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AN L,-THEORY FOR STOCHASTIC INTEGRAL EQUATIONS

WOLFGANG DESCH AND STIG-OLOF LONDEN

ABSTRACT. We investigate the stochastic parabolic integral equation of con-
volution type

o0
u:lﬁ*Apu—&—Zkg*gk—i-uo, t>0,

k=1
and develop an Ljp-theory, 2 < p < oo, for this equation. The solution u is a
function of ¢,w, z with w in a probability space and x € B, a o-finite measure
space with positive measure A. The kernels ki (¢), k2(¢) are powers of ¢, i.e.,
multiples of t*~1, t8=1 with a € (0,2), 3 € (%,2), respectively. The map-
ping A, is such that —A, is a nonnegative linear operator of D(Ap) C Ly(B)
into Ly (B). The convolution integrals ka x g% are stochastic Ito-integrals. By
combining an approach due to Krylov with transformation techniques and esti-
mates involving fractional powers of (—A,) we obtain existence and uniqueness
results.

In the case where A, is the Laplacian, with B = R", sharp regularity

results are obtained.

1. INTRODUCTION

In this paper we analyze the following stochastic parabolic integral equation:

(oo}
(1'1) u:kl*ApU—FZkQ*gk—FUo.

k=1
The solution u = u(t,w, z) is scalar-valued, t > 0, w € Q (the probability space),
x € B, (a o-finite measure space with positive measure A), and

¢
ki s Apu = / ki(t — s)(Apu)(s,w,xz) ds  with ki (t) = Lto‘*l,
0 INGY)
1.2 K 1
(12) ko x g" = / kao(t — 5)g% (s5,w, ) dw® with ko(t) = —t771,
0 r(5)

ug = up(w, ).

Here, (w” )52, is a family of independent, scalar-valued Wiener processes, and the
integrals ks x g* are stochastic Ito-integrals. The constants a, 3 always satisfy (at
least) @ € (0,2) and g € (%, 2). The parameter [ is used to quantify the regularity
(or irregularity) of the noise.

As a model for A, we have in mind the case where B is an open subset of R"
with smooth boundary, and A, is a second order elliptic differential operator

(1.3) Apu = Z a;j(z)Di;u + Zbi(x)Diu + c(x)u,
ij=1 i=1

with boundary condition u(0B) = 0, and with coefficients a;;, b;, ¢ that are suf-
ficiently smooth. An explicit expression for A, will, however, be assumed only in

1991 Mathematics Subject Classification. 60H15, 60H20, 45N05.
Key words and phrases. Stochastic integral equations, stochastic fractional differential equa-
tion, regularity, nonnegative operator, Volterra equation, singular kernel.
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2 WOLFGANG DESCH AND STIG-OLOF LONDEN

the examples and when we strive for maximal regularity. In general, A, will be
assumed to be a nonnegative densely defined linear operator of D(A,) C L,(B;R)
into L,(B;R).

Our goal is to establish existence and uniqueness of solutions for (1.1) in an L,-
framework with p € [2,00). Regularity results will be stated in terms of fractional
powers of A,, (for spatial regularity) and fractional time derivatives as well as Holder
continuity (for time regularity).

Technically we rely on an approach due to Krylov [17], [18], developed for the
stochastic partial differential equation

9 _ — k k
g 0) = Aput) + X o)

where A, is an operator of type (1.3). This approach makes use of the Burkholder-
Davis-Gundy inequality and sharp estimates for the solution and its spatial gradi-
ent. To handle the integral equation (1.1) we combine Krylov’s approach with trans-
formation techniques and estimates involving fractional powers of (—A,). Krylov’s
approach is very efficient in obtaining maximal regularity, however, it relies on a
highly nontrivial Paley-Littlewood inequality [17]. A counterpart of this estimate
can be given for general sectorial A, by straightforward estimates on the Dunford
integral, when we allow for an infinitesimal loss of regularity. To obtain maximal
regularity — which we do only for the case of the Laplacian in R™ — a more
sophisticated generalization of Krylov’s Lemma is required [11].

There is an extensive literature on existence and regularity of solutions of (1.1)
in the deterministic case (ko x g*dw” replaced by a deterministic forcing term f(t),
and ug independent of w). We refer in particular to [23], for more regularity results
see, e.g., also [7], [8].

Stochastic equations of type (1.1) (with 5 = 1) have been considered in a Hilbert
space H in [5] (with § = 1) and [6] (with § # 1), assuming that A, is self-adjoint,
and that the covariance operator @) of the forcing Wiener process commutes with
A. This allows the use of spectral resolution. Results on Hélder continuity of the
trajectories are obtained. In particular, [6, Theorem 4.2] states sufficient conditions
for Holder regularity in terms of a tradeoff between spatial and time regularity of
the stochastic forcing.

An L, state-space theory for a Volterra equation perturbed by noise has been
developed in [3], extending an approach by [14]. This approach transforms the
integral equation (1.1) in an abstract stochastic differential equation in a large
state space. Results on existence and regularity of solutions can then be derived
from general theorems for analytic semigroups [9].

To our knowledge, [10] is the first attempt to treat the stochastic integral equa-
tion (1.1) in an Ly-setting with p # 2. The present work improves and generalizes
the results obtained there. On the other hand, much is known about the stochas-
tically forced heat equation in L, and even more general Banach spaces, in terms
of Krylov’s classical setting as well as in terms of the recent advances of stochastic
integration theory for Banach space valued functions (e.g., [12], [29]). We will give
a short comparison of our regularity results to known results about the stochastic
heat equation at the end of this paper. We notice also that in [2] the stochastic
heat equation has been generalized by modification of the stochastic forcing. The
equation in this work is a parabolic differential equation, but the stochastic forcing
is now fractional Brownian motion. This could be remotely compared to our use
of the kernel k5 in (1.1). Like the present paper, [2] is based on Krylov’s approach
and relies on a suitable adaptation of the Krylov’s Paley-Littlewood inequality [17].
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2. OUTLINE OF PAPER

In Section 3 we briefly recall the functional analytic tools, in particular some
properties of fractional powers of (—A,) and of D;. In Section 4 we state our
results. Since (1.1) is linear, the contributions of the stochastic forcing and the
initial function can be studied separately. Theorem 4.3 and the following remarks
are our central result on (1.1) with ug = 0. Here regularity is stated in terms of
fractional powers of (—A,,) and fractional time derivatives. This result requires only
that A, is sectorial, so no maximum regularity can be expected. In Corollary 4.8
we deduce some results on additional regularity in time — in particular on Holder-
continuity — using L,- and Holder properties of functions with bounded fractional
time derivatives. These results are based on embedding theorems with an epsilon
loss of regularity. This epsilon loss of regularity implies, for instance, that the case
08 =1, p = 2 is just outside the conditions when we get continuous trajectories.
However, in the special case when B C R™ and when (A — A,)~! admits a kernel
representation, continuity of the trajectories with values in Lo can be proved in the
limiting case 3 = 1 (Theorem 4.10).

The contribution of the initial condition, i.e.,

(2.1) u=ky*Apu + uo,

with ug a random variable, is considered in Theorem 4.11. Parts of Theorems 4.3
and 4.11 are combined in Corollary 4.12 to a statement on (1.1). (Obviously, other
combinations of the results are possible).

In the case when B = R" and when A, is exactly the Laplacian, Krylov’s use
of a Paley-Littlewood inequality can be adapted to obtain a maximum regularity
result (Theorem 4.14).

Sections 5, 6, 7 and 8 contain the proofs of Theorems 4.3, 4.10, 4.11 and 4.14,
respectively. In Section 9 we formulate some examples. In Section 10 we briefly
compare the results and the approach given here with known results on the sto-
chastic heat equation, in particular those of [12], [29].

