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1 Introduction

The numerical approximations of models described by partial differential
equations are naturally required to mirror some basic qualitative properties of
the exact solutions. For parabolic equations, such a basic qualitative property
is the (continuous) maximum principle (CMP). Several variants of CMPs
exist, see e.g. [16, 26]. Its discrete analogues, the so-called discrete maximum
principles (DMPs) for parabolic problems were first presented and analysed
in the papers [17, 22]. If the finite element method (FEM) is employed for
the spatial discretization, then the corresponding DMPs are normally ensured
by imposing certain geometrical restrictions on the spatial meshes used, see,
e.g., [10, 12, 17, 19] and the references therein. In addition, the time-steps
have to be often chosen between certain lower and upper bounds. A related
important discrete qualitative property of the numerical solutions is the so-
called nonnegativity preservation, investigated e.g. in [8, 9]. The connection
of nonnegativity preservation to DMPs is analysed e.g. in [7, 9, 10, 12].

In this paper, we prove discrete maximum principles for nonlinear parabolic
problems, which has never been considered so far according to the authors’
knowledge. The results are natural extensions of those in [20] (for nonlinear
elliptic problems) and [13] (for linear parabolic problems).

The paper is organized as follows. In Section 2, we formulate the nonlinear
parabolic problem. The discretization scheme is given in detail in Section 3.
Some preliminaries on linear problems and the maximum principle are given
in Section 4. The DMP and related nonnegativity preservation, and the
conditions for their validity are presented in Section 5: we consider two types
of growth conditions for the reaction terms, then we also discuss sufficient
geometric conditions on the FE meshes used and finally give two relevant
real-life examples.

2 The problem

In the sequel, we consider the following mixed nonlinear parabolic problem.
Find a function v = u(z,t) such that

0

a—z—div (k:(x,t,u,Vu)Vu) V(e tu) = f(z,6) in Qp=Qx(0,T), (1)
where Q is a bounded domain in R? and 7' > 0. The boundary and initial
conditions are given as

u(z,t) = g(x,t) for (x,t) € T'px[0,T], (2)
k(z,t,u, Vu) St + s(z, t,u) = y(z,t) for (x,t) € Ty x [0,T], (3)
u(z,0) = ug(x) for x€Q, (4)

respectively. We impose the following

Assumptions 2.1.



(A1) Q is a bounded polytopic domain in R? with a Lipschitz continuous
Eound_ary 0Q; T'y,T'p C 90 are open sets, such that I'y NT'p = () and
I'yUl'p = 0.

(A2) The scalar functions £ : Qr xR*™ - R, ¢:Q; xR — R and
s: 'y x[0,7] x R — R are measurable and bounded, further, ¢ and s
are continuously differentiable w.r.t. ¢, on their domains of definition.

Further, f € L*(Qr), v € L*(Tx x [0,T]), g € L=(T'p x [0,T]) and
Uy € LOO(Q)

(A3) There exist positive constants o and p such that

0 < po < k(z,t,€,m) < m (5)
for all (z,t,&,m7) € 2 x (0,T) x R x R%

(A4) Let2 <p; ifd=2,0r2 < p; < 2% if d > 2, further, let 2 < py < 2.5 if
d=2or 3 and p, =2if d > 3. There exist constants oy, ag, 31, 62 > 0
such that for any z € Q (or x € I'y, resp.), t € (0,7) and £ € R,

0q(z,t,€) Os(z,t,£)

U= o€

<o+ 51‘5|p1_27 0< < s+ 52’§|p2_2-

(6)
We define weak solutions in the usual way as follows. Let H}(Q) := {u €
HY(Q) : wr, = 0}. A function u : Qr — R is called the weak solution of

the problem (1)-(4) if u is continuously differentiable with respect to ¢ and
u(.,t) € H5(Q) for all t € (0,T) and satisfies the relation

/—vder/ (x,t,u,Vu)Vu-Vv+q(x,t,u)v> dx+/s(a:,t,u)vda (7)

I'n

/fvdx—f—/vvda (Vv e Hh(Q), te(0,T)),

I'n

further,
u=g on [0,7]xTIp, Ulj—mo =up In (8)

Here and in the sequel, equality of functions in Lebesgue or Sobolev spaces
is understood almost everywhere.

3 Discretization scheme

The discretization of problem (1)—(4) is built up in a standard way. The
presentation below is the modification of that in [12] to the nonlinear case.



