * 2 n
lu(t) —u*||r2@) < |lu(t) —u(T)||L2) + |u(T) —u*|| 20) < 3¢ forallT <t <t
which, together with (5.15), yields ¢ = oc.

We have proved the following result.

Theorem 5.1 Let (u,v,w) be a solution of the problem (1.1)-(1.4) with the
data given by (2.4),(2.6),(2.7),(2.12), and let (3.25) hold. Then there is
(u*, v*, w*) satisfying (2.11) such that,

u(t) — u* strongly in L*(Q),

v(t) — v* strongly in L*(Q),

w(t) —

as time goes to infinity.

w* strongly in H'(Q),

16



Remark 3. It is still an open question whether any solution with the

initial datum wg satisfying (1.4) stabilizes to a single stationary state as time
tends to infinity even in the case that there is a continuum of equilibria.
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