3. NONNEGATIVE OPERATORS, FRACTIONAL POWERS, AND FRACTIONAL
INTEGRATION

In this paper A, : D(4,) C L,(B;R) — L,(B;R) will be a linear operator such
that (—A,) is nonnegative. Regularity in space will be expressed in terms of the
fractional powers (—A,)? of (—A,), but we give also some relations to interpolation
spaces between L,(B,R) and D(A4,):

(X,Y)s, real interpolation space of order 6 € (0,1), p € [1, ],
(X,Y)p  real continuous interpolation space of order 6,
[X,Y]s complex interpolation space of order 6.
Regularity in time will be expressed in terms of fractional time derivatives D} f.
In corollaries we will also give regularity results in terms of the following function
spaces (containing functions on an interval [0, 7] with values in a Banach space X):
Cc7([0,T); X) space of Holder continuous functions with values in X,
with Holder exponent v € (0, 1),
hi_([0,T]; X) little Holder-continuous functions with f(0) = 0,
H([0,TT; X) Bessel potential space of order +.
In this section we summarize briefly the definitions and some known results (with
adaptations, if necessary) about nonnegative operators, their fractional powers,
fractional integration and differentiation, and the interpolation and function spaces
mentioned above.
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Let X be a complex Banach space and let £(X) be the space of bounded linear
operators on X. Let A be a closed, linear map of D(A4) C X into X. The operator
—A is said to be nonnegative if p(A), the resolvent set of A, contains (0, cc0), and

sup[[A(AM — A) 7 (x) < oo.
A>0

An operator is positive if it is nonnegative and, in addition, 0 € p(A). Forw € [0, 7),

we define

S, Y iaeC\ {0} |arg A <wl

Recall that if (—A) is nonnegative, then there exists a number 7 € (0, 7) such that
p(A) D 3,, and
(3.1) sup [[AAL — A) 7 gx) < <.
YS
The spectral angle of (—A) is defined by
def . —
G—a) = inf{w € (0,7] | p(A) D Er_w, sup [[AA —A) 7 H|gx) < oo}

AEXr—w

We will rely heavily on the concept of fractional powers of (—A): Let (—A) be
a densely defined nonnegative linear operator on X. If (—A) is positive, (—A)~1 is
a bounded operator, and (—A)~? can be defined by integral formulas [4, Ch. 3] or
[19, Section 2.2.2]. As usual,

(3.2) (—A) L (=)=, a>o0.

If (—A) is nonnegative with 0 € o(—A), we proceed as in [4, Ch. 5]: Since (—A+e€l)
is a positive operator if ¢ > 0, its fractional power (—A + €I)? is well defined
according to (3.2). We define

33) D(-A)Eye N D((_A+ez)0)|13F01(—A+ez)9yexists I

0<e<eg

(3.4) (—A)%y <ef hHll(_A + D)y fory € D((-A)Y).

Lemma 3.1. Let —A be a nonnegative linear operator on a Banach space X with
spectral angle ¢(_ a)-
1) (—A)? is closed and D((—A)?) = D(—A).
2) Assume that 0y < m. Then (—A)” is nonnegative and has spectral
angle 0¢(_ 4.
Proof. For (1) see [4, p. 109, 142], also [7, Theorem 10]. For (2) see [4, p. 123]. O

Lemma 3.2. Let —A be a nonnegative linear operator on a Banach space X .
1) For 6 € (0,1),
(X,D(4)),, € D((-4)?) C (X, D(4))

0,00’
where (X,D(A))e , are the real interpolation spaces between X and D(A).
2) If (—A)Y is uniformly bounded for y € R, |y| < 1, then, for 6 € (0,1),
(35) D((~4)") = [X,D(4)],,
the complex interpolation space between D(A) (with graph norm) and X .

In particular, it follows from (2) that for a large class of elliptic operators
D((—A)?) is a Sobolev space.

Proof. For (1) and more information on the real interpolation spaces see, e.g., [19,
Proposition 2.2.15]. For (2) see [28, p.103]. O
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Lemma 3.3. Let —A be a nonnegative linear operator on a Banach space X with
spectral angle ¢(_ay. Then forn € [0, — d_4))

(3.6) sup  [[(=A) p 0l — A) Ml g(x) < o0
larg p|<n, p#0

Proof. In case n = 0, see [4, Th. 6.1.1, p. 141]. The general case can be reduced to
the case u > 0 as follows, [13, p. 314]. Write u = Be’®, 3 > 0. Then

supl|(—A4)? (Be™)' =0 (e’ — A) )
B>0

= sup||(—=A)" "1 (Be") (= A)(Be™ = A) M2 x)
B>0

= supl|(=A4)"~ ! (Be") O[(—A) (B’ — A)~
B8>0

+ B(Be™ — A (=A)(B—A) e
= Zlipo\l(—A)e_l[(—A)(ﬂem — A+ B(Be™ — A) BT (A (B - A) M ex)
= Zgg\l[(—fl)(ﬁem — A7+ B(Be™ — A) B (A (B — A) Ml x)
< c(a) Zli%IIﬁl‘g(—A)e(ﬁ — A) 7 M2,

where we used the fact that

supl|(—A)(Be’* — A) ™" + B(Be — A) M| £(x) < o0,
B>0

with uniform bound for |af <7 € [0,7 — ¢(_a)). O

We turn now to fractional differentiation and integration in time:

Definition 3.4. Let X be a Banach space and o € (0,1), let uw € L1((0,T); X) for

some T > 0.

1) Fractional integration in time is defined by D; “u def ﬁt“’l * U

2) We say that u has a fractional derivative of order o > 0 providedu = D; * f,
for some f € L1((0,T); X). If this is the case, we write Dfu = f.

Remark 3.5. Suppose that u has a fractional derivative of order o € (0,1).
Then ﬁt*“ x u is differentiable a.e. and absolutely continuous with Dffu =

d 14—
qt (F(lfa)t O‘*u).
For the equivalence of fractional derivatives in L, and fractional powers of the

realization of the derivative in L, we have the following Lemma.

Lemma 3.6. [8, Prop.2] Let p € [1,00), X a Banach space and define

D(L) % {ue W'((0,T); X) | u(0) =0}, Lu=u' forue D(L).

Then, with 3 € (0,1),
(3.7) Ly = DPu, ueDLP),
where D(LP) coincides with the set of functions u having a fractional derivative in

Ly, te.,

D(LP) = {u € L,((0,T); X) | t=% % u € Wy ((0,T); X) }.

-2

In particular, Df 1s closed.
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We refer to [8] for further properties of the operator Df .

It is convenient to define homogeneous potential spaces over [0,T] as follows (for
n >0, see, e.g., [23, p. 226], [30, p. 28]):

Definition 3.7. Let X be a UM D-space, let n € R, p € (1,00). Forn > 0 we
define

HI)(R; X) = {fe€Ly(R;X)|there exists g € L,(R; X) such that g = lw|™f}

||f||Hg(R;X) = ||9||L,,(R;X)7
where g denotes the Fourier transform of g. For n < 0 we define

ﬁg(R;X) &f { f € L110c(R; X) | there exists g € L,(R; X) such that § = |w|"f}

def
||f||Hg(R:X) = ||g||Lp(R:X)>

and let H))(R; X) be the completion of f{;](R;X) with respect to this norm. For a
bounded interval [0,T], one defines

dcf

H)(0,T]; X {h{[o r | heHI(R;X)}

with
def .
I f 12 0,73 = helggf\|h||Hg(R:x)~

HereSof {hGH”(RX | h‘[OT]:f},

Note that by this definition any f € H}J([0,T]; X) is a locally integrable function,
even if n < 0.

