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Analysis of H (div)-conforming finite elements
for the Brinkman problem

Juho Koénno* Rolf Stenberg?
December 18, 2009

Abstract

The Brinkman equations describe the flow of a viscous fluid in a porous
matrix. Mathematically the Brinkman model is a parameter-dependent
combination of the Darcy and Stokes models. We introduce a dual mixed
framework for the problem, and use H(div)-conforming finite elements
together with Nitsche’s method to obtain a stable formulation. We show
the formulation to be stable in a mesh-dependent norm for all values of the
parameter. We also introduce a postprocessing scheme for the pressure
along with a residual-based a posteriori estimator, which is shown to be
efficient and reliable for all parameter values.

1 Introduction

In soil mechanics, the Brinkman equation describes the flow of a viscous fluid in
a very porous medium. For a derivation of and details on the equations we refer
to [17, 1, 2, 3, 21]. As opposed to the Darcy model widely used in soil mechan-
ics, the Brinkman model adds an effective viscosity to the equations. Typical
applications of the equations lie in oil exploration, groundwater modelling, and
some special applications, such as heat pipes [15]. The Brinkman model is also
often used as a coupling layer between a free surface flow and a porous Darcy
flow [10]. Mathematically, the Brinkman equations are a parameter-dependent
combination of the Darcy and Stokes equations.

We study the application of H(div)-conforming finite elements designed
for the Darcy problem to the more complicated Brinkman problem. H(div)-
elements have been considered for the closely related Stokes problem in [9, 26,
14]. Our model constitutes an approximation with non-conforming basis func-
tions, since in the discretizations of the H(div)-space only the normal component
of the velocity is continuous on interelement boundaries. To enforce the tangen-
tial continuity, we use the so-called Nitsche’s method introduced in [20]. This
in turn requires the use of a mesh-dependent bilinear form. The method has
a strong resemblance to totally discontinuous Galerkin methods for the Stokes
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equation, cf. [12]. The motivation for using this non-conforming approximation
is the fact that H(div)-conforming elements are widely used in industry for solv-
ing the Darcy equations, and we want to derive a way of easily incorporating
viscosity to the existing solvers, along with a rigorous mathematical analysis.
In Part II of this paper we will report on numerical benchmark studies with our
methods.

Methods based on Stokes elements are studied in e.g. [13, 5.

The structure of the article is as follows. First, we formulate the Brinkman
problem mathematically and introduce the corresponding variational formula-
tion. Then we introduce the finite element spaces used for the discretization
along with the mesh-dependent energy norms in which the error is measured.
We derive a priori convergence results for this discretization, which implies the
possibility of improving the accuracy of the pressure approximation via post-
processing. This is addressed in a separate section, where we provide optimal
a priori convergence results for the postprocessed solution. Finally, we end the
paper with the a posteriori error analysis. A residual-based a posteriori error
estimator is introduced. It is then shown that the estimator is both reliable and
efficient for all values of the viscosity parameter.

We use standard notation throughout the paper. We denote by C,Cy,Cs
etc. generic constants, that are not always identical in value, but are always
independent of the parameter ¢t and the mesh size h.

2 The Brinkman model

Let Q C R", with n = 2,3, be a domain with a polygonal or polyhedral bound-
ary. We denote by w the velocity field of the fluid and by p the pore pres-
sure. The equations are scaled as presented in [11], with the single parameter
t representing the effective viscosity of the fluid, which is assumed constant for
simplicity. With this notation, the Brinkman equations are

—t*Au+u—-Vp=f, inQ (2.1)

divu=g, in{ (2.2)

For t > 0, the equations are formally a Stokes problem. The solution

(u,p) is sought in V x Q = [H}(Q)]" x LE(Q). For the case t = 0 we

get the Darcy problem, and accordingly the solution space can be chosen as

V x Q = H(div,Q) x L3(2). For simplicity of the mathematical analysis, we

consider for the case ¢ > 0 homogenous Dirichlet boundary conditions for the
velocity field. Thus the boundary conditions are

u=0. (2.3)
For the limiting Darcy case ¢ = 0 we assume Neumann conditions
u-n=0. (2.4)

In the following, we denote by (-,-)p the standard L? inner product over
aset D C R*. If D = Q, the subscript is dropped for convenience. Similarly,



