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SEMILINEAR STOCHASTIC INTEGRAL EQUATIONS IN L,

WOLFGANG DESCH AND STIG-OLOF LONDEN

ABSTRACT. We consider a semilinear parabolic stochastic integral equation

oo
u(t,w,z) = Akqxu(t,w,z)+ Z kg * GE(t, w, u(t,w,-))(x)
k=1
+ky x F(t,w,u(t,w,))(z) + uo(w, z) + tur (w, z).
Here t € [0, 7], w in a probability space 2, z in a o-finite measure space B with
(positive) measure A. The kernels k,(t) are multiples of t*~1. The operator
A : DA C Lp,(B) — Lp(B) is such that (—A) is a nonnegative operator.
The convolution integrals kg * G* are stochastic convolutions with respect to
independent scalar Wiener processes w*. F : [0,T] x Q x D(—=A)? — L,(B)
and G : [0,7] x Q@ x D(—A)? — L,(B,l2) are nonlinear with suitable Lipschitz
conditions.
We establish an Ly-theory for this equation, including existence and unique-

ness of solutions, and regularity results in terms of fractional powers of (—A)
and fractional derivatives in time.

Dedicated to Herbert Amann on the occasion of his 70th birthday.

1. INTRODUCTION

We consider the semilinear integral equation

u(t,w,x) = A/O ko(t — s)u(s,w,x) ds
[ —8)G*(s,w,u(s,w,))(x) dw®
(L.1) +k2/0 Ka(t — 5)G* (5,0, u(s,w, ) (z) du?

+ / ky(t — s)F(s,w,u(s,w,-))(x)ds + uo(w, ) + tur (w, ).
0

The real scalar valued solution u(¢,w,z) depends on ¢ € [0,7], w in a probability
space 2, and z in a measure space B. The convolution kernels k, are defined by

1

(1.2) ku(t) ()
We assume « € (0,2), 5 > %, and v > 0. The operator A : DA C L,(B;R) —
L,(B;R) (with 2 < p < 00) is such that (—A) is a nonnegative linear operator
(see Section 2 below). In particular we have in mind elliptic partial differential
operators on a sufficiently smooth (bounded or unbounded) domain B C R™, but
formally we require only that (—A) is sectorial and the state space is an L,-space on
some measure space B. The processes w” are scalar valued, independent Wiener
processes. F and G* are nonlinear and satisfy suitable Lipschitz estimates with
respect to u. The functions uy and w; are given initial data. For the precise
conditions, see Section 3.

it
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2 WOLFGANG DESCH AND STIG-OLOF LONDEN

Our goal is to establish existence and uniqueness of solutions for the semilinear
equation (1.1) in an Lp-framework with p € [2,00). Regularity results will be
stated in terms of fractional powers of —A (for spatial regularity) and fractional
time integrals and derivatives as well as Holder continuity (for time regularity).

Technically we rely primarily on results concerning a linear integral equation
where the forcing terms F' and G are replaced by functions independent of u, i.e.,
(5.1). In recent work [12] we have developed an L,-theory for (5.1), albeit without
the deterministic part and without the u;-term. These results need, however, - for
the purpose of analyzing (1.1) - to be extended and to be made more precise.

Our linear results build on an approach due to Krylov, developed for para-
bolic stochastic partial differential equations. This approach uses the Burkholder-
Davis-Gundy inequality and estimates on the solution and on its spatial gradient.
To analyze the integral equation (5.1) we combine Krylov’s approach with trans-
formation techniques and estimates involving both fractional powers of —A, and
fractional time-derivatives (integrals) of the solution. Krylov’s approach is very
efficient in obtaining maximal regularity, however, it relies on a highly nontrivial
Paley-Littlewood inequality [18]. A counterpart of this estimate can be given for
general sectorial A by straightforward estimates on the Dunford integral, when we
allow for an infinitesimal loss of regularity.

We also include results for the deterministic convolution and for the wui-term.
Obviously, no originality is claimed for these results.

To obtain result on the semilinear equation (1.1) we combine our linear theory
with a standard contraction approach.

The paper is organized as follows: Before we can state our main results, we need
to collect some facts about sectorial operators and fractional differentiation and
integration in Section 2. Section 3 states the hypotheses and results for the semi-
linear equation. In Section 4 we provide the tools to define a stochastic integral and
a stochastic convolution in Lj-spaces. The central part of this section is an appli-
cation of the Burkholder-Davis-Gundy inequality to lift scalar valued Ito-integrals
to stochastic integrals in L,. This approach is adapted from [19]. Section 5 deals
with the linear fractional differential equation. In the beginning we give the results
on existence and regularity which are basic to obtain similar results on the semilin-
ear equation. We construct the solution via the resolvent operator and a variation
of parameters formula. The contribution of the initial data and of the forcing F,
which enters as a Lebesgue integral, are well-known ([24], [33]). The contribution
of the stochastic integral containing G is handled by a recent result [12]. We collect
these results in a unified way to allow a comparison of the various requirements
on regularity. In Section 6 we arrive at the proof of our main results on the semi-
linear equation by a standard contraction procedure. In Section 7 we make some
comments on available maximal regularity results for the linear equation and their
implications for the semilinear equation. Finally, in Section 8 we compare our re-
sults to some recent results on parabolic stochastic differential equations obtained
recently using an abstract theory of stochastic integration in Banach spaces.

2. FRACTIONAL POWERS AND FRACTIONAL DERIVATIVES

In this paper A : DA C L,(B;R) — L,(B;R) will be a linear operator such
that (—A) is nonnegative. Here p € [2,00), but fixed. Regularity in space will be
expressed in terms of the fractional powers (—A)? of A. Regularity in time will be
expressed in terms of fractional time derivatives D} f. In corollaries we will also
give regularity results in terms of the function spaces hj_ ([0, T]; X), i.e., the little
Holder-continuous functions with f(0) = 0.
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In this section we summarize briefly the definitions and some known results about
nonnegative operators, their fractional powers, and about fractional integration and
differentiation.