Lemma 3.8. Let X be a UMD-space, and p € (1,00). Let f € L1((0,T); X) and
€ (0,1). Suppose that D;"f € L,((0,T); X). Then f € Hp_”((O,T);X).
Proof. Define w(t) = D, "f(t), 0 <t < T; w(t) =0, t € R, t € [0,7]. Then

w € Ly(R; X). Consider h(t) = def t((tIR+) s w), t € R (where Ip; denotes the
indicator functlon of a set M). In particular, up to a constant ¢ we have

%(t*” x D, "f)=cf(t) forte (0,T).

Taking Fourier transforms we obtain

h(t) =

h(t) = ]-"71{ (Z’S)(is)71+nﬁ)} _ _7:71{ (is)"0 } = ]:71{ |s|" (lfl):w .

By the Marcinkiewicz Multiplier Theorem (e.g., [23, p.215], vector space valued
[15, Theorem 1.3]), m(s) Lef ()" 45 multiplier on L,(R; X). So

[s["

is)"

g(t) o '7:71{ (| |

and HQHLP(R;X) < c||D;"f||Lp((O7T);X). Hence h(t) = F~{|s|"g} satisfies h €
H,"(R; X). Thus h restricted to (0,T) is in H,"((0,7); X) with

w} € Ly(R; X),

”hHH;"((O,T);X) <Dy fllz, 0.1):x)-
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4. RESULTS
Throughout this paper, we will make the following assumptions:

Hypothesis 4.1. Let (Q,F,P) be a probability space, with { F; }1>0 an increas-
ing right-continuous filtration of o-algebras satisfying 7y C F. Let P denote the
predictable o-algebra on Ry x Q generated by { Fi }+>0 and assume that {wf |
k=1,2,..;t >0} is a family of independent one-dimensional Fi-adapted Wiener
processes defined on (Q, F, P).

Hypothesis 4.2. Let B be a o-finite measure space with positive measure A. Fix
p € [2,00), and let —A, be a nonnegative, linear operator of D(A,) C L,(B;R)
into L,(B;R). Moreover, D(Ap) N L1(B;R) N Loo(B;R) is dense in L,(B; R).
Let oo € (0,2) and suppose that

(4.1) 9-a, <7(1-3).

We will need the extension of A, to L,(B;l2): Denote by I5 the set of real-valued
sequences g = { gF }2° | with |g\l22 def ¥ ,1g%|? < co. For a function g : B — o,

let [|lgllp ef Igli,llz,(B)- We extend A, to an lo-valued map by defining

D(Ap) = {f = { "} € Lyp(Bilo) |
fFeDA,), k=1,2,..;{ A, f* 122, € Ly(B;ly) }
and
Apf = {4 1i2a, [ ED(A).
By a use of the Khintchine-Kahane inequality (see [20], or [27, p. 115]) it follows

that the extension —A, is a nonnegative map of D(A,) into L,(B;ls) and that
(4.1) holds with ¢_ 4, replaced by d)_AP. In the sequel we write A, both for the
scalar-valued mapping A, and for the ly-valued extension.

Since (1.1) is linear, the contribution of the initial function ug and of the sto-
chastic forcing term may be studied separately. The following is our main result
concerning the stochastic forcing, with ug = 0:

Theorem 4.3. Assume the probability space (2; F; P) and the Wiener processes
{wk}2e, satisfy Hypothesis 4.1. Let p € [2,00), A, : D(4,) C L,(B;R) —
L,(B;R) satisfy Hypothesis 4.2. Let k1, ko be as in (1.2), with a € (0,2), 8 €
(%, 2). Suppose that for some T > 0,

(4.2) g € Ly,((0,T) x QO P; Ly(B;la)).

a) Then there exists a unique u € Ly,((0,T)xQ;P; L,(B; R)) such that ky*u €
D(A,) a.e. on (0,T) x , and which satisfies

(4.3) u=Ap(k1*xu) + Zkg * gk
k=1

Here (4.3) is to be understood as an equation in L,((0,T)x €% P; L,(B; R)).
(Notice also Remark 4.4 below.)
b) Suppose 0 € [0, 1] is such that

(4.4) 8 —ab > %
Then u € D((—A,)?) a.e. on (0,T) x Q, and

(4.5) w=—(—Ap) "0 (ky * (—A,)0u) + i ko % g".
k=1
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Equality in (4.5) holds in Lp((O,T) X Q;P;LP(B;R)). Moreover, the fol-
lowing estimate holds:
(4.6) ”(_AP)QUHL,,((O,T)XQ;P;L,,(B;R)) < C”g”L,,((O,T)XQ;P;L,,(B;IQ))7

for some constant c, independent of g but depending on A, « ,[3, 0, and p.
c) If 0 €[0,1] and n € (—1,1) are such that

1
(4.7) ﬂfa97n>§,

then u has a fractional derivative of order n (if n < 0, a fractional in-
tegral of order —n), where fractional differentiation (integration) is to be
understood in the space L,(Q x B;R). Moreover, Dju € L,((0,T) x
Q; P; L,(B; D(—A)?)) and satisfies an estimate

(4.8) 1(=A4,) Dullz, 0.1y x0:P; 1, (BRY) < CllgllL, ((0.7)x 5P, (Bila))»

for some constant c, independent of g but depending on A, « ,3, 6, n, and

p.
d) If (4.7) holds, and n & {%, 1+ %}, then

(4.9) (=Ap)’u e HI([0,T); Lp(Q x B;R)).
e) Withn € (—1,1) such that 3 —n > 1, one has
(4.10) Dju = Ap(ky1 * D) +Df(2k2*gk).
k=1

Before proceeding, we make a few remarks on Theorem 4.3.

Remark 4.4. The infinite series in (4.3) is to be understood by an approximation
procedure (c.f., [18]): Suppose g = {g* }32, € L,((0,T) x Q; P; L,(B;12)) is given.
Obviously, an arbitrary ¢* is not necessarily bounded. However, by the density
statement Lemma 5.1, one may approximate g* and g by g;?, g;, respectively, where

g; = {g;C }';;:1, g;? =0 for k > j, are adapted and such that

lgi — 9llz,0.1)xQ:P;L,(Bitn)) — 0, J — 00,

and such that each gf is bounded in ¢,w, and in x. The sums on the right sides of
(4.3), (4.5) should be read as

o'} J t
(4.11) E ko % g* def lim E / kot — s)g;?(s,ww) dw*.
j—o0 0
k=1 k=1

We show in Lemma 5.3 that this limit exists in L, ((0,7) x ©;P; L,(B; R)).

In fact, in the proof of Theorem 4.3 one approximates g by g;, then obtains
the corresponding solution u;, and finally proves appropriate convergence results.
Working with the bounded functions g;? avoids technical problems about existence
of stochastic integrals.

Remark 4.5. If —A, admits bounded imaginary powers, (4.5) and Lemma 3.2(2)
imply that u takes values in the complex interpolation space [X, D(Ap)]s.

Remark 4.6. In case (c) of Theorem 4.3, if n > 0, one may first apply case (b
and see that (—A)%u € L,((0,T) x Q; L,(B;R)). Then the closedness of (—A,)?
implies that

(—A4,)°[Du] = D} [(—4,)u.

Thus, in this case, (—A,)%u has a fractional derivative of order 7.
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Remark 4.7. With o = 8 =1 one has by (4.8) for all > 0
D; (= Ap)?u) € Ly ((0,7); Ly(2 x B;R)).

Thus, by Lemma 3.8, if (—A,)2u € L;([0,T], L,(2 x B;R)),

(4.12) (—Ap)Fu e Hy"((0,T); Ly(Q x B;R)), 7> 0.

By bringing the parameter p into play one may in fact obtain somewhat more
than (4.6) or (4.8), in particular statements on Holder continuity. This we formulate
in the following corollary.