(-,-)p is the L? inner product over a set B C R"~1. We define the following
bilinear forms

a(u,v) = t*(Vu, Vo) + (u,v), (2.5)
b(v,p) = (div v,p). (2.6)

and
B(u, p;v,q) = a(u,v) +b(v, p) + b(u, q). (2.7)

The weak formulation of the Brinkman problem then reads: Find (u,p) €
V x @Q such that

B(u,p;v,q) = (f,v) + (9,9), V(v,q9) €V xQ. (2.8)

3 Solution by mixed finite elements

Let K, be a shape-regular partition of 2 into simplices. As usual, the diameter
of an element K is denoted by hg, and the global mesh size h is defined as
h = maxgek, hx. We denote by &, the set of all faces of K. We write hg for
the diameter of a face E.

We introduce the jump and average of a piecewise smooth scalar function f
as follows. Let £ = 0K N OK' be an interior face shared by two elements K
and K’. Then the jump of f over E is defined by

[f] = flx — flx (3.1)
and the average as .
{f}= §(f|K+f|K’)- (3.2)

For vector valued functions, we define the jumps and averages analogously.

3.1 The mixed method and the norms

Mixed finite element discretization of the problem is based on finite element
spaces Vj, x Qp C H(div,Q) x L3(2) of piecewise polynomial functions with
respect to KCp. We will focus here on the Raviart-Thomas (RT) and Brezzi-
Douglas-Marini (BDM) families of elements [8]. In three dimensions the coun-
terparts are the Nédélec elements [19] and the BDDF elements [7].That is, for an
approximation of order k > 1, the flux space V}, is taken as one of the following
two spaces

VhRT = {v € H(div,Q) | v|g € [Pr_1(K)]" @wﬁk,l(K) VK € Ky}, (3.3)
V,PPM = {v € H(div,Q) | v|x € [PW(K)]" VK € Ky}, (3-4)

where Pk,l(K ) denotes the homogeneous polynomials of degree k — 1. The
pressure is approximated in the space

Qn={q€ L§(Q) | ¢|x € Pru1(K) VK € Kp,}. (3.5)

Notice that V' c V,BPM and QPPM = QRT. The combination of spaces
satisfies the following equilibrium property:

div Vi, C Qp. (3.6)



To assure the stability of the non-conforming approximation, we use Nitsche’s
method [13, 20] with a suitably chosen stabilization parameter ce. We define the
following mesh-dependent bilinear form

Bu(us :0,) = n(1,0) + (o, p) + blas, ), (3.7
in which
an(u,v) = (u,v) + 12 Y (Vu, Vo) (3.8)
Keky
+8 3 i (ul eDe ¢ (O, [ol) s — (52, [l )

Then the discrete problem is to find uy, € V}, and p;, € @y, such that

Bh(uh,ph;qu) = (f,’U) + (97Q)7 v(”v‘]) € Vh X Qh' (39)

We introduce the following mesh-dependent norms for the problem. For the
velocity we use

el = llul? + ¢ ( Do IVuldce+ Yo *II w ] E> : (3.10)

Keky, Ecé&y,

and for the pressure

= > 2\\Vp||0K+Z ——— I[Pl &- (3.11)
KeKn h +t FEe&), h +t

Note that both of the norms are also parameter dependent.

3.2 A priori analysis

First we prove the consistency of the modified method. For the exact solution
(u,p) it holds [u]|g = 0. Inserting w into the modified part of the bilinear
form, we have using element-by-element partial integration

an(u,v) = (u,v) + 1 < Z (Vu, Vo)k — Z “%}a [[”]]>E>

KeK, E€&y
ou
= (u,v) + t* Z {(Vu,Vv)g — <a—n,v>aK}
KeKy,
= (u,v) +t? Z (—Au,v)g
KeKky

= (—t*Au+u,v).
This gives us the following result.