Let X be a complex Banach space and let £(X) be the space of bounded linear
operators on X. Let B be a closed, linear map of DB C X into X. The operator
—B is said to be nonnegative if p(B), the resolvent set of B, contains (0, c0), and

sup [IXAL = B) ™ z(x) < oo
A>0

An operator is positive if it is nonnegative and, in addition, 0 € p(B). For w € [0, 7),
we define

Y, ={AeC\{0} ] |arg \| < w}.
Recall that if (—B) is nonnegative, then there exists a number n € (0, 7) such that
p(B) D %,, and

(2.1) sup || A(AT — B)71||L(X) < o0.
AES,

The spectral angle of (—B) is defined by

¢(—p) = inf{w € (0,7] | p(B) D Er_o, R s;lp IAA = B) ™ £(x) < o0}
€T

We will rely on the concept of fractional powers of (—B): Let (—B) be a densely
defined nonnegative linear operator on X, and § > 0. If (—B) is positive, then
(—B)~! is a bounded operator, and (—B)~? can be defined by integral formulas [4,
Ch. 3] or [20, Section 2.2.2]. As usual,

(2.2) (-B)? .= ((-B)"%"1, 6>0.

If (— B) is nonnegative with 0 € o(—B), we proceed as in [4, Ch. 5]: Since (—B+e€l)
is a positive operator if e > 0, its fractional power (—B 4+ eI)? is well defined
according to (2.2). We define

(2.3) D((-B)?) :={y € ﬂ D((~B +€I)?) | hm ( B+ €I)%y exists },
0<e<eg

(2.4) (-B)y := hm ( B+el)’y fory € D((—B)?).

Lemma 2.1. Let —B be a nonnegative linear operator on a Banach space X with
spectral angle ¢(_p), and let 6 > 0.
1) (—=B)? is closed and D((—B)?) = D(—B).
2) Assume that 0¢_py < m. Then (—B)’
angle 0¢p(_p).

Proof. For (1) see [4, p. 109, 142], also [7, Theorem 10]. For (2) see [4, p. 123]. O

is nonnegative and has spectral

Lemma 2.2. Let —B be a nonnegative linear operator on a Banach space X with
spectral angle ¢(_py. Then forn € [0,m — ¢_p))

(2.5) sup [|(=B)’pu' 0 (ul — B) M| (x) < oo
|arg p|<n, p#0

Proof. In case n = 0, see [4, Th. 6.1.1, p. 141]. The general case can be reduced to

the case p > 0, [14, p.314]. See also [12, Lemma 3.3]. O
We turn now to fractional differentiation and integration in time:

Definition 2.3. Let X be a Banach space and a € (0,1), let w € L1((0,T); X) for

some 1" > 0.

1) Fractional integration in time of order « is defined by D, “u := mto‘*l *1U.
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2) We say that u has a fractional derivative of order @ > 0 provided u = D, * f,
for some f € L1((0,7); X). If this is the case, we write Dfu = f.

Remark 2.4. Suppose that u has a fractional derivative of order o € (0,1).
Then ﬁt*a + y is differentiable a.e. and absolutely continuous with Df'u =

d 1 —«
dt (F(l—a)t *’LL)

For the equivalence of fractional derivatives in L, and fractional powers of the
realization of the derivative in L,, we have the following Lemma.

Lemma 2.5. [8, Prop.2] Let p € [1,00), X a Banach space and define
DL := {u € W"((0,T); X) | w(0) =0}, Lu=u' for u € DL.
Then, with 8 € (0,1),
(2.6) L°u = DPu, ue D),
where D(LP) coincides with the set of functions u having a fractional derivative in

Ly, i.e.,

D(LP) = {u € L,((0,T); X) | t7xu e WyP((0,T); X)}.

INCEC)
In particular, Df 1s closed.

We refer to [8] for further properties of the operator Df .

3. THE MAIN RESULT

Hypothesis 3.1. Let (B, A, A) be a o-finite measure space and fix 2 < p < co. Let
(—A): DA C L,(B;R) — L,(B;R) be a nonnegative linear operator with spectral
angle ¢(_ 4), and such that DA N L1(B;R) N Lo (B;R) is dense in L,(B;R).

Hypothesis 3.2. Let (£, F,P) be a probability space with an increasing, right
continuous filtration {F; | ¢ > 0} satisfying F; C F for all ¢ > 0. Let P denote the
predictable g-algebra on [0, 00) x ) generated by {F;}, and assume that {w* | k =
1,2,3,...} is an independent family of (scalar valued) F-adapted Wiener processes
on (2, F,P).

Remark 3.3. On [0,T] x 2, measurability will always be understood with respect
to the predictable o-algebra P, and the product measure of the Lebesgue measure
on [0,T] and P.

Hypothesis 3.4. For suitable 6 € [0,1) and € € [0, 1), the function
F:[0,T] x Q x D(—A)? — D(—A)*

satisfies the following assumptions:
(a) For fixed u € D(—A)?, the function F(-,-,u) is measurable from [0, 7] x
into D(—A)e.
(b) There exists a constant Mp > 0, such that for all ¢ € [0, 7], and all uy,us €
D(—A)? the following Lipschitz estimate holds
(3.1)  |IF(t,w,u1) — F(t,w,u2)|p—ay < Mpllur —uallp—ay for ae. we Q.
(¢) For u =0 we have
T 1/p
(32) Vﬂ/o IF(tw, 0l _yye dtdP| = Ming < .
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Hypothesis 3.5. For the same 0 € [0,1) as in Hypothesis 3.4, the function
G:[0,T] x Q x D(—A)? — L,(B;ls)
[G(t,w,u)](z) = (Gk(t,w,u)(x))
satisfies the following assumptions:
(a) For fixed u € D(—A)?, the function G(-,-,u) is measurable from [0, 7] x
into L,(B;ls).

(b) There exists a constant Mg > 0, such that for all ¢ € [0, 7], and all uy,us €
D(—A)? the following Lipschitz estimate holds:

[eS)
k=1

(3.3) Gt w,u1) = Gt,w,u2)1,(B1s) < Mcllur — uz|p—aye  for ae. w € Q.
(¢) For u =0 we have

1/p

T
(3.4) [/Q/O IG(t,w, 0} (g, dtdP| = Mg, < co.