3.1 Semidiscretization in space

Let 7, be a finite element mesh over the solution domain 2 C R?, where h
stands for the discretization parameter. We choose basis functions ¢, ..., ¢,
assumed to be continuous and to satisfy

¢ >0 (i=1,...,m), igbizl, 9)

further, that there exist node points P; € Q (i = 1,...,m) such that
¢i(P;) = dij, (10)

where 6;; is the Kronecker symbol. (These conditions hold e.g. for standard
linear, bilinear or prismatic FEM.) Let V}, denote the finite element subspace
spanned by the above basis functions:

Vi, = span{¢s, ..., om} C H'(Q).
Now, let m < m be such that
Py, ....P, (11)
are the vertices that lie in 2 or on I'y, and let
Pty Pr (12)

be the vertices that lie on I'p. Then the basis functions ¢, ..., ¢,, satisfy
the homogeneous Dirichlet boundary condition on T'p, i.e., ¢; € Hj(Q2). We
define

VY = span{é1, ..., 0m} C HpH(Q).

Then the semidiscrete problem for (7) with initial-boundary conditions
(8) reads as follows: find a function u;, = u,(x,t) such that

up(z,0) = ul(z), = €Q,
Uh(.,t) — gh(.,t) € Vbh, te (O,T),

and

/%vh dx—l—/ </<:(x,t,uh,Vuh)Vuh~Vvh+q(x,t,uh)vh> dm—l—/ s(x, t, up)vy do

Q Q I'n

/fvh d:c—i—/’yvda (Yo, € V', t€(0,7T).) (13)

In the above formulae, the functions ul and gp(.,t) (for any fixed t) are
suitable approximations of the given functions ug and g(.,t), respectively. In
particular, we will use the following form to describe g:

Z i ( ¢m+z (14)



where
my := 1M — M.

We note that, based on the consistency of the initial and boundary conditions
(9(s,0) = up(s),s € 052), we obtain
g(Pmﬂ,O) ZUQ(Pm+i), 1= 1,...,m3.

We seek the numerical solution in the form

m

up(z,t) = ZU?(t)ﬁbz(x) + gn(z,t) (15)

=1

and notice that it is sufficient that u,, satisfies (13) forv, = ¢;, i = 1,2,...,m,
only. Then, introducing the notation

u'(t) = [uy (1), . (1), 1 (1), - gy (D))" (16)

we are led to the following Cauchy problem for the system of ordinary differ-

ential equations:
du”

ME + G(u"(t)) = £(t), (17)
u"(0) = uf = [ug(P1), ..., uo(Pn), g1 (0),..., gk, (0], (18)

where
M = [Myjlmxm, My = [ ¢j(x)¢i(z)dx, (19)

Ay

Gt (1)) = / (k(x,t,uh, Vuh)Vuh-V@—l—q(x,t,uh)(bi) dz+ /F s(x, t, un) s do(z)
Q

N

() = O]y e 1) = / f(r,t)u() da + / o, 1) (x) do(z).

aaaaa
N

The solution u” = u"(t) of problem (17)—(18) is called the semidiscrete solu-
tion. Its existence and uniqueness is ensured by Assumptions 2.1, since then
G is locally Lipschitz continuous.

3.2 Full discretization

In order to get a fully discrete numerical scheme, we choose a time-step At
and denote the approximation to u”*(nAt) and f(nAt) by u™ and f" (for
n=0,1,2,...,np, where nprAt = T), respectively. To discretize (17) in
time, we apply the so-called #-method with some given parameter

6 € (0, 1].



We note that the case § = 0, which is otherwise also acceptable, will be
excluded later by condition (53). This gives no strong difference, since the
presence of M makes the scheme not explicit even for § = 0.

We then obtain a system of nonlinear algebraic equations of the form

n+l _ n
M% FOG(U) 4 (1— 0)G(u") = £ .= gF+L 4 (1 g)f", (20)

n=20,1,...,nr — 1, which can be rewritten as a recursion
Mu"t + 0AtG(u"T) = Mu" — (1 — 0)AtG(u”) + At £(0) (21)
with u® = u"(0). Furthermore, we will use notations

P(u"™) := Mu"™ + 0AtG(u™t), Q(u") := Mu" — (1 — 9)AtG(u"),
(22)
respectively. Then, the iteration procedure (21) can be also written as

P! = Q(u") + At £ (23)

We note that finding u™™ in (23) requires the solution of a nonlinear
algebraic system. The mass matrix M is positive definite, and it follows
from Assumptions 2.1 that u — G(u) has positive semidefinite derivatives.
Therefore, by the definition in (22), the function u — P(u) has regular
derivatives. This ensures the unique solvability of (23) and, under standard
local Lipschitz conditions on the coefficients, also the convergence of the
damped Newton iteration, see e.g. [14].