Theorem 3.1. The ezact solution (u,p) € V x Q satisfies

Bh(uvp;v7q) = (fav) + (qu)7 V(’U,q) € Vh X Qh~ (312)



Next we prove the stability of ap(-,-) in the mesh-dependent norm (3.10).
The stability only holds in the discrete space V},. First we recall, as shown
in [24], that the normal derivative can be estimated as

ov
hel 5166 < CrlVolg ., Vv € Vi (3.13)

Lemma 3.2. The bilinear form ay(-,-) is coercive in the discrete space Vj,;
there exists a positive constant C' such that

an(v,v) > Cllo|2,, Vo€ V. (3.14)

Proof. First we note that by Young’s inequality

2 Y U s = - Y (O hox

Eecé&y, KeKp
>- ) ||*||06K|| [v]ll0.0x
KeKy
ov B
>—( > hKH%II%,aK)”Q( S n Il ox)
KG}Ch Keky,
ov B
>0 3 g S h IR ox
KEK;L KEK:h
o . B
> = > IVolik =5 D Al ox
KeKky, KeK,

for an arbitrary € > 0. This immediately gives

ov

an(v,0) = [olg +1* Y IVl p+2 ) fH = 2(5 [vDe)
Keky Eeé&y
. Cr € 5
> min{1 — 200 §}||'u||t7h. (3.15)

Here C7 is the constant from the discrete trace inequality (3.13). Since € and
« are free parameters, choosing € > C7/2 and « > €/2, we have the desired
result. O

Next, we prove the discrete Brezzi-Babuska stability condition. Recall that

we only have to prove the condition in the Raviart-Thomas case since V,*T
VBDM,

Lemma 3.3. There exists a positive constant C' such that

b(v,q)

UGVh ‘ |

> Cllalle,ns Vg € Q. (3.16)

Proof. We recall that the local degrees of freedom for the RT family are

(v'n,2)g, Vz€ Py_1(FE), (3.17)
(v,2)K, Vz € [Peo(K)]™ (3.18)



Thus, for a given ¢ € @}, we define v by

h
(v-m,2)p = Tiﬁ([{q],zh;, Vz € Po_1(E), (3.19)
h2 .
(v,2) = —7}1%( —I|<—t2 (Vg,2)k Vz € [Py—a(K)]™.

Choosing z = [¢] € P;,—1(E) and z = Vq € [Py_2(K)]|™ gives

(ol e = 2 Il (3.20)

2

h%
(v, Vq)x = WHVQHO K- (3.21)

An explicit inspection of the degrees of freedom yields the relation

Wi+t hi h2
Ilalll5 = + IVall§ - (3.22)
h3. 2 + 2 0.8 p2 42 0.5

Thus, using scaling arguments, we have

h3, +t2
lol7,<C > (3.23)
KeKy

Next we use element-by-element partial integration on b(v,q), and apply the
definitions (3.19) to get

b= Y —@.Vor+ S g (3.24)
KeKy, Ecgy,
h2
Keky, Ee&y
= I\Iqlllt,h- (3.26)
Combining (3.23) and (3.24) gives (3.16). O

By the above stability results for ap(-,-) and b(-,-) the following stability
result holds, see e.g. [8].

Lemma 3.4. For some positive constant C it holds

By (r,s;v
sup  DUESD s g+ Bl Vrs) € Vi x Qe (320
(v,0)EVAXQn + llqlle.n

For interpolation in H (div), a special interpolation operator is required. We
use the interpolation operator Ry : H(div,2) — V}, introduced by Schéberl
in [22] satisfying

(div (v — Rpv),q) =0, Vg€ Qp. (3.28)

The interpolant satisfies the following properties. We denote by P, : L?(Q) —
Qp, the L%-projection. The equilibrium property (3.6) implies

(div v,q — Prq) =0, Yv € V. (3.29)



Furthermore, we have the commuting diagram property:
div Ry, = Ppdiv. (3.30)

Traditionally the interpolation operator has been defined based on the moments
of the normal component of the velocity on the boundaries. By using the alter-
native interpolation operator of [22] we need not the extra regularity assumption
of the edge-based interpolation operators. In the following, the standard Sobolev
norm of order k is denoted ||- ||x. The main result of the chapter is the following
quasioptimal a priori result:

Theorem 3.5. There is a positive constant C' such that

le.n < Cllu — Ryu

llw —unlle,n + || Pup — pn th- (3.31)