Theorem 3.6. Let the probability space (0, F,P) and the Wiener processes (wﬁ):il
be as in Hypothesis 3.2. Let p € [2,00), let the measure space (B, A,A) and the
operator A : DA C L,(B;R) — L,(B;R) satisfy Hypothesis 3.1. Let o € (0,2),
B> 1 andy>0. Let T > 0 and assume that F : [0,T] x Q x D(—A)? — D(—A)°
and G : [0,T] x Q x D(—A)® — L,(B;ls) satisfy Hypotheses 3.4 and 3.5 with
suitable 0,¢ € [0,1]. Let ug € Ly(;D(—A)%), uy € Ly(D(—A)%), with suit-
able 0; € [0,1], both u; measurable with respect to Fy. Suppose that the following
inequalities hold:

(3.5) af < v+ ae,

(3.6) % +ab < g,

(3.7) af < ;1) + adp,
(3.8) af <1+ % + ad;.

Then there exists a unique function u € Ly([0,T]x Q; D(—A)?) such that for almost
allt € 10,7

t
/ ko(t — s)u(s,w,-)ds € DA for a.e. w € Q,
0
and (1.1) is satisfied for almost all t € [0,T] and almost all w € Q.

Theorem 3.7. Let the assumptions of Theorem 3.6 hold. Moreover, assume that
n e (=1,1), ¢ €[0,1] are such that

(3.9) n+al < v+ ae,
(3.10) %+n+a§<6,
(3.11) n+al < % + ado,
(3.12) n+a(<1+%+a61.

With the notation 1(,~py =1 if a > b and 1{4~py =0 if a < b, we put

t
(3.13) v(t) = ult) — Lgsyoctio — Lisscrtur — Lpsgy / o (£ — ) F (5,0, u(s)) ds.
0
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(a) Then, if n > 0, the function v, considered as a Banach space valued function
v:[0,T] — L,(Q;D(—A)*), has a fractional derivative of order 1.

(b) Ifn <0, the function v : [0,T] — L,(Q; L,(B;R)) has a fractional integral
of order —n. Moreover, D{v takes values in L,(Q; D(—A)°).

(c) If n =0, of course, we denote DYv = v.

In any case, there exists a constant M, , depending on A, p, T, «, B, 7, 0;, €, (, n,
0, Mp, Mg such that

(3.14) DYoL, 0,71 x 25D (—A))
< M, HUOHLP(Q;D(—A)"O) + ||u1||L,,(Q;D(—A)51) + Mpo+ Mg -

Corollary 3.8. Let the Assumptions of Theorem 3.6 hold. Let ¢ € [0,1]. Let u be
the solution of (1.1) and v be defined by (3.13).

(1) Let p < q < oo be such that

1 1 1 1 1
- — -4 af <vy+ae s+t-——-+a(<B,
P q 2 p q

1 1
al — — < adg, al — — <14 ads.
q q

Then v € Ly([0,T]; L,(Q; D(—A)S)).
(2) Let pe(0,1— %) be such that
1 1 1
=+ p+af <7+ ae, St - tpt+ag<p,
p 2°p
1w+ al < adg, w+al <1+ adr.

Then v € W o([0, T); (9 D(~ 4)°)).
Hypothesis 3.9. Let F}, [, : [0,T] x Q x D(—A)? — D(—A)* satisfy Hypoth-
esis 3.4, G1,Ga : [0,T] x Q x D(—=A)? — L,(B;ly) satisfy Hypothesis 3.5, and

suppose that there are nonnegative functions par, pac € Lp([0,T] x £;R) such
that for all ¢ € [0,7] and u € D(—A)?, and almost all w € Q

(3.15) |Fi(t,w,u) — Fao(t,w,u)||lp—ay < par(t,w),
(3.16) 1G1(t,w,u) — Ga(t,w,u)lL,(Buyy < Hac(t,w).
Remark 3.10. The standard example of F;, G; satisfying Hypothesis 3.9 is (for
i=1,2):
Fi(t,w,u) = F(t,w,u)+ fi(t,w),
Gi(t,w,u) = G(t,w,u)+ g;(t,w),

where F' and G satisfy Hypotheses 3.4 and 3.5, respectively, and f; € L,([0,T] x
Q;D(—A)), g; € L,([0,T] x Q; L,(B;12)). Here we take

par(t,w) = [lfilt,w) = fa(t, W) D2y
pac(t,w) = gt w) = g2(t W)L, (Bia)-

Theorem 3.11. Let the probability space (0, F,P) and the Wiener processes w”

be as in Hypothesis 3.2. Let p € [2,00), let the measure space (B, A, A) and the
operator A : DA C L,(B;R) — L,(B;R) satisfy Hypothesis 3.1.

Let T > 0, a € (0,2), 8 > %, v > 0, and &y, 61, € € [0,1] be such that (3.5),
(3.6), (3.7), and (3.8) hold. Letn € (—1,1) and ¢ € [0,1] be such that (3.9),
(3.10), (3.11), (3.12) hold. Then there exists a constant Ma, > 0, dependent on
p, T, o, 3,7,00,01,€6,(, Mp, Mg, such that the following Lipschitz estimate holds:
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Let Iy, Fy,G1,Gy satisfy Hypotheses 3.4, 3.5 and 3.9 with €,0 as above. For
i = 1,2 let the initial data ug,; € Ly(S;D(—A)%) and uy; € Ly(S;D(—A)%) be Fo-
measurable, and let ui(t,w,x), us(t,w,x) be the solutions of (1.1) with F, G, ug,u;
replaced by F;, Gi, uo,i, u1,i. Let v; be defined according to (3.13) with u replaced by
u;. Then

(3.17) | DYv1 — DL, jo,11x2:D(—4)¢)

< Mau [||U0,1 — o2l L, (@ip(—ays0) + lurn — ui2llL, @ip—ayo)

+ lpart,w) + pact, W)L, (o, 7xR) | -

4. STOCHASTIC LEMMAS

Lemma 4.1 ([19],Theorem 3.10). Let (0, F,P) satisfy Hypothesis 3.2. Let'Y be a
dense subspace of L,(B;R), 0 < T < oo, and g € L,([0,T] x Q; L,(B;l2)). Then
there exists a sequence of functions g; € Ly([0,T] x Q; L, (B;12)) converging to g in
L,([0,T] x Q,L,(B;12)) such that each g; = (gf)z‘;l is of the form

(4.1) gF(t,w,x) = {Zg‘l L (wy<t<ri()(D95:(2)  if k<7,
. 7 ) b

else,

where Tg < Tf <. Tj? are bounded stopping times with respect to the filtration Fy,

and gfz €Y. (Here, for any set A, 14 denotes its indicator function.)
Remark 4.2. We will apply Lemma 4.1 with Y = DAN L1(B;R) N Lo (B; R).