Corollary 4.8. Let the assumptions of Theorem 4.3 hold.
a) If B—ab — 3 <p~', then one has, in addition to (4.6),

(4.13) (—=4p)%u € Ly((0,T); Ly(Q2 x B;R)), for p<gq< qo,
and, for almost all w € €,
(4.14) [(=4,)%u](-,w,") € Ly((0,T); Lp(B;R)), forp < q < qo,
where
- p
qo =

1-p(B—ab—3)
b) If p~1 §ﬁ—a9—%, then

(4.15) (—Ap)eu e Lq((O,T);Lp(Q X B;R)) for q¢€ [p,0),
and, for almost all w € €,
(4.16) [(—=4,) u](-,w,-) € Ly((0,T); Lp(B; R)),  for q € [p,00).

c) Ifp~t <T]<ﬂfod97%, then
(4.17) (—Ap)u € hg ([0, T]; Ly(2 x B R)),
and, for almost all w € €,
(4.18) [(—4p)u](-,w, ) € ho_§ ([0, T]; L,(B; R)).

Here h{_,, are the little-Holder continuous functions having modulus of
continuity v and vanishing at the origin.

Proof. To prove a), let p < g < go and choose n € (0, %) such that (4.7) holds and
p

L—np

Recall the fact (see [8, p. 420-421]) that if Djv € L,((0,7); X) for some function

v € L1((0,T); X), and np < 1, then

q<

(4.19) ve Ly ((0,T);X), 1<qg<

1—np
Use this, together with (4.8) and with X = L,(Q2 x B;R), to get the first part of
a). For the second part observe that (4.8) implies

IDF (= Ap) u) | Ly ((0.7):,(B)) < 00,

for a.a. w € Q. Combine this with (4.19), taking X = L,(B;R), to get the second
part of a).

To get b), assume that 3—afl —p~! > % and take any ¢ > 1. Choose € (0,p~ 1)
sufficiently close to p~!, such that ¢ < p(1 —np)~!. Since n < p~! we have (4.7).
Then apply (4.8) and recall (4.19) to obtain (4.16).
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To prove c¢), observe that ([8, p. 421]) if the fractional derivative f of order n of
v satisfies

(4.20) feL,((0,T); X),with p~' <,
-1
then v € h_l ([0, T); X). O

Remark 4.9. In Corollary 4.8(c) with § =0, 5 =1, p > 2, one has
o 11
(4:21) we =y (0. T Ly(BsR), me ().

Thus, in this case, for a.a. w € €2, the solution u (and (—A,)?u for appropriate 6) is
Hoélder continuous in time, with values in L,(B;R), (independently of « if § = 0).

In Remark 4.9, the case p = 2 is obviously excluded by (4.21). However, by
taking B C R", and imposing an additional condition on A, we have the following
result for this case. We give the proof of this result in Section 6.

Theorem 4.10. Let the assumptions of Theorem 4.3 hold with p =2, 8 =1 and
6 =0. Assume B C R™ with the Lebesque measure A, and suppose that (\[—A,) "
admits a kernel representation:

(M =4)7'1)(0) = [ sy z<B.
for f € L,(B;R), with the kernel vx satisfying a Poisson estimate
(4.22) (e, y)| < eAFT (o =yl A1)

for X in a sector Xr_4 such that ¢ + am < m, and some m > 0. Here U : (0,00) —
(0,00) is a continuous nonincreasing function with

/ U(r)r"tdr < co.

0

Then the solution u(t,w,z) of (4.3) satisfies u € C([0,T]; L2(B;R)) for a.a. w
with

sup ||u(t, -, )|lL,xB) < cllgllLa(0,1)x L0 (Bi12))
0<t<T

for some constant ¢, depending on «.

We refer the reader to [1] and [25], and to the references therein, for treatments
of kernel estimates.

We complement Theorem 4.3 with a statement on solutions of (2.1), i.e., the
homogeneous integral equation with nonzero initial condition wuy.

Theorem 4.11. Let o, p, B, A, and the probability space (Q;P; P) be as in The-
orem 4.3.

a) Suppose
(4.23) up € LP(Q;]‘-();LP(B;R)).

Then there exists a unique function wy such that ui(t,w,-) € D(Ap) for
t>0, and a.a. w € Q, and

(4.24) up (t) = Ap/o k1 (t — s)ui(s) ds + ug.
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b) For 6 € (0,1], t > 0, and an apriori constant c, independent of 0,

(4.25) 1(=Ap) ur(t, s M Ly@iz, 3y < et lluollL, L, 8-
Thus, uy solves (2.1) in the sense that for t > 0, and 0 such that o < 1,

¢
(4.26) up(t,w, x) = ug(w, ) — (—Ap)lfe/ k1 (t — 8)(—Ap) uy(s,w, ) ds.
0
FEquality in (4.26) holds for t > 0 both in L,(Q; L,(B;R)), and for a.a.
w e Qin L,(B;R). In addition,

li ) =
A ) = o

in Ly(B;R) for a.a. w € Q and in L,(Q; L,(B;R)).
c) Letn >0 be such that np < 1. Then

(4.27) D (u1 — o) ||, 0,7y x 2L, (B;R)) < c()lluollz, (L, (B:R))-

d) Let ap > 1, and let, for some fi satisfying 1 — (%p <p<l1,

(4.28) uo € Ly (9: (Ly(B:R), D(4y)),, ).
Then the solution uy of (4.24) satisfies
(4.29) D& (uy — ug) € L,,((o,T) x Q; L, (B; R)),

with the Ly-norm of D (u1 —ug) bounded by an apriori constant multiplying
the norm of ug in the space of (4.28).
In particular, if
1
(4.30) uo € Ly (Q;D((—Ap)g)) for some 6 >1— —,
ap
then (4.29) holds.

A combination of (4.5), (4.6) of Theorem 4.3 and Theorem 4.11 (a,b) gives the
following corollary.

Corollary 4.12. Let a € (0,2), 8 € (%,2), 0 € (0,1], 8 —ab > % Let p €
[2,00) and assume that Hypotheses 4.1 and 4.2 are satisfied. Suppose g,ug satisfy,
respectively, (4.2) and (4.23). Assume adp < 1. Then there exists a unique solution

uw of (1.1) such that
u € D((—Ap)e), a.e. on (0,T) x €,
(—Ap)?u € Ly((0,T) x Q; P; Lp(B; R))

u=—(=Ap)" " (ky * (=4) ) + > kaxg" +uo, t >0,
k=1
1(=Ap) 1l (0.7) x:PiL, (B3R)) <
cllgllz,o.m) <Pz, (B + [uoll L, @sr, (5]

Remark 4.13. Suppose that, in Corollary 4.12, «, § are large enough, e.g., in case
=0, 0> %, a > 1. Obviously, one may then add a term tvy to (1.1), where
vo € Ly(; Fo; Ly(B; R)) and interpret vy as an initial condition %u(0) = vy. We
have, for simplicity, taken vy = 0.