Proof. By Lemma 3.4 there exists functions (v,q) € Vi, x Qp such that
[vllen + llgllen < €, and

|un — Rpullen + llon — Paplle,n < Br(un — Rpu, pn — Prp; v, q) (3.32)
= ap(up — Rpw,v) + (div v, pp — Ppp) + (div (up — Rpu), q)
= CL}L(U - Rhuav) + (le v,p— Php) + (le (u - Rh“’)v q)7
where the last line follows from the consistency of the method given by The-

orem 3.1. By using the interpolation properties (3.28) and (3.29), we arrive
at

|un — Rpulle,n + llon — Paplle,n < an(u — Rpu,v) < Cflu — Ryuln. (3.33)

Using the triangle inequality yields the result of the theorem. O

Analogously to the dual mixed formulation of the Poisson problem discussed
e.g. in [4, 23, 18], we have a superconvergence result for |[pn, — Ppp||¢,n- This
implies that the pressure solution can be improved by local postprocessing.
Assuming full regularity, we conclude the chapter with the following a priori
result:

O (h* + th 1) |ul, for RT,

3.34
COM + th¥)||uflerr, for BDM. D

lw = wnllen + 1Pnp = pallen < {

4 Postprocessing method

In this section we present a postprocessing method for the pressure in the spirit
of [18]. We seek the postprocessed pressure in an augmented space @ O Qp,
defined as

O = {g€e Li(Q) | qlx € Pu(K) VK € Ky}, for RT, (41)
"7 {a € LA(9Q) | qlx € Pryi(K) VK € Ky}, for BDM. '
The postprosessing method is: find p; € Q) such that
Prpy, = pn (4.2)
(Voh, V)i = (—t*Aup +up — f,Vq)k, Vg€ (I —Py)Qjlk. 4.3)



The method can be compactly treated as an integral part of the problem by
embedding it into the bilinear form. We introduce the modified bilinear form

2

Bjy(u,p*;v,q") = Bp(u,p*;v,¢")+ Y hgiitg
K

KeKy,

(~Vp* +u—t2Au, V(I-Py)q") k.

(4.4)
The postprocessed problem is then: find (un,p}) € Vi, x Q5 such that for every
pair (v,¢*) € V3, x Q5 it holds

B;;,(uhmpz;vaq*) = Eh(f7Phg;'U7q*), (45)
in which
2
Li(f9:0,07) = (£,0) + (9,4 + D ﬁ(f,V(I—Ph)q*)K- (4.6)
KeK K

We have the following theorem relating the solution of the postprocessed prob-
lem to the original problem.

Theorem 4.1. Let (un,p}) € Vi, x Qf be the solution of the problem (4.5)
and set p, = Ppp},. Then (up,pr) € Vi, X Qp is the solution of the original
problem (3.9). Conversely, if (up,pn) € Vi X Qp is the solution of the original
problem (3.9) and p;, is defined as above, then (un,p}) € Vi, x Q}, is the solution
to (4.5).

Proof. Testing with (v,0) € V;, x @}, and using the equilibrium property (3.6)
yields

By (un, pr;v,0) = ap(up,v) + (div v, py;)
= ap(un, v) + (div v, Pyp},)
= ah(uhav) + (le Uaph) = (f,’U).
On the other hand, testing with (0, Prg*) € V, X Qn, C V3, x Q; gives

BZ(uhapZ7OaPhq*) = (le uhaPhq*) = (g’Phq*)

Combining the above two equations yields the original problem (3.9) and first
part of the assertion is proved. Next take (up,pp) to be the solution of (3.9),
and pj the postprocessed pressure defined above. Using the definition of the



postprocessed pressure and the equilibrium property, we have
By, (wn, pr; v, 4") = By, (wn, py; v, Pag”) + Bj,(wn, py; 0, (I — Pr)q”)
- ah(uh7v) + (le ’Uap;;) + (le Up, Phq*)

>

KeKy

h * *
e fi 3 (—t2Aup +wup — Vpi, V(I — Py Prg*) i
di I—P,)q" hic V(I - P,)%q"
+ (div wp, (I = Pu)g*) + Z m(ﬁ (I—=Pu)°q )k
Keky K
hik
hj + t2
= ah(uh,v) + (le v, Php;;) + (le up, Phq*)

. * h2 *
+ (div wp, Po(I = P)g") + Y hﬁ(itQ (£, V(I - P2 )k
Kekp

+

(=t Aup +up — Vpi — £,V — P)?¢"k

= £h(f7Phg;v7q*)

for arbritrary (v,q*) € V4 x Qj. Thus the second part of the assertion is
valid. O

Next we show that the postprocessed method is stable in the discrete spaces.
For this we need the following lemma, essentially proved in [18].