4 Preliminaries: linear problems and the max-
imum principle

An important and widely studied special case of (1)—(4) is the linear problem
with Dirichlet boundary conditions

% — kAu+ c(x, t)u = f(x,t), (24)
u=g on [0,T]x 09, Uly—o =up in (25)

where k£ > 0 is constant and ¢ > 0. If the data and solution are assumed
to be sufficiently smooth, then problem (24)-(25) is known to satisfy the
continuous maximum principle, which important property is a starting point
for our study:

min{0; rrrlin u} + ¢, min{0; rgin [} <u(z ty) <
ty t

(26)
< max{0; max u} + t max{0; max f}



for all z €  and any fixed ¢, € (0,7'), where Q¢, =  x [0,¢1], and T'y,
denotes the parabolic boundary, i.e., Iy, := (9Q x [0,¢1]) U (2 x {0}). A
related property, which follows from the above [11], is the continuous non-
negativity preservation principle: relations f > 0, g > 0 and ug > 0 imply

u(z,t) >0 (27)

for all (z,t) € Q.

In the discrete case, the ODE system (17) now becomes a linear system

du”

where K = [ (k Vo - Ve + cd)id)j). The full discretization is
Q

un+1 —u” n+1 n,0) n+1 n
M 4 0K (1 OKu” = £ = 08 (1 ). (29)

Then (22)—(23) can be simplified: introducing the matrices
A:=M+0AK, B:=M (1 - 0)AIK, (30)
equation (29) can now be rewritten as
Au™"t! = Bu" + At £f(9), (31)

To formulate the discrete maximum principle, let us define the following
values:

Imin = Iin{0, g7, .. g0 by Ghae = max{0, g7, 95}, (32)

e =min{0, gn . uy, .o uny, ok, = max{0, g/ .., ut, ..., un}, (33)
forn=20,1,...,np, and
n+1 . n+1
fT()Z: ) = igg f(l'ﬂ')a r(r?a:ytl ) = SUSE) f(.??, 7-)7 (34)
TE(nAt (n+1)AY) e 1)A)

forn =0,1,...,np — 1. If f is only in L*°(Q2), then the above infima and
suprema will mean essential infima and suprema, respectively. Then the dis-
crete analogue of the continuous maximum principle (26) can be formulated
as follows:

min{0, g"V ™ 14 At mln{O (nnt1)y <

min mm mm
n+1

< max{0, gt umax} + At max{0, Flmntd) }.

This will be denoted by DMP and it corresponds to the continuous maximum
principle for one time-level, i.e., when t; € [nAt, (n 4+ 1)At].

(35)

It has been proved that the full discretization of the linear problem sat-
isfies the DMP (35) in the following case:



Theorem 4.1 [17,12].  Let the basis functions satisfy (9)-(10), and let the
following conditions hold for the matrices (30):
(i) Ai; <0 (i#7, i=1,..m, j=1,..m);
Then the Galerkin solution of the problem (24)-(25), combined with the
0-method in the time discretization, satisfies the discrete mazximum principle

(85).

We note that in the original form, see e.g. [12, Thm. 6], it is also assumed
that K;; <0 (i # 4, ¢ =1,...,m, j = 1,..,m). However, now by our
assumption 6 > 0, using (9) and (19) we have M;; > 0, hence it follows from
assumption (l) and (30) that KZJ = (1/9At> (Az] - M”) S 0.

The above result has been extended recently to mixed boundary value
problems [13]. Let the boundary conditions in (25) be replaced by

u=g on [0,7]xTp, kVu-v=¢q on [0,T] xT%, (36)
kEVu-v+ou=p0 on [0,T]x Ty,
where ¢ > 0 is constant. If the conditions of Theorem 4.1 hold and ¢ < 0,
then

1 (n,n+1)
W< max{0, g, uil} + Atmax{0, £} + - maxgo, (2) ),
0/ max
(37)
In [13] a constant o is considered for simplicity, in which case o is simply a

constant factor above and ol is defined analogously to (34). However,

their proof can be rewritten exactly in the same way for a variable coefficient
o = o(z,7), simply estimating o/c by its suprema, in which case we have
the DMP (37) with

(n,n+1) x,
(Q> = sup olz,7) : (38)
0/ max xer‘}vﬂ O'(ZL',T)
TE(nAt,(n+1)At)

Remark 4.1 The indices 1, ..., m that arise in (33) now correspond to node

points in the interior of 2 or on 'y, as in (11), and accordingly, the other my

indices involved in g,(ﬁ;}) in (37) correspond to the values on I'p. That is,

whereas the DMP (35) involves the values of g on 02, the DMP (37) involves
the values of g on I'p only.