In the special case that A, is the Laplacian on L,(R™; R), Hypothesis 4.2 is
satisfied, and with suitable convolution kernels, Theorem 4.3 can be applied. In
addition, we obtain a maximal regularity result in the sense that the strict inequality
in (4.4) can be replaced by “>7:
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Theorem 4.14. Let A, denote the Laplacian on L,(R™;R) forn >1, p € [2,00).
Let a € (0,2), B € (%,2), k1 and ko as in (1.2), and let the probability space
(2, F, P) and the Wiener processes w¥ be as in Hypothesis 4.1. Suppose that 6 €

[0,1) is such that

(4.31) B—ab>

N)M—l

Then there exists a constant ¢ depending on n, p, a, B, 08 such that for any g €
L,((0,T) x Q;P; Lp,(R™;12)), the solution u of

(4.32) u(t) = Ap(ky *u) + i ko x g*
k=1

(according to Theorem 4.3) satisfies the following estimate:
(4.33) 1(=2p) ull 1, 0,1y x5 (R Ry < €llgll, (0.1 x:PiL, (RrsR)-

Remark 4.15. Of course, (4.33) is an analogon to (4.8) in the case of n = 0 and
B—ab = % One is tempted to conjecture that for the Laplacian also (4.10) can be
extended to the case that §—af —n = 5 However, if we take § =0 and f—n = 5
then D}'ko x g* is not well defined in L,((0,T) x Q x B;R). This can be seen most
easily in the case p = 2 and g = g1 = 1, where we use that 3 —n = = to obtain
formally

t
Dikoxg= c%/ (t — $)% dw,.
0

However, for € | 0, it is easily estimated by Ito’s isometry that

1 tte 1 t 1 2
/—2/ (75—1—6—5)5dujs—/(7f—s)§cluJS
Q€ 1Jo 0

dP(w) — 0.

5. PROOF OoF THEOREM 4.3
We begin by proving the density statement referred to earlier.

Lemma 5.1. [18] Let p € [2,0), g € L,(Ry x Q;P; L,(B;l2)). Let G be any
countable dense subset of D(A,) N Loo(B;R) N L1(B;R).

Then there exist adapted { g; }32,, g; € Lp(Ry x QP; Ly(B;la)), g5 = {95 1724,
such that ||g — gjll L, (Rs xQsPiL, (Bils)) — 0, as j — 0o, and such that

J
(5.1) Z o <t<r] Jk(x>’ k<37,

=0, k>j,

with g; € G and bounded stopping times 7, < 1) < ... < TJJ

Proof. The set of g € L,(R4 x Q;P; L,(B;12)) for which the statement holds, is a

closed subspace M C L,(Ry x Q;P; L,(B;l2)). Then, if L, \ M # (), there exists
h € Ly(Ry x Q;P; Ly(B;l2)); g1 +p~t =1, such that h # 0, h(M) = 0, that is,

/ / (h,g) dA dP(w) dt =0, for all g € M.
R,+><Q

Here (h, g) = X2 h*g*.
Take an arbitrary bounded stopping time 7(w) and fix some k. Let g = { gF }22,
be defined by

9" = Iycr<rG; 9" =0, k # ko,
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where g € G. Thus g € M. Therefore, fR v lo<t< F(t,w) dP(w) dt =0, where

F(t,w) def [ h*(t,w,z)g(x) dA is a predictable process. Since G is dense and T,
g are arbitrary, it is not difficult to show that then fB hko(t,w, x)g(x) dA = 0, a.e.
on Ry x Q, for all g € L,(B;R). One concludes that h* =0 a.e. on Ry x Q x B.

But ko was arbitrary and so h* = 0 a.e. for all k. This contradicts the assumption
h # 0, and so Lemma 5.1 follows. O

An essential ingredient to the proof is the following L,-estimate for stochastic
convolutions, obtained by the Burkholder-Davis-Gundy inequality:

Lemma 5.2. Let p € [2,00), let {V(¢) | ¢ > 0} be a family of bounded linear
operators V(t) : D(A,) — L,(B;R), such that for fized uw € D(A,) the map t —
V(t)u is in Ly([0,T7; Ly(B;R)). There exists a constant ¢, dependent only on p
and T, such that for all g; as in Lemma 5.1 and all t € [0, T

/ (V(t— s)g;-“(s,w)](x) dwf dP

LA
//(/ V(t —s)g;(s,w0)](x )|12d5> dP(w) dA(z).

Proof. First fix some t € (0,T]. For x € B, r > 0 we define

AT, W, ) = ' —skswxwk
Y(r,w,) ;Aww>m,mmb

By the elementary structure of g;,

/OT IVt = 8)g" (s, 0)](2)]* ds < oo

for allmost all € B, so that Y;(r,w,z) is well-defined as an Ito integral for such

r, and it is a martingale. Since the Wiener processes w* are independent, the

quadratic variation of Yj(-, -, x) is

y ' —Sksa) $2$
Z;A|W@ Yo (s,0))(@)|? ds.

Now the Burkholder-Davis-Gundy inequality (see [16, p. 163]) yields for r € [0, ¢],

Egééﬁm—wﬁ@wmm

(5.2) E (/
0 k=1

ot ([ it = 9o, as)

In (5.2), take r = t and integrate over B:

Lﬂ;émwm%ww

cLE([vwﬂmmwmmiwfde

(w) dA(x)

P
<

2

t—S%wwmme> =

(z) <
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As a first application of the Lemma above we obtain that the series in (4.11)
converges in L,((0,T) x Q;P; L,(B;R)).

Lemma 5.3. Assume that Hypotheses 4.1 and 4.2 hold. Let p,g,ko, B be as in

Theorem 4.3, with (3 € (%,2), Take { g; };";1 approximating g as in Lemma 5.1.

Let n > 0 and asume that g —n > % Then

t .
D?/ ka(t — S)Eizlgf(s,w,x) dw"
0

converges in Lp((O,T) X Q;P;LP(B;ZQ))7 when j — oo.

Proof. First note that under the assumption 3 —n > 1 one has that D{ (ks * f) =
kx f, where k € L2(0,T). We work with this latter representation. In Lemma 5.2,

take V' (t) = k(t) and integrate with respect to ¢ to obtain
T J t P
/ / / Z/ k(t—s)g;.“((g,w,x) dw*
o JBJa|1/o
T : e
c/ / / </ |kt — 5)g;(s,w, 2)]7, ds) dP(w) dA(z) dt =
0 B JQ 0
T ‘ .
L (/ k(= )Plgs (s, ), ds) dP(w)dA(x)dt <
o JBJa \Jo

| ' | Lottt ap(w) dac)ae.

where we used k2 € L1(0,T) and the fact that

dP(w)dA(z)dt <

2 2 2 2
’k * |gj|l2‘L%((O,T)><Q><B) < [k |L1(01T)“gj|lz‘Lg((O,T)XQxB)'

Now recall that g; — ¢g in L,(Ry x Q;P; L,(B;12)). O

Our solutions will be constructed by a stochastic variation-of-parameters for-
mula using the (deterministic) resolvent associated with the triple (k1, k2, A,). The
resolvent theory for integral equations of evolutionary type is well understood. For
the theory in case 8 = 1, see [23]. (See also [7]). For 8 not necessarily equal to 1,
we define

Definition 5.4.