Lemma 4.2. There exists positive constants C, Co such that for every ¢* € Qj,
it holds

la*Nen < WPag"lle.n + 1T = Pr)g*len < Callg”[le,n, (4.7)

1/2
Cillg" e < I Pha*llen + ( > IVU - Pyg 3,K> < Collq len- (4.8)

KeKy,

Since (I — Py)q* is L?-orthogonal to piecewise constant functions, we further-
more have the following estimate, with C3 > 0,

1/2
I = Pa)g*[len < Cs ( > Ivu- Ph)q*IIS,K> : (4.9)

KeKy
We are now ready to prove the main stability result.

Theorem 4.3. There exists C > 0 such that for every (u,p*) € Vi x Q5 it
holds
Bj (u,p*;v,q*)

> C(||u
Ollen + llg*fle.n !

sup
(v,g*)EVR X Q},

th 1P len)- (4.10)

Proof. Let (u,p*) € V}, x @}, be arbitrary. Choosing ¢* = ¢ € Qp we have

B, (u,p";v,q) = ap(u,v) + (div v,p") + (div u, )
= ap(u,v) + (div v, Pyp*) + (div u, q)
- Bh(ua Php*; v, q)



Thus Lemma 3.4 guarantees that there exists (v, q) € V}, x @, such that
[vlle.n + lgllen < CC ) and

Bp(uw,p";v,q) = C(|[ulle,n + 1 Pup”[|e,n)- (4.11)
Next, we choose (v,q*) = (0, (I — Py)p*) € Vi, X Q..

BZ(U,])*; 0, (I - Ph)p*)

. h2 .
= (div u, (I = Pa)p") + Y i HQ( Vp* +u — t?Au, V(I — P,)p* )k
Kekp
> el - b Y IV - P
KeKy,
h3 9
KeKy,

h2
—C(lullen + I1Pup" e )T = Pr)p*llen + w e IVE = Php [R5
hi
KeKy

1/2
(Z " Y |0K> 0T~ Pl

KeKy

We can estimate the term containing the Laplacian using the inverse inequality
as follows:

t?h2 1
Z h2 +t2 ||f2AU||0K Z 12 th hz HtVUH%,KStQ Z ||VUH(2),K-
Kekp Keky

Using Young’s inequality and the norm equivalence (4.9), we have for any € > 0

* * * Cl * € %
By (u,p™50, (I = Pu)p™) = =5~ ([ullen + 1Pup" [l w)? = I = Pup*[E

h2
t 2 ol V= Por i
Keky

Cy *
> = (lullen + 1 Pap lllm>2

Coe
(12) > kN0 - Pk

Choosing € = 1/C} yields, with C5 = C1C5/2,

B;’;(uvp*;oa (I - Ph)p*) > - 03(

n)? (4.12)

+§ Z 2 +tQ”VI P)p* 15,5
KEK

Combining estimates (4.11) and (4.12), the norm equivalence (4.8), and choosing

10



¢ sufficiently small, we have
B (w, "0, ¢+ 6(1 = Pu)p*) = (1= 6Cs)([[ulles + | Prp*[len)?

6Cs Y IV = Pu)p" |13 «
KGK}L

2 C(llullen + llp*

1)

Furthermore,
[vlle.n + llg + (1 = Pa)p*llen < l[vllen + llallen + 60T = Pu)p*lle.n
< C(llulle,n + I12ap™ e,n) + ST — Pr)p*lle,n
< Clllwllen + p*fle.n),
yielding the desired result. O

We have the following a priori result, which shows that given sufficient reg-
ularity, the postprocessed displacement converges with an optimal rate.