Lemma 4.3. Let (Q,F,P) and the Wiener processes wf be as in Hypothesis 3.2.
Let p € [2,00). Let Y be a dense subspace of L,(B;R), let T > 0, and let g; €
L,([0,T] x Q; L,(B;l2)) be of the simple structure given in (4.1). For t € [0,T],
let V(t) : Y — L,(B;R) be a linear operator such that the function t — V(t)y is
in Lo([0,T]; Lp(B;R)) for each y € Y. Then there exists a constant M, depending
only on p and T, such that for allt € (0,7

(42) /B /Q

< M/B/Q(/Otl[‘/(tS)Qj(squ)](x)lidS)gdP(W)dA(fU)

Proof. First fix some t € (0,T]. For z € B, r > 0 we define

3 / V(t - )¢ (s,0)](z) dut| dP(w)dA(z)
k=1 0

J r
Yj(r,w,z) = Z/ V(t— s)gf(s,w)](x) dw*.
k=170
By the elementary structure of g;,

/OT IVt - )95 (s,)](@)]” ds < oo

for allmost all z € B, so that Y;(r,w,x) is well-defined as an Ito integral for such
r, and it is a martingale. Since the Wiener processes w” are independent, the
quadratic variation of Yj(-,-, z) is

: ' — S ksw 1'2 S
;/ [Vt — 8)g/(s,0)) ()] ds.
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Now the Burkholder-Davis-Gundy inequality (see [17, p. 163]) yields for r € [0, ¢]
and each z € B,

(4.3 /] Z RN

uf ([ 5
= ot [ ([ Wi ds)gdmm.

In (4.3), take r = ¢ and integrate over B:

/B/Q | ; /Ot[V(t — 5)g5 (s, w)](x)
= M/B/Q (/Ot [Vt = 5)g;(s,w)] (@), ds>g dP(w) dA(z).

Lemma 4.4. Let (Q,F,P) and the Wiener processes w¥ satisfy Hypothesis 3.2.
Let T > 0,2 <p < oo, and g € L,([0,T] x Q; L,(B;12)), moreover, let {g;} be a
sequence approzimating g in the sense of Lemma 4.1. Let 3 > é, n € [0,1) such
that B —n > % Then the functions

0t
D} Z/ ka(t — s)g}“(s, w, z) dw® (w)
k=1"0

converge in Ly([0,T] x Q; L,(B;R)), as j — 0.

(w)

b
2

V(t—s)g; (s, w)](2))? ds> dP(w)

IN

dP(w) dA(x)

O

Proof. Put MC =g ’? — g¥. The stochastic Fubini theorem implies that
D"/ kg—n(t — s)hY (s, w, z) dw} —/kgt—s)hk (s,w,x) dw”,
ie., / kg—n(t — s)hY (s, w, x) dw® = D"/ ka(t — s)hf ;(s,w, @) dw*.
0 0

We use Lemma 4.3 and the fact that k3 _, € L1 ([0, T]; R):

/ T/ /Q‘D? i/ = 9 5.0 () dA(a) dt
= LIS ot ot oyt ey

= M/ / / (/ kﬁ-"(’f‘S)hm(s’w’@'id‘g) dP(w) dA(2) dt
o JBJO \Jo
T b T
< M// V ké—n(s)ds] V Ihi,j(s,w,x)ids} dP(w) dA(z)
Q 0 0
< Mihisl Lp([0,T]x Ly (B;lz2))"

As i,j — 0o, we have h; ; — 0 in L,([0,T] x Q; L, (B;12)), thus DY >"727 fot ka(t
5)g¥ (s,w, x) dwk(w) is a Cauchy sequence in L, ([0,T] x Q; L,(B;R)). O
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Definition 4.5. Let (Q,F,P) and the Wiener processes wF satisfy Hypothesis 3.2.
Let T'> 0,2 < p < oo, and g € L,([0,T] x &; L,(B;l2)), moreover, let {g;} be a
sequence approximating g in the sense of Lemma 4.1. Let 3 > % Then we define

(kg *g)(t,w) = 3 tk (t —8)g"(s,w, z) dw® (W)
5%9 kz—l‘/o s(t = 5)g

J—00

ot
= lim Z/ kg(t—s)gf(s,w,x)dwf(w).
k=1"0

5. LINEAR THEORY

In this section we replace the semilinear inhomogeneity in (1.1) by inhomo-
geneities independent of u, so that we obtain a linear integral equation:

(5.1) w(t,w,x) = A/O ko(t — s)u(s,w,x) ds
+ kg(t — 5)g" (s,w, z) dw®
> [ att=s1s

t
+ / ky(t —s)f(s,w,z)ds + up(w,x) + tus (w, x).
0
We will prove the following propositions by a chain of Lemmas:

Proposition 5.1. Let the probability space (Q, F,P) and the Wiener processes
(wf)zil be as in Hypothesis 3.2. Let p € [2,00), let the measure space (B, A, )
and the operator A : DA C L,(B;R) — L,(B;R) satisfy Hypothesis 3.1. Assume
that T > 0 and let f € L,([0,T] x Q; L,(B;R)), and g € L,([0,T] x Q; L,(B,12)).
Let ug € Lp(; L, (B;R)) and ui € L, (Q; L,y(B;R)) be Fo-measurable.

Leta € (0,2), 3> %, v > 0. Then there exists a unique function u € L,([0,T] x
Q; L,(B,R)) such that for almost all t € [0,T

¢
/ ko(t — s)u(s,w,-)ds € DA for a.e. w € Q,
0

and (5.1) holds for almost all w € Q and almost all t € [0,T).