5 The discrete maximum principle for the non-
linear problem

5.1 Reformulation of the problem

We can rewrite problem (7) as follows. Let

Lo 1o
r(z,t,§) ::/0 a—g(:c,t,af)da, z(x,t,€) ::/O a—z_(x,t,(xﬁ)da (39)



(forany z € 2, t >0, £ € R),
f(:v,t) = f(z,t)—q(z,t,0), F(z,t) == y(z,t)—s(x,t,0) (x e Q,t>0).
Then the Newton-Leibniz formula yields for all z,t, & that

Q(x7ta€) - q(ZL‘,t,O) = r(xvt7£) £, S(I,t,f) - S(I,t,O) = Z($7tv€> g

Subtracting ¢(z,t,0) and s(z,¢,0) from (1) and (3), respectively, we thus
obtain that problem (7) is equivalent to

%vdw—i—B (u;u,v) /fvdm%—/vvda (Vv e Hh(Q), te(0,T)),

- (40)

where

(w; u,v) = / (x,t,w, Vw)Vu- Vv+r(a:tw)uv> dx+/z(x,t,w)uvda
Q I'n
(41)
(w,u,v € H5H(Q)).
Then the semidiscretization of the problem reads as follows: find a func-
tion uy, = up(x,t) such that
up(z,0) = ul(z), x€Q,

uh('at) o gh('at) € ‘/Oh7 te (O>T)7

/—vh dx+B(up; up, vp) /fvh d:z:—{—/ Aupdo (Yo, € VJ, t € (0,T)).

INY;

Proceeding as in (15)—(17), the Cauchy problem for the system of ordinary
differential equations (17) takes the following form:

du” .
MEJFK( "u" = f, (42)
uh(O) =ug = [ug(Py), .-, uo(Pm), 97(0), -, g, (0)], (43)

K(u") = [K(Uh)m‘]mm , K(u")y; = Blun; ¢;, i),

fwzmwhlm,ﬁwzjjmwmwm+l&mwmwwm. .....

(44)
The full discretization reads as

Mun+1 + eAtK(un+1> n+l __ — Mu” — ( . H)AtK(un)U.n + At f‘(n,@). (45)

10



Since we have set G(u") = K(u")u" in (17), the expressions (22)—(23) be-
come

Pu") = (M+0AK (u")) u™*, Q(u") = (M—(1-0)AtK(u")) u”,
respectively. Then, letting

A(u") .= M+0AtK(u"), B(u"):=M-(1-0)AtK(u") (u"eR™),
(46)
the iteration procedure (45) takes the form

AU Hut! = B(u")u" + At £, (47)
which is similar to (31), but now the coefficient matrices depend on u"*!
resp. u”.

5.2 The DMP: problems with sublinear growth

Let us consider Assumptions 2.1, where we let p; = p, = 2 in assumption
(A4), i.e. we have

Assumption (A4’°): there exist constants aq,as > 0 such that for any
r€Q (orx €y, resp.), t € (0,7) and £ € R,

dq(,t,) ds(z,t,§)
< 8—§ < o, 0< 8—5 <

In what follows, we will need the standard notion of (patch-)regularity of
the considered meshes (cf. [3]).

0 as. (48)

Definition 5.1 Let Q € R? and let us consider a family of FEM subspaces
V = {Vi}nh—o. The corresponding family of FE meshes will be called regular
if there exist constants ¢y, c; > 0 such that for any A > 0 and basis function

P,
c1h® < meas(supp ¢,), diam(supp ¢,) < coh (49)

(where meas denotes d-dimensional measure and supp denotes the support,
i.e. the closure of the set where the function does not vanish).

Note that the upper bound in (49) implies the following estimates for the
corresponding supports and their boundaries:

meas(supp ¢,) < coh?®  and meas((?(supp ¢p)) < ch® (50)

Theorem 5.1 Let problem (1)-(4) satisfy Assumptions 2.1, such that we
let pr = po = 2 in (6), i.e. (A4) reduces to assumption (A4’) above. wus
consider a family of finite element subspaces V = {Vi}n_o such that the
basis functions satisfy (9)-(10), and the family of associated FE meshes is
reqular as in Definition 5.1. Let the following assumptions hold:

11



(i) foranyi=1,...,m, j=1,....,m (i # j), if meas(supp ¢; Nsupp ¢;) >
0 then

Vo, -Vo; <0 on Q and /V¢i Vo < =K e (51)
Q

with some constant Kqg > 0 independent of 1,7 and h;

(ii) the mesh parameter h satisfies

210 K,
h < ho = Hoo : (52)
Cavg + /33 + 4ugKocaon
(11i) we have
h2
At > = : (53)
0(u0K0 — a102h2 — OéQCQh)
(iv) if 6 <1 then
1
A< —M 54
where
[f<u1|v¢i|2 +041¢,2> + [ as %2]
Q Tn
R(h) := max 55
() i=1,...m fQ ? (55)

Then for all u" € R™, the matrices A(u") and B(u"), defined in (46),
have the following properties:

(1) A(uM); <0 (i#j4, i=1,..,m,j=1,.,m);