Theorem 4.4. For the postprocessed solution (up,p;,) it holds

Ju—wnllon+ o =il < C int {flu— Ruulln +lp ="l (413
h
h x 2 2 \1/2
+ ( Z WH = V¢ + Rpyu — "ARpyu — f§ 1) }
Tt
KEICh
Proof. Let ¢* € Q},. From Theorem 4.3 it follows that we have a pair (v,r*) €
Vi, x Q3. such that [|v||n + |r*]le,n < C and
lun — Roullen + oy — ¢*llen < OBy (un — Rpw, pj, — ¢750,77).

Combining the definition of the postprocessed problem and the consistency re-
sult 3.1 gives

lun — Bawllen + llpp — ¢"llen < CBL(w — Raw,p — ¢%50,7%) = (9 — Pag,17)

= an(u — Rpu,v) + (div v,p — ¢%) + (div (u = Bpu),r%) = (9 = Pug,r7)
h2

> V=) + (u— Ruw) = P A(u = Byu), V(I = P)r) .

KeKy K

The last two terms on the second line cancel by the commuting diagram prop-
erty (3.30). Inserting f into the last equation we have

[un = Brullen + Iph — ¢"len < Clllu = Roullenllollen + llp = ¢l nlloflen

h2 * *
(Y g IVa = Buwt AR+ £ )0 e
Kek, K

Thus the assertion is proved using the triangle equality and the above result. [
Assuming full regularity, we have the following optimal a priori result for

the postprocessed problem.

Theorem 4.5. For the solution (up,p}) of the postprocessed problem (4.5),

assuming sufficient reqularity of the solution, it holds

C(h* + th*=1)||ullx, for RT,

4.14
COM 4+ th) [ufess, for BDM. 1Y)

lw —wunllen + o — ppllen < {

11



5 A posteriori estimates

In this section we derive a residual-based a posteriori estimator for the post-
processed solution. It should be noted that the postprocessing is vital for a
properly functioning estimator. Our derivation of the a posteriori estimator is
based on the following saturation assumption. Let K, /5 be a uniformly refined
subtriangulation of K, then the saturation assumption is [6, 18]

[ = wnsollensz + 1P = Phjollensz < BUlw = unllen +lIp = phllen),  (5.1)

where the constant § < 1. The triangle inequality gives

* 1 * *
th+ 1P = Piullen < ——=lune = wnllensz + llph 2 — Prllens2)- (5:2)

1-p
We divide the estimator into two distinct parts, one defined over the elements
and one over the edges of the mesh. The elementwise and edgewise estimators
are defined as

lw — wp

h? N
i = 73|l = P Aun +un = Vph = FI§x + (¢ + hE)llg = Pagllt x,
Tt
(5.3)
t2 hE hE 8uh
2 _ 2 £7112 2 2
it = g lllie + g plbillie + el Gallie (659

The global estimator is

1/2
77=<Z 77?(+Z7ﬁ;> : (5.5)

Keky E€&y

Note that setting t = 0 gives the standard estimator for the Darcy problem, see
e.g. [16, 18]. In the following, we address the reliability and efficiency of the
estimator and show the terms of the estimator to be properly matched to one
another.

5.1 Reliability

First we focus on the reliability and prove the following theorem. Note that the
upper bound holds uniformly for all values of the parameter ¢ with the constant
C independent of t.

Theorem 5.1. Suppose that the saturation assumption holds. Then there exists
a constant C > 0 such that

e < Cn. (5.6)

lw —wnlle.n + llp — ph
Proof. Due to (5.2) we only have to prove the result
luns2 = wnllense + 1Pk 2 — Phllensz < Cn. (5.7)

By the stability result of Theorem 4.3 we can find (v,¢*) € Vj, /2 ¥ QZ/Q such
that [[vl¢,n/2 + llg*[le,n/2 < C for which it holds

lwns2 = wnllensz + 1Pk 2 — Phllensz < Bhjo(Wnj2 — wns Pl 2 — Phivsq"). (5.8)
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Next, we add and subtract R,v € V), and Pp,¢* € @}, from the test functions v
and ¢*. For the projections P,/ and Py it holds P/, P, = Py, which implies
(I = Ppj2)(I = Py) = (I — Pp/2). This property will be important in the analysis
to follow. We introduce the following notation:

By, jo(Uny2 — Uh, Pl o — PR30, ") =1+ 11, (5.9)

in which
I =B} jo(wnsa — un,pjy o — Piiv — Ry, q" — Pug®), (5.10)
II = B;’;/Q(uh/2 - uh,pz/g —pZ;Rh’U,P}Lq*). (5.].].)