Proposition 5.2. Let the assumptions of Proposition 5.1 hold. Suppose that
f € Ly([0,T] x Q;D(=A)9), ug € L,(;D(—A)%) and uy € L,y(Q;D(—A)%) with
suitable €,00,01 € [0,1). Let u be as in Proposition 5.1. Let n € (—=1,1), ¢ € [0,1]
satisfy

(5.2) N+ a < v+ ae,
1
(53) §+n+a<<ﬂ,
1
(5.4) ntad<o 4 ado,
1
(5.5) n+a§<1+§+a51.

With the notation 1(4~py =1 if a > b and 1{q~py = 0 else, we pul

t
v(t) = u(t) — 1gso>cyuo — Lis, >cptur — 1{e>c}/ ky(t —s)f(s)ds.
0

(a) Then, if n > 0, the function v, considered as a Banach space valued function
v:[0,T] — L,(Q;D(—A)*), has a fractional derivative of order .
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(b) Ifn <0, the function v : [0,T] — L,(Q; L,(B;R)) has a fractional integral
of order —n. Moreover, D{v takes values in L,(Q; D(—A)°).
(c) If n =0, clearly DYv = v.

In either case, there exist constants Minie, M7 1eb, and My 1o depending on p, T,
a, B, 7, 4, 01, €, , 1 such that

(5.6) IDFv(E)]l L, ([0, 77x 25D (— 4)¢)
< Minie [[luoll 2, iD= ay%0) + [uall L, p(—a)1)]
+ Mrrevll fllz, (0.1)x2D(—4)) + M1 1tollgllL, (0, 7)x 2L, (B.12))-
Moreover, the constants Mr 1.ch and Mt 11, can be made arbitrarily small by chosing

the time interval [0,T] sufficiently short.

The proof of the propositions above relies on the concept of a resolvent operator
(see [24]), introduced by the following definition:

Definition 5.3. Let A satisfy Hypothesis 3.1, let « € (0,2) and 8 > 0. For ¢t > 0
we define the resolvent operator S, g(t) : L,(B;R) — L,(B;R) by

1
5.7 Sapst)z = — MATE(NY — A) Tz dA
(57) =g [ AT -
along the contour
(t— ¢+ p)e'® for t > ¢,
FP,d’(t) = peit for ¢ € (_d)) ¢)7

(—t— ¢+ ple ™ fort< —¢,
with p >0, ¢ > 7, ad + ¢a <.

For 8 = 1, this definition coincides with the known notion of a resolvent operator,
c.f. [24]. For B > 1, S, g could be obtained by fractional integration of Sy 1.

Equation (5.1) is formally solved by the variation of parameters formula

(5.8) u(t) Se1(t)uo + Sa2(t)us

/Sawt—s f(s)ds+ ZSOQB(t—s)g(s)clwgc

0 k=1

The task of the proof is to make sense of this formal expression in suitable function
spaces, and to show that it gives a solution of (5.1). Moreover, the estimates
claimed in Proposition 5.2 need to be verified. Since the equation is linear, all terms
ug, U1, f, g can be treated separately. This is done in the following Lemmas 5.6, 5.7,
and 5.9. Uniqueness can be proved by the standard reduction to a deterministic
homogeneous equation with zero initial data, which has only the zero solution by
the well-known theory of deterministic evolutionary integral equations (see [24]).

First we collect some basic facts about the resolvent operator:

Lemma 5.4. Let A satisfy Hypothesis 3.1, let a € (0,2) and 3 > 0. The resolvent
operator defined above has the following properties:

1) For allt > 0 and all ¢ € [0,1], the operator Sq g(t) is a bounded linear
operator L,(B,R) — D(—A)S.

2) Forallx € Ly(B;R), the functiont — S, g(t)x can be extended analytically
to some sector in the right half plane.
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3) For all z € L,(B;R) and allt > 0, we have

t
/ kot = 8)1Sa,5(s)zl L, (BR) ds < o0,
0
t
/ ko(t — 5)Sa,p(s)zds € DA,
0
t
(5.9) Sa,gt)r = A/ ko(t — $)Sa,p(s)xds + ka(t)z.
0

4) Let T >0, 6, €[0,1], and n € (—1,1) such that
(5.10) n+al <0+ ad.

Let x € D(—A)° and put

oty — { Seslt)e if5<C,

Sast)r —kg(t)r if 6 > (.
(a) Then, if n > 0, the function v, considered as a Banach-space valued
function v : [0,T] — D(—A)S, admits a fractional derivative of order

n.

(b) Ifn <0, the function v : [0,T] — L,(B;R), has a fractional integral
of order —n. Moreover, Dj'v takes values in D(—A)S.

(c) If n =0, we write D%v = v.

In either case, there exists some M > 0 (dependent on A, «, 3,(,0,m) such

that for all t € (0,T] and all x € D(—A)?,

(5.11) | Dfv(t) |l p—ay < Mt(ﬁ+a6)7(n+a<)fl||$||D(—A)6~

Remark 5.5. In fact, if v € D(—A)? with § > ¢ and 3 > 0, the function t — kg(t)z
admits a fractional derivative D}kgz = kg_,x in D(—A). In this case, (5.10) holds,
and both functions, S, g(t)x and S, g(t)z — kg(t)z admit fractional derivatives of
order 1 in D(—A)¢. On the other hand, evidently, if 3 < n or x ¢ D(—A)S, at
most one of the two functions above can have a fractional derivative of order 7 in
D(—A)S.

Proof. All these results come out of standard estimates of the contour integral,
along with the usual analyticity arguments. Since the estimate (5.11) is crucial in
the sequel, we give a more detailed proof.