(53)  Sas(t)v (2ri)! / MOAT = A) APy dA, £ >0,

Fl,w
for v € X; where X is either L,(B;R) or L,(B;la), ¢ € (g,min{ T, w }),
and

(5.4) Ty @ {re® ||t <ypYU{pe™ [r<p<oo}U{pe ™ |r<p<oo}.
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Lemma 5.5. Let a € (0,2), 3 € (3,2), 0 € [0,1], n € (=1,1). Let Sap(t) be the
resolvent defined in Definition 5.4. Then one has

(5.5) Sap(t) € LX), t >0 2u%)Ht17ﬁSa5(t)||L(X) < 00,
>
(5.6) Sap(t)v € D(A4p), t>0, veX; iggHtHa_ﬁApSag(t)||£(X) < 00,

(67) sl (- A4,) S D) ) <

(5.8)  Sas(t) —A,,/O Fa(t — 5)Sas(s) ds = ka(®), > 0,

(5.9) Sap(t) is analytic fort € C, t #0, |arg t| < ¢ — g

Proof. To obtain (5.7), use (5.3), the analyticity of the integral and a change of
variables to get

D?(_Ap)esaﬁ(t)
- (2771')*1/ M= A (AT — A,)TINTBE gy
Fl,w

(510) _ (271_2.)_1/1—‘ es(;)0a_ﬁ+nt_1(_Ap)9(;)a(l_e) [(?)a — Ap:l_l ds

_ theaJrﬁ*nfl/ essea*ﬁJr??(,Apﬁ(f)a(l*a) [(f)a _ Ap]*l ds.
1y t

Now apply (3.6) with u = (7) to obtain that the last integral in (5.10) is bounded
in £(X), uniformly in ¢. Estimates (5.5) and (5.6) are obtained similarly. Identity
(5.8) follows by a straightforward Laplace transform argument, and the analyticity
of S,z is a consequence of its integral representation and Hypothesis 4.2. O

The central estimate in the proof is the following inequality:

Lemma 5.6. Let o € (0,2), 8 € (3,2), 0 € [0,1], and n € (=1,1) such that (4.7)
holds, i.e., B —af —n > % Then there exists a constant ¢, depending on T, p, A,
a, B, 0, n, such that for all h € L,([0,T] x B,l2)

P
2

dA dt

/OT/B ([ 1D1 (=4, Suplt = ), 0, )

t
(5.11) . 0
< c/ /|h(s,a:)|§02 dA ds.
o JB

Proof. Write G(t) def D{((—Ap)?Sap)(t). First assume that p > 2. Then note

that §, L5 are conjugate exponents and let f : [0,7] x B — Ry be such that
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fOT fB fﬁ dA dt = 1. We estimate:

/OT/Bf(t’x) /Ot|G(t—S)h(S,x)I?2 ds dA dt
= /T/t/ F(t,2)|G(t — s)h(s, )|}, dA ds dt
/ / /|ftx AT /|Gt_s) (s, dA]* ds dt

/ / 156 Ms_, IGE = NE, 31011, 5152 )R 0y s

IN

IN

<[ N o] T
/ |/ IG(E = 3, )y ) 115, M,y s ],
so that
T t i )
[/ /(/ |G(t — s)h(s,z)|}, ds)* dAdt]?
(5.12)
/ ‘/ G (¢ ||Lp(Blz)—>L (Bi1) 115, NE (Blz)ds‘ dt]”.

In the case p = 2, equation (5.12) is obvious. Now (by convolution with respect to
s) we obtain in either case

T t R N
[/ /(/ |G(t—s)h(s,x)llids)gdAdt}P
[/ IGOIZ, 5y (31 ] /llht:c)||” ]}

C||h(t’x)HLP((O,T);LP(B;lz))a
where the last inequality follows by (5.7) and (4.7). Thus (5.11) holds. O

IN

IA

Remark 5.7. The constant ¢ in the Lemma above can be made arbitrarily small
by choosing a sufficiently short time interval [0, T7].

Proof. In fact, the last lines of the proof above show that ¢ is proportional to
fOT ||G(t)||%p(B,l2)ﬁLp(B‘l2) dt, which converges to 0 as T — 0. O

We have now collected all tools for the proof of Theorem 4.3. To proceed, we
use Lemma 5.1 and therefore consider

¢
uj(t,w,x) = / ki(t — s)Apu;(s,w,x) ds
0

J t
+Z/ k:g(t—s)gf(s,w,ac) dw",
k=170

where the functions g; = {g;g i:l are such that

(5.13)

(5.14) lg; — gHLp((O,T)XQ;P;LP(B;ZQ)) -0

for j — oo, and where each g;? is of the simple structure given by Lemma 5.1. We
construct first solutions to (5.13), and then show that these converge.
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For fixed j, let u; be defined by

J t
(5.15) uj(t,w,z) = Z/ Sap(t — s)gf(s,w, z) dw”.
k=10

To see that the stochastic integrals in (5.15) are well-defined, notice that for each
fixed v € Ly(B;la), Sap(s)v is smooth in time for s > 0 by (5.9). Since g; is of
the simple form (5.1), it is easy to see that Sag(t — s)g;(s,w,z) is adapted. From
B> 1 and (5.5) we have that Sag(s)v is in Lo([0,T]; Ly(B; l2)).

Note that by (5.6), u; € D(A,) for t > 0, a.s. In fact we have more: Since g;-“
takes values in G C D(4,), and since A, and S,3(t) commute on D(A,),

(5.16) Apuj(t,w, x) Z/ Sap(t Apg; (s, w,x) dw".

We next claim that u; defined by (5.15) satisfies (5.13) for ¢ > 0, a.e. on
B, and a.s. (For simplicity, without loss of generality, take j = 1, and g =
IT1<S§T2(S)g(x))' We have

t s
k1% Apu; :/ ki (t — 5)[/ Sap(s —T)r cr<r, (T)Apg(z) dw, ]ds

/
/s

-

t
ki(t — s)Sap(s — 7)Apg() ds} I <r<r, dwr

S S — S —o— 3

1t =7 = 0)Sag(v) Apg() dv| I, <rer, duy

|
|
|
|

(5.17) O
= Ap/ ki(t — 7 —v)Sap(v)g(z) dv} I cr<r, dws
0
= Sap(t —7) 1 —(t— T)ﬂ_l}g(x)IT <r<ry AWs
IN) e

t
—uy(tw,a) / Fa(t — T)gh (.0, 2) duw,.
0

The first equality in (5.17) follows by (5.16). The second is a consequence of the
stochastic Fubini theorem. For this, see, e.g. [26, Th.4.6, p.160] where we take
du(s) = k1(t — s)ds and observe that fg’ JollSas(s = 7% _ xk1(t — s) drds < oo,
by the fact that a > 0,5 > % and (5.5). The third equality is a simple change of
variables. The fourth follows by the commutativity of S, 3, 4, on D(A,). The next

to last is (5.8). The last equality uses (5.15).

To obtain apriori bounds for the approximating solutions, let 8 € [0,1] and
n < 1 be such that (4.7) holds, i.e. 8 —af —n > L. For shorthand put V(t) =
D] (—A)?S,5(t). For t >0, V(t) is a bounded linear operator. By definition of D}
we have that for all h € L,(B;R)

(=AY Sug(t)h :/0 ;Z;)V(t _ hdr.
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Consequently, using the stochastic Fubini theorem, we have
J

(=AYt w,0) = 3 / [(—A) Sus(t — )gE (5, )] () du®

k=1
t— 57_7] 1
_Z// V(t—s—1)gk(s,w)](z) dr dw*
77)
n— 1 t—T1
:/ T / t—T—s)gf(s,w)](m)dw’;)dT.
k:l 0
This shows that
J
D] (—A)u;(t,w,x) = V(t—s)gi(s,w)](z) dw?
k=170

We apply Lemma 5.2 and Lemma 5.6

///|D77 )u;(t,w, )" dP(w) dA(z) dt

/[V(t—S)gf(s,w)](ac)dwéC dpP

<o [ [ ([ we-sssanwi, a) arw e
<cf ' | [ oyt ol ap(w) ant) ds

Here the constant ¢ depends on T, «, 3, 0, n, A, and p, but not on g; and j.
We next let j — oco. By linearity, by (5.14), and by (5.18),

||Uj - UiHLP((O,T)xQ;P;Lp(B)) < Cng - giHLP((O,T)XQ;P;LP(B,lz)) —0

for 4,j — oo. By completeness, there exists u such that u; — w in L,((0,T") x
Q;P; L,(B;R)). Moreover, (ki *u;) € D(A,) and ki *u; — ky *uw in L,((0,T) x
Q;P;L,(B;R)). By Lemma 5.3, (take n = 0), the series kg * Ek lg] converges.
Since u; = Ap(k1 *uj) + ko % Zizlgf, we have that A,(ky % u;) converges. By the
closedness of A,, k1 *u € D(A,) and (4.3) holds.