Keeping in mind that (Uh/27p2/2) is the solution on the refined mesh, we have

I'="Lho(f Prjagiv — Rpv,q" — Pog”) — Bpjo(wn, pp;v — Ryv,q¢" — Pug”)

= Ia + Ib + Ic;
in which
I, = (f,v — Ryv) — ap2(up, v — Ryv) — (div(v — Ryv), pj), (5.12)
Iy = (P29, q* — Poq”) — (div un, q* — Prq™), (5.13)
I = - t?A I—Py)q"). 5.14
K% h2 +4t2 Vph up, + up, + f)v( h/2)q ) ( )
h

We have the following interpolation estimate for Rpv € Vj:

h + t*
Wi

lv = Ryl§ x < C(|v][§ x +t*

) < ||vll7 - (5.15)

The following shorthand notation for the residual is used
Ry = (—t2Auh +up — sz - f)lK (516)

To estimate the term I, we first integrate by parts in the first and second term.
This gives

= K;Ch{(tzAuh —wp+ Vph + f,v = Ryl = 5 <[[%1;”]] v— Rpv)ax}
v (0% 2
+ > {tQ Rh )7[[%}])15 - %([{uh]], [v—Rpv])e
Ee&;,

—((v = Rpv)-n, [pp]) e}

Using the inequality (3.13), scaling arguments, and the inequality (5.15) the

13



term I, can be estimated as

1/2 B2 442 1/2
ne ¥ A(m +tg) ||RK||0,K( E25) o Ruvl

Keky
/2
hi 1 Qauh h3, + t> ' —1/2
_ MK h _
+ 1|V (v — Ryv)llo, KTI/Q ([ [wnllo,ox }

+ > 1 1/QII[[ un]llo,z 1/2||[[v Ryv]lo.z

Eecé&y, K

he N2 3 + 12\ ? y
() Midloe (2 2~ Rywllox)

<o ¥ phaineier

KeK Eecé&y

hi
h3 + 2

+ 8’U,h

e

1/2
+tQ[Lphﬂn()E}) ol
Turning to the term I, we have by the equilibrium property (3.6) the result
div up = Prg.
Adding and subtracting the loading g gives

Iy = (Pnj2g — div up, ¢ — Prq*) = (Phj29 — 9+ 9 — Prg, (I — Pr)q")

(I - P lo.x
KeK,
h2 1/2
<O S 0 PR sl (3 ) 190
KeKy, K

1/2
<C ( > (4 hi)| Prg — gllﬁ,K> lla*Ne.n-

KeKy,

Finally, for the term I. we have by straightforward estimation and the inequal-
ity (4.7)

1/2 12 1/2
I < ( ) IRiclox (K) IV = Paya)allo.x
2 h2 +t2 h2 + 2 /

KeKp
1/2
Z 72 12 ||RKH0 K> (1 — Ph/z)q*|||t,h/2
<KE’Ch h + t
h2 1/2
< C( 2 e ||RK||0K> 10 e
KeKy,

Combining the above results we have

I=I,+1,+1.<Cn. (5.17)
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Employing the fact that (I — P, /2) P, = 0, we have for the second term
IT = By, jy(wn /2, ppy 2 Brv, Paq”) — By, jo(wn, p; Bnv, Prg”)
= By, (wn, py; Rnv, Prhq™) — By 5 (wn, pr; Rhv, Paq”)
— Ly(Prg, f; Ryv, Phq™) + Eh/Z(Ph/Zg f; Rpv, Prq™)

= 2 Z ([wn], [Rav]) 5 — ¢ Z e el [Rav]) e

EGSh Ecéy
h2
+ > nZ +t2(RK,V(I Pp)Prq*) Kk
K€Ky,

- Z h2 4t2 (Ri, V(I = Ppy2)Prq™ )k

+ (Phg, Prq”) = (Phy29, Phq”)