First we consider the case § < ( where we can utilize Lemma 2.2 with § = 0 for
p in a suitable sector:

(o — A)_leD(fA)C < M|p|<_6_1||$”D(7A)5~

Formally, the Laplace transform of D}'S, gz is 1T #(A* — A)~1z. We show that
the contour integral

1
w(t) == — eMaTte=Bne _ A)"lzda

211 Ty
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exists in D(—A)¢, if (5.10) holds.

tﬁ—(x—’r]—l

/ eMATTTB (N — A) T d)
Tpe

D(—A)¢
a—p o
oo Gy e

Jome )

D(—A)

—_——n— o - M “ B
e n 1/ R || B ||((7) —A) 1$||17(—A)< |dp|
F17¢ t

IN

IN

i . [ eC—6-1)
e B i P
1,¢

= tﬁ_n_a<+aé_1M||x||D(,A)6 / e%(u)|u|7l—ﬁ+@(4—5)|du‘_
I
Because of (5.10), w is locally integrable and admits a Laplace transform. It requires
some standard complex analysis, to show that w(\) = A= (\* — A)~lz. Now
we have to show that in fact w = DJ'S, gz. First consider the case n > 0: By

the convolution theorem for Laplace transforms we have [D; "w](\) = A* A (\* —
A)~'z, whence w = D{S, gx. In case n < 0, the convolution theorem yields

DISa z(X) = XA B(A* — A)~lz = d(N).
To handle the case § > (, we will use Lemma 2.2 with § = 1:

|A(p — A) " allpayc < MPCJHLEHD(—A)&
Notice first that l;:g()\) =\, and

ks(t) ! / M AP aN.
F/mzs

T 2mi
Therefore,
1
Sapst)r —ks(t)r = —— MNP — A)"le — A Pr]d)
27TZ Fp,¢
1
= 7/ MANTFPANY — A) "Lz dA.
2mi Jr, ,

Now we estimate similarly as above

I[N PA0e = ) o
Fp,tb

/ SR ’ﬁ’"‘ﬁ M‘ﬁ
e t t

M||z[lp—ays f"w*“““‘s*l/ R |y n=B+ag=ad | gy
Tis

a(¢—0

IN

) 1
||$HD(—A)6 ¥|dl~t\

Thus, for ¢ > 0, the following integral exists in D(—A4)¢:
1
wy(t) = — MATTPANY — A) "L d),

27TZ T
P
”wl(t)”D(—A)C < Mt (BFad)—(ntad)—1

In the end one verifies again that in fact wy(¢) = Djv(t). O
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Lemma 5.6 (Contribution of the initial conditions wg, u1). Let A satisfy Hypoth-
esis 3.1, let (Q, F,P) be a probability space, p € [2,00). Let a € (0,2), 0 < T < o0,
and ug, up € L,(Q; Ly,(B;R)). We define u(t) := Sa,1(t)uo + Sa2(t)ur.

1) The function u exists in Loo([0,T]; L,(2 x B;R)). For all t > 0 we have

/t ko (t — s)u(s) ds € DA,
0

u(t) = A/O ko(t — s)u(s) ds + up + tu;.

2) Moreover, suppose that u; € Ly(S;D(—A)%) with some §; € [0,1]. Let
¢e€0,1], n € (=1,1) be such that

1
(5.12) n+a§<];+a50,

1
(5.13) n+a§<1+5+a51,

Put
v(t) = u(t) — lews, o — Lews, tur.
Then v has a fractional derivative of order n (if n < 0: a fractional integral
of order —n) which is in L,([0,T) x ;D(—A)¢) and satisfies
| DYv(t, W)l L, (0,11 x 2D (- 4)¢)
< M[HUOHLP(Q;D(—A)%) + Hu1||Lp(Q;D(—A)51)]
with a constant M depending on p, A, T, «, 6o, 01,(,n.

Proof. This is a straightforward application of Lemma 5.4, applied pointwise for
w € , for the special cases § =1 and § = 2. O

Lemma 5.7 (Contribution of f). Let A satisfy Hypothesis 3.1, let (Q, F,P) be
a probability space, p € [2,00). Let a« € (0,2), v > 0,0 < T < oo, and f €
L,([0,T] x &; L,(B;R)).
1) For almost t € [0,T], the following integral exists in L,(B;R), pointwise
for almost all w € Q, as well as in L,(Q; L,(B;R)):

(5.14) u(t,w) = /0 Sa,(t—35)f(s,w)ds.

Moreover, u € L,([0,T]x; L,(B;R)), and for almost allw € Q and almost
allt €10,T],

¢
/ ko(t — s)u(s,w)ds € DA,
0

t t
u(t,w) = A/ ko(t — s)u(s,w)ds —I—/ ky(t — s)f(s,w) ds.
0 0
2) Suppose, in addition, that f € L,([0,T] x Q; D(—A)°) with some € € [0, 1],
letne (—1,1), ¢ € [0,1] be such that
(5.15) N+ al < v+ ae
Put
u(t) if ¢ =
u(t) = t .
u(t) — [y ky(t—s)f(s)ds if { <e.
Then, if n > 0, the function t — v(t) € L,(Q;D(—A)%) has a fractional

derivative of order n in L,([0,T] x ;D(—A)%). If n < 0, the function
t— v(t) € L,(Q; Lp(B;R)) has a fractional integral of order —n with values
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in L,(Q;D(—A)%). If n =0, we define Djv =v. In either case there exists
a constant Mt 1, dependent on A, T, p, o, 7, €,(,n such that
DYVl L, (0. 71x:D(—a)¢) < Mrven|l fllL,(0,1)x0D(-4)e)-

Moreover, the constant M 16, can be made arbitrarily small by taking the
time interval [0, T) sufficiently short.

Proof. The function ¢ — fot(t —8) N f(s)ll,xB.r) ds is the convolution of an
Lq-function and an Ly-function, therefore it is in L,([0,T],R). From (5.11) with
6 = ¢ =n=0we obtain ||Sa~(t)llL,Br)—L,BR) < Mt7"!. Consequently, the
integral

u(t) = /0 Sa~(t—29)f(s)ds

exists as an integral in L, (2x B;R) for almost all ¢, and u € L, ([0, T|x, L, (B, R)).
By standard arguments the integral (5.14) exists also in L,(B;R) for a.e. w € Q
and a.e. t € [0,T]. Now (5.9) implies (almost everywhere in 2 and [0, T7)

u(t)—/o ky(t—s)f(s,w)ds

/0 (o — 8) (5 ) — ke (£ — 8) f(5,)] ds

/ot A[/otS ka(0)Saq(t — s —0)f(s,w)do] ds.