PRrOOF. (1) We have

A(u"); = My + ALK (u);; = /chjcbi + OAtB(up; ¢j,¢5)  (56)

“ Q Ty
Let €;; := supp ¢; Nsupp ¢; and I';; := 9€;;. Here, by (9) and (50),
/ o0 < meas(§;;) < coh?  and ¢;0; < meas(I';;) < cohd7L, (57)
Q I'n

and similarly,

/ r(@,t, un)bydn < cneoh, / st un)bitn < aneshl (58)
Q

'n

12



since by (39), r and z inherit (48). By (5) and (51),

/ k(z,t, up, Vup)Ve; - Vo < —poKo hi=2 (59)
Q

Altogether, we obtain

poko 1 Qs
Ay < eoh’ {1 - 0AL (_ s T)} |

Since h < hg for hy defined in (52), it readily follows that we have a negative
coefficient of §At above, and from (53) we obtain that the expression in the
large brackets is nonpositive, hence A(u");; < 0.

(2) Analogously to (56), we have

if and only if

/ngf > (1-0)At Q/(k(x,t,uh,VuhﬂquiF+r(x,t,uh)¢?> +/Z(l‘,t,uh)¢?

'n

The latter holds for all At if
=1

(i.e. the scheme is implicit), and for all At that satisfies (55) if 6 < 1. |
Now we can derive the corresponding discrete mazximum principle:

Corollary 5.1 Let the conditions of Theorem 5.1 hold, and let ¥(x,t) =
v(z,t) — s(x,t,0) < 0. Then

ul ™t < max{0, gtV ul) ) + At max{0, [0, (60)

max ? 'max max

PROOF. Our reformulated problem has the right-hand side f (x,t) ==
f(z,t) — q(x,t,0), which is in L>®(Qr) by Assumption 2.1 (A2). Further, by
(40)—(41), we have the Neumann boundary condition

k(z,t,u, Vu) Vu - v+ z(x, t,u)u = y(x,t) on Iy,

where z > 0 and 4 < 0. We can rewrite our boundary conditions to match
(36): let '} and T’y be the portions where z = 0 and z > 0, respectively.
Then, by assumption, ¢ := 9rg < 0 and ¢ := fp1 < 0. Therefore (37) can

be applied (with f ) and its last term can be dropped, whence we obtain (60).
|

13



Remark 5.1 Note that the DMP (60) involves the values of g on I'p, see also
Remark 4.1. Besides that, (60) is formally identical to the upper part of (35),
and could in fact be derived from it directly as an alternate proof. Namely,
one can apply Theorem 4.1 as an algebraic result for the ODE system (42).
Here f is replaced by f that also involves the values of 4, see (44). However,
by our assumption 4 < 0, we obtain a further upper bound by dropping the
integrals with 4, and we are thus led to (60).

Remark 5.2 (Discussion of the assumptions in Theorem 5.1.)

(i) Assumption (i) can be ensured by suitable geometric properties of the
space mesh, see subsection 5.4 below.

(ii) The value of hg contains given or computable constants from the
assumptions on the coefficients, the mesh regularity and geometry.

(iii) The lower bound in (53) is asymptotically

At > O(h?) (61)

as h — 0, and the constants are similarly computable.

(iv) If @ = 1, i.e. the scheme is implicit, then there is no upper restriction
on At. If @ < 1, then it can be often proved (e.g. for popular simplicial,
bilinear and prismatic elements) that R(h) = O(h™2) in (55), hence At >
O(h?) as h — 0, which yields with (61) the usual condition

At = O(h?) (62)

(as h — 0) for the space and time discretizations. In addition, the lower
bound in (53) must be smaller than the upper bound in (54): in view of the
factor 1 — 6 in the latter, this gives a restriction on € to be close enough to 1.

Remark 5.3 Let us consider problem (1)—(4) with principal parts only, i.e.
when ¢ = s = 0:

% —div (k(m,t,u,Vu)Vu) = f(z,t) in Qp:=Qx(0,T),

u(z,t) = g(x,t) for (x,t) €T'p x|[0,T],
k(z,t,u, Vu)3% = y(z,t) for (z,t) € Ty x [0,T7,
u(z,0) =ug(x) for =€,

Then Assumptions (ii)-(iv) of Theorem 5.1 become much simplified, since
a; = ay = 0. Namely, assumption (ii) is dropped since formally hg = oo, i.e.
there is no upper bound on h. Assumptions (iii)-(iv) read as follows:

2
At > 2 h?: if 8 <1 then AtS; min fQ¢Z

~ Ouo Ko pr (L= 0) i=tm [[Vy[?
0
(63)

14



Let us now return to the statement (60). By reversing signs in Corollary
5.1, we obtain the corresponding discrete minimum principle:

Corollary 5.2 Let the conditions of Theorem 5.1 hold, and let 4(x,t) =
v(z,t) — s(x,t,0) > 0. Then

uptt > min{O,g(nH) ul) } + At min{0, Jg(n’nﬂ)}' (64)

min 0 Y'min min

An important special case is the discrete nonnegativity preservation prin-
ciple, the discrete analogue of (27):

Theorem 5.2 Let the conditions of Theorem 5.1 hold, and let f >0,9g>0,
A >0 and uy > 0. Then the discrete solution satisfies

up >0 (n=0,1,...np, i=1,...,m).