In case 8 — afl > 3, then by (5.18) with n = 0, (—A,)%u; converges. The
closedness of the fractional powers gives (4.5), (4.6). Analogously, by the closedness

of D}, and by (5.18), we have (4.8).

The relation (4.9) is a consequence of (4.7), (4.8), [30, p. 29]. For the application
of the results in [30], note that here u(t = 0) = 0, and that if 3 — af — % > 1+ %,
then u/(t = 0) is welldefined and = 0.

Recalling Lemma 5.3, we conclude that (4.10) is satisfied.

Finally, to prove uniqueness, assume that v and @ are two solutions of (4.3).
Then v = u — u solves the deterministic integral equation

v =k *xApv.

From the theory of deterministic integral equations [23] we know that v = 0. Now
Theorem 4.3 is proved.

Remark 5.8. Estimate (4.8) can be refined: Let a € L1([0,T]; R) for all T' < oo,
and of subexponential growth. Define its Laplace transform a(s) = [~ e~*'a(t) dt.
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Suppose that there are functions f : (0,00) — [0,00) and g : 'y, — [0,00) (c.t.
(5.4)) such that

|a(§)| < f(t)g(s) forall s €Ty, te (0,7,
97072 f(t) € Ly((0,T); R),

[ 1efllsloo21 gt as| < oc.
Ty

Then the solution u of (4.3) satisfies
d
dt

In particular, this holds if

(=A)Yaxu e L,((0,T) x Q; L,(B;R)).

1
(5.19) la(\)| < c|N"! with 8—af —n > 5

Proof. For shorthand we write
d
V)= —
®) dt
Copying the proof of (5.7) we obtain
1 —af— S| . |f— —af—
IVOllec) < - 702 1(0) [ [s05 gl ds] < b0 ),

iy

(—A)’[a * Sap] (t).

Thus [|V(t)||z(x) is in L2((0,7); R) and we can redo the proof of Lemma 5.6 to

obtain that
T t 5
/ /(/ |V(t—s)h(s,x)|l22ds> dA dt
0 B 0

T
< c/ / |h(s, )|} dAds.
o JB :

Now we can again use Lemma 5.2 to achieve the desired result.
In particular, if (5.19) holds, take f(t) = ct!=7 and g(s) = |s|771. O

6. PROOF OF THEOREM 4.10

Let u; be approximate solutions as in the proof of Theorem 4.3, c.f., (5.15). By
[25, Thm.1, p. 295] and the assumption on A,, one has that the resolvent Sy 1(t)
admits the kernel representation

(St () () = / oula,w)f(y)dy, ©€B, t>0,

B
for f € L,(B;R). Thus

J t
u;(t,w,x) = Z/o [/Bot,s(x,y)gf(s,w,y) dy} dw’;.
k=1

The kernel o, satisfies the estimate
lov(z,y)| <t~ g (t_% |z —yl), for t >0,

with a continuous, nonincreasing function ¢ : (0, 00) — (0, 00) such that

/ t=m g (t_% |z|) da :/ q(r)yr"tdr < cc.
B 0
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In particular (by convolution of an Li-function with an Lo-function) we infer that
there exists a constant ¢ independent of ¢

(6.1) /B i

Using Lemma 5.2 and (6.1), we obtain

| [ st dedp)

/B Ut(xv y)g] (87 w, y) dy

dr < c/ \gj(s,w,x)hi dx.
B

l2

- // Z/ /Ut s 7y gj SW,y)dydw d:ZZdP( )
B
se | ot=s(@.9)gj (5:,9) dy ds dx dP(w)
l2
SC/// |9;(s,w, z)[}, ds dz dP(w)
aJBJo
S Cc ||gj||%2([07T]><Q><B;l2)'

Hence, for almost all w, u; converges in LOO((O,T);LQ(B;R)). Since each u; €
C’([O,T]; Ly(B; R))7 the claim follows.

7. PROOF OF THEOREM 4.11
To prove (i), observe that by [23, Ch. I] and by (4.1), the resolvent S(t) o Sa1(t)
for (2.1) (exists and) is bounded, analytic. Thus uy o S(t)ug satisfies
ur =ug+ Ap(kr *uq), t>0,

and a.a. w. In addition we have that uy — wug as ¢ | 0 [23, p. 32], Moreover,
u1 € D(4,) for t > 0. By transformation techniques, one has, for a.a. w,

[(—=Ap)u (¢, w, MNe, ) < =% 9¢c0,1].

Therefore, if af < 1, fg”kl(t — 8)(—Ap) u1(s)||1, (5 ds < oo and (4.25), (4.26)
follow.
To obtain (4.27), note that by estimating the inverse Laplace transform, one has

HD?(Ul - UO)”Lp(ﬂxB) < C(U)t_nHUoHLp(sszy

For the proof of (4.29), one applies results of [8] as follows. Take Ey, Ey of [8,
p. 427], respectively, equal to L,(Q; L,(B)), L,(€;D(A,)) and observe that (X a
Banach space)

BUC,_,([0,T],X)
E{u e C(O.TEX) |11 u(t) € BUC((0,T]; X), lim ¢ lu(t)][x = 0}.
First use (21) of [8] which gives (by (4.28)) that
up € BUCl,#([O,T}; Lp( D(Ap))) N BUCfg#([o,T}; L( Lp(B))),
where (see [8, p. 428]) 1 =1 — o+ aji. Here, [8, p. 423],
BUCS, (10.T); Ly (9 Ly(B: R)))
is the set of u € BUC)_,, ([0, T); Ly (Q: Ly (B; R))) for which there exist

uo € Ly(B) and f € BUOl_H([O,T];LP(Q;LP(B;R)))
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such that

1
= — T f
U= ug + (o) * f

Observe that by the condition on /i one has u > 1 — p~! which implies (see [8, p.
422))
BUC1-,([0,T]; Ly(B; R)) C Ly((0,7); Ly(B; R)).
Thus
Lo
= 1t
Ul uO + F(a) * f?

with f € L, ([0, T]; L,(€; L,(B; R))) and (4.29) follows.

To obtain (4.29) under the assumption (4.30), observe that (see, e.g., [19, p. 47
and p. 56])

D((_A;D)a) C (LP(B),D(—AP))

for 6 > fi. For 6 as in (4.30) we can find i < 6 such that > 1— aip.

o’

8. PROOF OF THEOREM 4.14

In fact, we can almost literally copy the proof of (4.8) (for the special case
n = 0) from Theorem 4.3. There (4.8) is proved for the approximate solutions u;
(c.f. (5.15)) by the estimate (5.18), based on Lemma 5.6 and Lemma 5.2. By a
straightforward limiting procedure the estimate is carried over to the solution wu.
It only is Lemma 5.6, where the full strength of condition (4.7) is required. In the
case of Theorem 4.14, we can complete Lemma 5.6 by the following result, which
works in the case that 8 — af = % The rest of the proof can be copied from the
proof of Theorem 4.3.

Lemma 8.1 ([11, Theorem 1.2]). Let n > 1 be an integer, o € (0,2), § > 3,
0 € (0,1) such that f —af = % Let H be a separable Hilbert space (e.g., H =l3),
p € [2,00) and T € R. Let S, be the resolvent operator corresponding to (4.32).
Then there exists some constant ¢ (depending on p, a, 3, 0, n) such that for all

h € L,((—o0,T) x R™; H) the following estimate holds:
T ¢ ) %
/[ U [(=2)" Sas(t = $)h(s, )] )|, ds| dtdz

T
<e / / (s, 9) 1% ds dy.