We use the closedness of A and interchange the order of integrals to obtain

u(t) — /0 ky(t—s)f(s,w)ds = A/o ko(o)u(t — o,w) do.

This proves Part (1) of the Lemma.
To prove Part (2), let 1, (, € be such that (5.15) holds. For shorthand put

D} if € <
V) = %Sa,'yx if e <,
D/[Sq~(t)x — kyx]  else.

From (5.11) with § replaced by ~, and 0 replaced by €, we have
IV ()zllp—aye < MtOFI=0HO g )n ..

We obtain by a straightforward convolution argument that

t

l / V(t—s)f(s)ds|lL,qo,rxp(-a)¢) d5 < Mi Leb| fllL, ,D(~4)¢)-

0

with
T
My 1ev = M/ e =(tad)—1 gy,
0

Clearly, Mr 1,0 converges to 0 as 7' — 0. All we have to show is that in fact

Djv(t) = /0 V(t—s)f(s)ds.

We treat the case n > 0, € > (, the other cases are done similarly. The definition
of V(t)x yields

/075 kn(s)V(t — s)xdr = Sa(t)x — ky(t)z.
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Fubini’s Theorem implies

[ [V s-oraras= [ [T kv o 9s)dsas

- / [Sar(t — 0) — ky(t — 0)] f(0) do = v(2).

Thus v(t), considered as a function with values in D(—A)°, admits a fractional
derivative of order n which is V' x f. |

The following Lemma is the key to estimate the contribution of the stochastic
integral:

Lemma 5.8. Let A satisfy Hypothesis 3.1, p € [2,00). Let a € (0,2), 8 > %,

¢ €10,1] and n € (—1,1), such that (5.3) holds, i.e. 3 +n+al <. Let T > 0.
Then there exists a constant MT,RO > 0 depending on A,p,T,«a,3,n,( such that
for all h € L,([0,T); L,(B;12)),

/OT/B (/Ot |(=A) D} Sq 5t — s)h(s, )7, ds> ’ dA(z) dt
T
< Mmto/o /B |h(s, )|, dA(x)ds

Moreover, the constant MTMO can be made arbitrarily small by taking the time
interval [0,T] sufficiently short.

Proof. Write V (t) := (—A)*Dj'S, 5(t) and notice that by (5.11) (with § = 0),

IV )2y (B1o)— Ly (1) < METT O,
First assume that p > 2. Notice that £ and 1% are conjugate exponents. Take
f:]0,T] x B— R such that fOT I f7°2 (t,2) dA(z) dt = 1. We estimate

/OT/Bf(t’x) /OtIV(t—s)h(s,x)@ ds dA(z) dt
= /OT /Ot/Bf(tw)|V(t—5)h(8,x)|?2 dA(x) ds dt
/T /t {/ f(t,x)”deA(:r)rp {/ [V (t = s)h(s,2)[?, dA(z) g ds di

<
< / e o) / IV(E = 2, (gt it 55 I 0y 5
pP—2
T I3
< l/o £, )”L,,(BR) ]
2
[/ /||V T, (Bin)—r, (B2 1P (5, )|2LP(B;12)dS|gdf1
Thus

(5.16) VOT/B (/Otw(t—s)h(s,x)i ds)g dA(z) dtr

T t
< [/ | / ||V<t—s>||%p(3;lz>%p<3;lz)||h<s,->|%p<3;l2)ds|zdt]

= o
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For p = 2, the estimate (5.16) is obvious. In either case, we obtain (by estimating
the convolution with respect to s)

l/OT/B (/Ot V(t— $)h(s,2)[?, ds)g dA(x) dtr
(/OT ||V(5)||%p(3;52)—)Lp(B;12) ds) (/OT [h(s, ')HiP(B;lz) ds) ;

T
s M /0 20RO ds 10T, o1, (it

By (5.3) we infer that s2(°~(+20=1) is integrable on [0, T] so that

IN

P
2

T
MT,Ito = [MZ/ §2(B—(n+ag)=1) 4
0

is finite and converges to 0 as T" — 0+. ]

Lemma 5.9 (Contribution of g). Let A satisfy Hypothesis 3.1, and let the prob-
ability space (0, F,P) and the Wiener processes wy be as in Hypothesis 3.2. Let
T>02<p<oo ac(02),and > % Let g € Ly([0,T] x ; L,(B;1l2)) and
{g;} be a sequence approximating g in the sense of Lemma 4.1, where the values of
g? are in DAN L1(B;R) N Loo(B;R). Let kg * g be given by Definition 4.5. For
7 €N put

U5 = : ' — S ks U}k.
() Z/ St — )gt (s) duot

1) The limit u(t) = lim;_.o u;(t) exists in L,y([0,T] x Q; L,(B;R)). Moreover,
for almost all t € [0,T] and almost all w € Q,
¢

u(t,w) = A ; ko(t — s)u(s,w)ds + (kg * g)(t,w).

2) Suppose 0 < ¢ <1 andn € (—1,1) are such that
1

Then, if n > 0, the function u : [0,T] — L,(Q, D(—A)°) has a fractional
derivative of order n. If n < 0, then w : [0,T] — L,(9Q; L,(Q,R)) has a
fractional integral of order —n with values in L,(;D(—A)%). If n =0, we
denote D?u = u. In either case there exists a constant Mr 1, dependent
on A,p,a, B,n,C such that

1D} ul| 1, 0,11 x25p(— 4)¢) < M1 1o llgll L, (0,71 x %L, (Bila)) -

Moreover, the constant Mt 1, can be made arbitrarily small by choosing
the time interval [0, T] sufficiently short.