PROOF. Assumptions f >0,g > 0and ¥ > 0 imply g,(:izl) > 0 and
fA(@,n+1

N ) for all n and i, hence (64) becomes

u?“ > min{0, ug;)n}

(0)

Here assumption ug > 0 implies w,,;, > 0, hence we obtain by induction that

uw™ >0 for all n. ]

min

By Theorem 5.2, u" is nonnegative in each node point. Properties (9)—
(10) of the basis functions imply that the FEM solution u"(.,nAt) is also
nonnegative for all time levels nAt. If, in addition, we extend the solutions
to Q7 with values between those on the neighbouring time levels, e.g. with
the method of lines, then we obtain that the discrete solution satisfies

u" >0 on Qr.

5.3 The DMP: problems with superlinear growth

In this subsection we allow stronger growth of the nonlinearities ¢ and s than
in the above, i.e. we return to Assumption 2.1 (A4). For this we need some
extra technical assumptions and results.

Let us first summarize the additional conditions.

Assumptions 5.3.

(B1) We restrict ourselves to the case of implicit scheme:

0=1.

(B2) V}, is made by linear , bilinear or prismatic elements.

(B3) The coefficient on I' y satisfies §(z,t) := y(z,t) — s(z,t,0) = 0, further,
I'p#0.
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(B4) The exact solution satisfies u(.,t) € W4(Q) for some g > 2 (if d = 2)
or some q > 2d/(d — (d — 2)(py — 2)) (if d > 3) for all ¢ € [0,T].

(B5) The discretization satisfies M, := sup;epory [[u(.,t) — un(., )| Lo ) <
00.

Now, by [1], under Assumption 2.1 (A4), we recall the Sobolev embedding
estimates

[Wllzee) < Comllvllay,  vlzery < Crypllvllay, (Yo € Hp(Q)) (65)

with some constants Cgq ., Cr, », > 0 independent of v.

Lemma 5.1 Let V}, be made by linear , bilinear or prismatic elements. Then
there exists a constant c,, > 0 such that

[ollzeary) < puhHvllz (v € VA). (66)
Proor. We have

J IVol?
)% = /|VU|2 /v max £ < const. - R(h) /122
Hp veEV) fQ’U2 Q ’

where R(h) comes from (55) and, as seen before, satisfies R(h) = O(h™2).
This, combined with (65), yields the required estimate. |

Now we consider the full discretization (45) for 6 = 1:
Mu"* + AIK (0" u" ™t = Mu” + At £, (67)
Let u™*' € V), denote the function with coefficient vector u™*!, and let

f™(z) := f(xz,nAt). Then, by the definition of the mass and stiffness matri-
ces, (67) implies

/ u" o+ At B(u™ T u" ) = / u”v+At(/ f”v—l—/ ’y"v) (v e V).
Q Q Q Iy
(68)

Here, by assumption (B3), the integral on I'y vanishes, further, recall that
f € L>®(Qr) by Assumption 2.1 (A2).
Lemma 5.2 If Assumptions 5.8 hold, then for all t € [0,T]

1A
luls )l () < 6| zos o) + T(meas())r || fll=(@x) -

wherein the r.h.s. is independent of t.
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PROOF. Let v = |u|P*~?u, which satisfies Vv = (p; — 1)|u[*2Vu. By
assumption (B4), |Vu| € L(Q2), and it is easy to see from the condition on
q that |u[P1=2 € LY (Q) where (1/q) + (1/¢') = 1/2; these imply by Holder’s
inequality that |Vo| € L*(Q2). That is, for all fixed ¢t we have v(.,t) € H}(Q),
hence we can set it in (40):

/g;‘(wm 2 )dx+B<u;u,|u|p1QU):/ﬂu\m2udx (Vo€ HL(Q), te(0,T)),
Q Q

(69)
where we have used 4 = 0. Let
N(E) = il Ol ) = [ T )P o
0
then N'(t fp1 luPr~2u 2% dz. Further, using (41) and that Vv = (p; —

1)|ulPr~ 2Vu we obtain

B(uauv |u|p1—2u) - /(k(x,t,u, vu)(pl - 1)|u|p1_2|vu|2
Q

+7’(x,t,u)]u|p1> dr + /z(a:,t,u)|u\p1 do >0
I'n

hence the left-hand side of (69) is estimated below by N’(t)/p;. Using
Holder’s inequality for the right-hand side of (69), we then obtain