This lemma is a generalization of [17, Theorem 2.1]. Its proof (and thus closing
the gap to obtain maximal regularity) is significantly more intricate than proving
Lemma 5.6.

(8.1)

9. EXAMPLES

Our first example is well-known. See, e.g., [22].

Let B C R" be a bounded domain with C?-boundary. Assume s > n, s > p,
p € [2,00). Let b € WHs(B,R"™") and assume b is symmetric and uniformly
positive definite. Assume A, is a second order operator in divergence form, i.e.,

(Ayu)(z) < div(b(z) - Vu(z)), € B,
for u € D(A,) = W*P(B) N Wy P (B).
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Then A, is closed, densely defined, positive in L,(B) with compact resolvent

and
IO = 4,70 < (s Tone A< 7w,

where ¢ > 0 arbitrary. Hence ¢_ 4, < m(1— §) for any o € (0,2), and so Theorem
4.3 may be applied. In particular, with € (0,2), 8 € (3,2), and g satisfying (4.2),
we have that there exists a unique solution u € L,((0,T) x Q;P; L,(B; R)) such
that &k *u € D(A,) for ¢ > 0 and a.a. w € Q, and such that (4.3) holds.

If, in addition, 8 — a > %, then u € D(A,), for t > 0 and a.a. w € Q, and

(9.1) u:kl*Apu+Zk2*gk.
k=1
Our second example concerns the case where A, is not of divergence form. We
make use of [24].
Assume B C R" and, e.g., either B = R" or B a bounded domain with C?-
boundary. Let p € [2,00), and
Ayu = ajk(2)0;0u(x) + Z bj(z)0u(x) + c(x)u(z)
J,k=1 j=1
for u € D(A,) = W2P(B) N W, ?(B). Here a(z) = (a;i(z)) is a real symmetric
matrix for x € B such that

1 _
0<aoga(ac)£-£§a—7 for x € B, |¢=1.
0

Assume a;; € C?(B), for some p € (0,1); and if B is unbounded, assume ay =
lim | o0 @ij (@) exists, with |a;;(z) — afy| < c[z|~7, for |z| large and all 4, 5. Then,
under certain conditions on bj, ¢ (see [24, (A3), (A4), p. 165]), the spectrum of
— A, away from [0, 00) consists only of eigenvalues.

In particular, assume that 1 is such that Ap has no eigenvalues A such that
0# A € ¥y Then, [24, Th. D(c)], for each n > 0 there exists c,(n) > 0 such
that

1AL = A) 7 < oA A€ Samyy A > 1.
Thus, Theorem 4.3 may be applied with A, = jlp — 61, for any § > 0, provided

W 1
O<a<2[1—;], ﬂ>§,

to give a solution u satisfying (4.3). If

1a2[1 - %Dv

0<cv<mln(5—2 -

we have a solution u satisfying (9.1).

Note moreover that (under the above assumptions) we have for any ¢ > 0, that
§ — A, admits bounded imaginary powers [24, Th.D(c)]. In addition, if B is a
bounded domain and NV (4,) = 0, then, [24, Th. D(c) and Th. A],

I(=A,)" | < e,y eR.

Hence we have, in this case, D((—4,)’) = [L,(B), D(4,)]
As a final remark we point out the following.

0

Suppose (—A,) has spectral angle w def ¢_a,, Take w < . Recall that then
(—Ap)e has spectral angle fw. Thus the above examples may be extended, e.g., to
fourth order operators A obtained as A = (—A,)?, under appropriate conditions on
the spectral angle of —A,,.
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10. KRYLOV’S APPROACH VERSUS B-SPACE VALUED STOCHASTIC INTEGRATION

At the center of the study of stochastic integral equations in Banach spaces
is the problem of defining and estimating stochastic integrals, in particular sto-
chastic convolutions, in Banach spaces. Krylov’s approach, which is used in this
paper, is elementary in the sense that stochastic integrals are taken pointwise, so
they are classical Ito-integrals of scalar valued processes. Kahane-Khintchine ar-
guments, in particular the Burkholder-Davis-Gundy inequality, provide the step
from Lo-estimates to L,. Of course, this can only be done for sufficiently “nice”
integrands. The final step is to extend the results obtained for smooth initial data
and elementary forcing terms to more general L,-data by a completion argument.

On the other hand, the recent progress on stochastic integration in Banach spaces
(see, e.g.[21]) provides a convenient tool to handle stochastic convolutions directly
in the Banach space. While we do not know about applications of this method
to integral equations, it has been used successfully to treat parabolic stochastic
differential equations, e.g., [12], [29]. We expect that such results can be extended
to integral equations. Clearly, this approach works in more general Banach spaces,
while the more classical technique is confined to the special structure of L.

It seems interesting to conclude our paper with a short comparison of these two
approaches.

We mention first, that the results obtained for parabolic differential equations
go far beyond the scope of our paper, in the sense that both approaches have been
used to treat nonlinear equations, with possibly time dependent coefficients, and
state dependent diffusion. On the other hand, the aim of the present paper is to
treat a fractional differential equation. With o = 3 = 1, our equation (1.1) reduces
to the stochastic differential equation

(10.1) du(t) = Apu(t) dt + G(t) dWy.

It is this case, where we can compare our results to the results obtained by the
abstract integration theory. Notice that in abstract notation, W; is a cylindrical
Wiener process in a separable Hilbert space H and G € L,([0,T] x ;v(H, L,(B))
where y(H, L,(B)) denotes the space of y-radonifying operators H — L,(B). This
is equivalent to writing the stochastic forcing in Krylov’s notation

oo
g(t) =>_ g*uwk.
k=1
with {g*}22, € L,([0,T] x Q; L,(B,12)) (use, e.g., [29, Proposition 3.2.3]).

With the assumption that A is sectorial, [29, Theorem 8.2.1] states (translated
to our notation, and in the special case § = 0 and time-independent generators
A(t)=A)

. 1

||“||]2p([o,T]xQ;(EJJ(A))a,l) < C”GH‘ZP([O,T]XQW(H,E)) if 6 < 2
1 1
ueCNNﬂJEDM”Mﬁm.ﬁ6+A<§—<
p

These results are exactly the results of our Theorem 4.3(c) and Corollary 4.8(c)
with £ = L,(B), « = f =1, 7 =0, 8§ = 6. (Notice that the condition on &
is a strict inequality, so that it makes no difference whether the result is stated
in terms of (E,D(A))s1 or of D((—A)?). In [12, Theorem 4.1(ii)] we find that
u e CM[0,T],D(—A)?) if 6+ X < 1. Notice that in this result the forcing operator
G(t) is independent of time, so it is in L,([0,T] x 2, E) for all p > 1, and the result
is again commensurate to Corollary 4.8 in the present paper.
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In the abstract approach, maximal regularity is achieved in the case that A has
a -bounded H°-calculus. In this case, and Hilbert space, the maximal regularity
result [29, Theorem 8.2.2] (again for the case of time-independent generators) reads

HUH%Q([O,T]><Q;[E,D]1/2) < G, (0.1 x 2 (H1, )

which is exactly what we get in Theorem 4.14, if A is the Laplacian on R™, p = 2
and 6 = % Theorem 4.14 is not confined to the Hilbert space case. A comparable
maximal regularity result for a space which needs only be of finite cotype, and
again with v-bounded H°-calculus is given in [12, Theorem 6.2]. Unlike our Theo-
rem 4.14, it is pointwise for ¢ € [0, T], but again it is based on the assumption that
G is independent of time. Again, both approaches are equivalent for the Laplacian.
Notice, however, that the proof of Theorem 4.14 is based on the maximal inequality
Lemma 8.1, which is derived only for the Laplacian operator on the full space, and
that the proof of this lemma is quite sophisticated and takes a paper of its own
[11].
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