= —t? Z I, [Rwol) & + (9, Piq" — Puj2Pug")
Eec‘:h
t
= Z 1/2 1w B3 I[Rxv]llo.e
EeEh K
1/2
t2 9
<o X DipallBe] el
K
Ecé&y
Combining the estimates for parts I and I gives
Bj, jo(unj2 = un, vy o — Phiv,q") < Cn, (5.18)
and thus the theorem holds. O

5.2 Efficiency

Showing the estimator to be efficient proves to be more tedious than for the case
of the pure Darcy flow treated in [18]. Indeed, we have to resort to the standard
bubble function techniques to obtain the desired result. In the following we
denote by wg the union of elements sharing an edge or face £. In addition, two
cut-off functions ¥ and ¥y are introduced. The function W has its support
in K and 0 < U < 1, whilst U is supported in wg and 0 < Ui < 1. Finally,
we need an extension operator x : L?(E) — L?(wg) such that on the edge E it
coincides with the identity operator. We have the following lemma [25].

Lemma 5.2. For an element K with an edge E it holds, for any polynomials
p and o,

19 seplloxc < llpllo,x < ClwR°

IV(¥xp)llox < ChE [ Wkpllox
lollo.e < CIEE pllo.,

Chy®|

IV(¥Exo)

p”O,Ka

1/2|

oo,

= I exook.
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Using this cut-off function allows us to prove the following theorem.

Theorem 5.3. There exists a constant C > 0 such that
2 <O flu—unlf? +|\| - ill? (5.19)
n° < hllt,n P = DPhrllt,n ’

> (h2 K IF = Sl e+ (2 Wo)llg — Paglf ) }-

KeKp

Proof. We treat the terms separately. As before, we denote the first part of the
residual by R, and further introduce the notation

Rk red = (—t*Aup, +wp — Vpj, — fa)lk,
w =V Rg ed-
We proceed by integrating by parts. Note that this gives no boundary terms

due to the cut-off function. Inserting the exact solution and using the results of
Lemma 5.2, we have

IRk realld x < CIOH R realld i = C(Ricreas w) i = C(Ric + f — fr,w)xc
= C’{t2(V(uh —u),Vw)g + (up, — u,w) g
- (Vi —p),w)k + (f — fr,w)k}
< C||Ri reallo,x (P IV (un — w)lo,x + llun — wllo,x
+ IV - 25) o,

llo,x, we have

h2

ol B = Vb~ T

S = il

For the second part of the elementwise estimator the result holds trivially, thus
we proceed to the edgewise estimators. Since for the exact solution [p] = 0, and
[u] = 0 on the element edges, we have

hk N
il 5 = gl = pills < I = pilE.
K

12 2
TIIHUhH\IS,E = hfll[[u —up]lf g < llu—wunl7 )
K K

Finally, we must bound the normal jumps of the flux in the estimator. We
use the cut-off function Ux and the extension y to define w = Ugy[t? a“’L]].
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Lemma 5.2 and integration by parts yield

t2 8uh t2 8uh t2 8uh

IEs < CIVE T 5 M8 e = O 5 L w)e
= C{*(Au, w)oy + 8 (Vuin, V w)o, }
= C{t*(Aup,w),, +t*(Vu,V w),, +t*(V(u, —u),V w),, }
= O{(Ric, w)up + (= up w)ay — (V(p = ph). w)es
+t2(V(uh —u),V w),.}

IT

<cm[t2 oo {1V (un = w)llo.ws + Ryl — wlows

1/2||V<p P lows + PN F = Fallows }-

This gives
h}( 28uh
o | ey [P
2 (12 hi 2
< C{llu—unllip + llp — pillin + m“f = fullo.x }-
K
Combining all of the above estimates proves the claim. O

Thus for the displacement u; and the postprocessed pressure p; we have
by Theorems 5.1 and 5.3 a reliable and efficient indicator for all values of the
parameter t.

6 Conclusions

We have shown that Nitsche’s method can be successfully applied to H(div)-
conforming elements as a non-conforming approximation for the Brinkman prob-
lem. The method is stable for all values of the viscosity parameter ¢. It was also
shown that via postprocessing one achieves optimal convergence rate for both
of the variables. Furthermore, we introduced a residual-based a posteriori error
indicator with parameter-independent optimal convergence properties. The nu-
merical performance of the method along with the usefulness of the estimator
in adaptive procedures will be studied in a separate paper.
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