1 ~ 1 ~ p1—1
p—lN’(t)S||f(.,t)||m(g>||u( [y < (meas(Q)1[|f | z=@r N(t) 71 -

p1—1
Excluding the trivial case u = 0, we can divide by N(t) 7 and integrate
from 0 to ¢ to obtain

1

N(t)7r = N(0)# < T(meas(2)7 | fll=(0n):

which is the desired estimate. []

Lemma 5.3 (1) If Assumptions 5.3 (B1) and (B3) hold, then the norms
|u"|| 222y are bounded, independently of n and Vi, by the constant Kp, =

P
1]l z2(@) + T(meas(€))2]| fll (@) -

(2) If all Assumptions 5.3 hold, then the norms ||u™| s (o) are bounded,
independently of n and Vj, by the constant K,, o = M, + |[u°||r () +

T(meas(2))7 || fl| L= @n)-
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PROOF. (1) Setting v = ™! in (68), we obtain

/ (u”“)2 + At B(u" T umt um ) = /
Q

uu" T 4 At/ fru™tt. (70)
Q

Q

To estimate below, the bilinear form can be dropped from the Lh.s. since it
is coercive, and also using Cauchy-Schwarz inequalities, we have

[ 72y < Nl 2@l lz@) + A F [ 2o llw" | 20
Dividing by [|u"™| 12(q) and repeating the argument n times, we obtain
la 20y < ez + (04 DAL |20

where the r.h.s. is bounded since (n+1)At¢ < T and ||f"||L2(Q) < (meas())z ||f||Loo(QT).

(2) It follows directly from Lemma 5.2 and assumption (B5). n
Lemmas 5.1 and 5.3 imply
Corollary 5.3 We have
[u" |rary) < Kpprih™
where the constant K,,r, > 0 is bounded independently of n and V},.

Theorem 5.3 Let problem (1)-(4) satisfy Assumptions 2.1 and Assump-
tions 5.5. Let us consider a family of finite element subspaces V = {V} }h—o
such that the family of associated FE meshes is reqular as in Definition 5.1.
Let the following assumptions hold:

(i) foranyi=1,..m, j=1,...,m (i # j), if meas(supp ¢; Nsupp ¢;) >
0 then

Vo -Vp; <0 on Q and /V¢z‘ Vo, < —Koh'™? (71)
0

with some constant Ko > 0 independent of ©,7 and h;

(ii) the mesh parameter h satisfies h < ho, where hg > 0 is the first positive
root of the equation

1—2 p2—2
ko 1 a%) 51K£17Q K s -
B I R S e e N
where the numbers 0 < 1,7 < 2 are defined below in (74), (75),
respectively;
(11i) we have
h2
At > . A ——
9(M0K02 — Cooh? + cacah — o1 K| o 271 — e K2 1 D _72)
(73)
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Then the matrices A(u") and B(u"), defined in (46)-(47), have the

following properties:
(1) A(u"™),; <0 (i#yj, i=1,..,m,j=1,.,m);
(9) By >0 (i=1,..m).

Proor. We follow the proof of Theorem 5.1. As a first difference, instead
of uy, in the arguments, we must consider the functions "™ (for A) and u"
(for B) that have the coefficient vectors u™™! and u", respectively.

(1) Since we now have (6) instead of (48), the first estimate in (58) is
replaced by

/r(xat>un+1)¢j¢i < /(a1+51|un+1|p1_2)¢j¢i SOélmGaS(Qij)+ﬁl/ P2
Q Q Qij

Here the first term is bounded by ajch? as before. To estimate the second
term, we use Holder’s inequality:

| < e,
Q

i

i)’

For the first factor, we use Lemma 5.3 (2) to find that

-2 2 2
||un+1||ilm(9w) <l nﬂ”ilm Q) = KZZEQ :

The second factor satisfies, by (57),
11112, (@) = (meas(Qij))2/p1 < CQh% = cphd™n
with

since from Assumption 2.1 (A4) we have > d — 2. Hence

n+1|p1—2 p1—2 d—1
/ |u™ " < K}l o ch
Q

ij
and altogether,
/ r(m,t,u"“)%’@ < ayeoh® + ﬁlKgll 920 pA—m
Q

Similarly,

/z(m,t,u”“)@gbi < aseh®™ !+ 52/ um P

'n
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and here, for d = 2,3 we use Corollary 5.3 and (50) to have

/ PR < s,
T

ij

2 2/
o < 23 (meas(Ty)) P

2 3 2-pet 2t 2 . pd-
< KPP ooh™ P = K772 eoh? 7,
where o(d— 1
72:—d—2—|—p2—%<2 (75)
from assumption p; < 2.5. Summing up, using the above and (59), we obtain
KPi -2 KP2~ 2
By d poko 1 o Pl 0 52 pa.Tn
A(u");; < ch® |1+ eAt( p— +aq + 7 o T :

Since h < hg for hy defined in (72), it follows that we have a negative coeffi-
cient of @At above, and from (73) we obtain that the expression in the large
brackets is nonpositive, hence A(u”);; < 0.

(2) For the implicit scheme, B(u") coincides with the mass matrix M,
whose diagonal entries are positive. ]

Similarly to the sublinear case, we can derive the corresponding discrete
maximum, minimum and nonnegativity preservation principles. We only
formulate here the latter:

Corollary 5.4 Let the conditions of Theorem 5.3 hold, and letf >0,9g2>0,
4 >0 and uy > 0. Then the discrete solution satisfies

ul >0 (n=0,1,...np, i=1,...,m).

5.4 Geometric properties of the space mesh

In order to satisfy condition (71), the most direct way is to require
V-V, < —Koh™? (76)

pointwise on the common support of these basis functions. In view of well-
known formulae (see e.g. [2, 5, 25, 27]), the above condition has a nice
geometric interpretation: in the case of simplicial meshes, it is sufficient
if the employed mesh is uniformly acute [4, 25]. In the case of bilinear
elements, condition (76) is equivalent to the so-called strict non-narrowness
of the meshes, see [12, 19]. The case of prismatic finite elements is treated
n [18].

These conditions are sufficient but not necessary. For instance, for lin-
ear elements, some obtuse interior angles may occur in the simplices of the
meshes, just as for linear problems (see e.g. [24]), or one can require (76)
only on a proper subpart of each intersection of supports with asymptotically
nonvanishing measure, see more details in [21]. These weaker conditions may
allow in general easier refinement procedures.
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5.5 Examples

We give two real-life examples where discrete nonnegativity can be derived
for suitable discretizations.

(a) Nonlinear heat conduction.

Heat conduction in a body @ C R? with nonlinear diffusion coefficient is
often described by the model
ou )
o —div (k(:c, t, u)Vu) = f(x, 1) (77)
in Qr := Q x (0,7), where T' > 0 is the time interval considered; see, e.g.,
[15]. The usual boundary and initial conditions are

uw(z,t) = g(x,t) for (x,t) € Tp x[0,T], (78)
k(z,t,u)9% = y(z,t) for (z,t) € Ty x[0,T], (79)
u(z,0) = ug(x) for xe€Q, (80)

where all coefficients are bounded nonnegative measurable functions and &
has a positive lower bound. The function u describes the temperature, hence
u > 0.

(b) Reaction-diffusion problems.

A reaction-diffusion process in a body Q C RY, d = 2 or 3, is often
described by the model

%;L — div (k(x,t)Vu) +q(a,u) = f(z,t) (81)

in Qr :=Q x (0,7). The boundary and initial conditions are

u(z,t) = g(x,t) for (x,t) € 'p x[0,T], (82)
k(z, )2 + s(z,u) = y(z,t) for (z,t) € Ty x[0,T7, (83)
u(z,0) = ug(x) for xe€Q, (84)

The function u describes the temperature, hence
u > 0.

Here the coefficients k, f, g, v and uy are bounded nonnegative measurable
functions and k has a positive lower bound. Further, ¢ and s desribe the rate
of reaction in the body and on the transmission boundary, respectively, hence
q(z,0) = s(x,0) = 0 for all z. In various examples the reaction process is such
that ¢ and s grow along with u, further, the rate is at most polynomial, i.e.
we may assume that the growth conditions (6) are satisfied. For instance,
q(z,u) = u” for some o > 1 in some autocatalytic chemical reactions, or
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q(w,u) = L% describes the Michaelis-Menten reaction in enzyme kynetics
€ utk

[6, 23].

In both examples, we have f =f>0, g>0, y=~v>0and uy > 0.
Therefore we can use Theorem 5.2 and Corollary 5.4, respectively, to derive
the discrete nonnegativity principle:

Theorem 5.4 Let the full discretization satisfy the conditions of Theorem
5.1 for problem (77)-(80), or the conditions of Theorem 5.3 for problem
(81)-(84). Then the discrete solution satisfies

uy >0 (n=0,1,...np, i=1,...,m).

In particular, for problem (77)—(80) we can use the simplified assumptions
(63) for Theorem 5.1, as given in Remark 5.3.

Consequently, as pointed out after Theorem 5.2, if we extend the solutions
to Q7 with values between those on the neighbouring time levels, e.g. with
the method of lines, then the discrete solution satisfies

u* >0 on Qr.
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