Proof. First, let h € L,([0,T] x Q; L,(B;l2)) be of the elementary structure like
the g; in Lemma 4.1. Evidently, the following integral exists

ok K _ T
;/o Sa,(t — s)h"(s) dwg Zz/fl Sop(t — s)hE dwt

k=1i=1"T

where 7F are suitable stopping times, h¥ € DA N L1(B;R) N Lo (B;R), and the
both sums are in fact only finite sums. For n € (—1,1), ¢ € [0, 1], satisfying (5.17),
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put V(t)x = (—A)D}S, 5(t)z. We apply Lemma 4.3 and integrate for ¢ € [0, 7).
Subsequently we apply Lemma 5.8:

(5.18) / /Q||Z/ V(t = s)h*(s) dwl|}  pp dP(w)dt

v (] I[V(t—s)h(syw)}(m)lids)2 AP(w) dA(z) d

MMz 11olIII%, 10,71 x0:1, (Bi12))-

IN

IN

In particular, with ( =1 =0, and h = g; — g, we have

[Ju; — um||Lp([0,T]xﬁ;Lp(B;R)) < M||g; - gmHLP([O,T]XQ;Lp(B;lz))

so that {u;} is a Cauchy sequence in L,([0,T] x Q; L,(B;R)) and has a limit u.
Without loss of generality, taking a subsequence, if necessary, we may assume that
u; converges also pointwise for almost all ¢ € [0,7]. Again we use the simple
structure of g;, in particular that gf(t,w) € DA. From (5.9) and the Stochastic
Fubini Theorem we obtain

/[S ,ﬁ(t—a)gj (o,w) — kg(t—a)gf(o,w)]dw’;

[t b Sstt - 1ok 0]t
// $)Sa st — 0 — 8)g" (0, w) ds dut

A/ kuo(s) Sa,ﬁ(t—a—s)g;?(o,w) dwk ds.
0 0

Taking the sum over kK = 1---j we obtain

t
uj(t,w) — kg *g;(t,w) = A/o ko(s)u;(t — s,w)ds.

Taking limits for j — oo (pointwise a.e. in [0,7T]), and using the closedness of A
we have for almost all ¢ € [0, 7T

u(t,w) — kg x g(t,w) = A/O ko(s)u(t — s,w) ds.

Thus Part (1) of the Lemma is proved.
To prove Part (2), let n € (—1,1) and ¢ € [0, 1] satisfy (5.17). With V(¢)z =
(—=A)°D{S, gz and h = g;, we obtain from (5.18),

I ZV (t—s gg s) dw? Iz, (0. 11x L, (B:R)) < M1 109512, (10,77 % 9L, (Bil2))»
0 k=1

with a suitable constant My 1y, which converges to 0 as T — 0. We have to show
that in fact

3 / V(t — )¢k (s) dut = (—A)S Dl (1)
k=1

First let n > 0. By definition we know that

/0 kp(s)V(t — s)xds = (—A)°Sa5(t).
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Taking integrals and using the Stochastic Fubini Theorem, we obtain

(—Afuy(t) = Z / A Saglt — 0)g"(0,w) dut

// V(= 0 - 5)g8(0,0) ds dul

= l S o —S—0 ]-CO'C() ’LUk S
- /mz/ Vit ) (0,0) duk d

Thus (—A)Cu; has a fractional derivative of order 1 which is V x g;. Taking the
limit for j — oo we infer that DY (—A)%u = V xg. Now let n < 0. Similarly as
above, the Stochastic Fubini Theorem yields

J t —0)g}(o wk:—ct s)uj(t —s)ds
> [ V- ofo)au; = (A [ katote o)

Again we take the limit for j — oo and use the closedness of A, to see that the
fractional integral Dj'u takes values in D(—A)S with (—A)*Dju =V x g. O

6. THE SEMILINEAR EQUATION
This section is devoted to the proof of Theorems 3.6, 3.7, 3.11, and Corollary 3.8.

Lemma 6.1. Let (2, F,P) be a probability space, let A satisfy Hypothesis 3.1, and
let F' and G satisfy Hypotheses 3.4 and 3.5. We define the operators

Ne : Ly([0,T] x ;D(—A)) — L,([0,T] x Q;D(—A)),
Ng : Ly([0,T] x D(—A)?) — L,([0,T] x Q; L,(B;12))
by
Npv|(t,w) == F(t,w,v(t)), [Ngv](t,w):= G(t,w,v(t)).
(1) Then N and Ng are well defined and Lipschitz continuous with Lipschitz
constants Mg, Mg, respectively.
(2) Let Fy, Fz,G1,Go satisfy Hypotheses 3.4, 3.5, and 8.9. Let v € L,([0,T] x
Q:D(—A)?). Then
e v = Nevllp, qomixem-ay) < learlle,qomxom),
e, v = Nawolle, (o.11x0L,(812)) < llnaclz, (o rixom):

Here the constants Mp, Mg and the functions pap and pac are as in Hypothe-
ses 3.4, 3.5, and 3.9.

Proof. These are straightforward estimates. O

Lemma 6.2. Let the assumptions of Theorem 3.6 hold, in addition assume that
8o <0, 6 < 0. Forve Ly([0,T] x 4D(—A)%) let Tircupuv : [0,T] x Q —
L,(B;R) be the unique solution u of

t
u(t,w) = A/ ko (t — s)u(s,w) ds + ug + tug
0
oot
+ Z/ ks(t — s)Gr(s,w,v(s)) dw®
=10

+ /0 ky(t — s)F(s,w,v(s))ds.

in the sense of Proposition 5.1.
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(1) Then Tip,G ugu, 9 well defined as a nonlinear operator from Ly([0,T] x
Q; D(—A)?) into L,y ([0,T] x Q;D(—A)?). Moreover, T(r.,ugu1) s globally
Lipschitz continuous with a Lipschitz constant dependent on A, p, T, a, (3,
v, €, 9, MF, MG,

(2) There exists an equivalent norm on L,([0,T] x Q;D(—A)?), such that the
Lipschitz constant of 1(r,G uu,] @5 smaller than 1. This norm depends on
T.,p, A a,B,7,0,e, Mp, M.

(3) There exists a constant M, depending on A, T,p, Mp, Mg, , 3,¢€,0, 60,01,
such that the following Lipschitz estimate holds:

If F1, Fy,G1,Go satisfy Hypotheses 3.4, 3.5, and 3.9, if ug1, up2 are in
Ly(;D(—A)%) and uy 1,u12 € Ly(Q;D(—A)%Y), measurable with respect
to Fo, then for any v € L,([0,T] x Q; D(—A)?) we have

H,T[Fl,Gl,uo,l,ul,l]v - 7IF27G27UO,2,H1,2]U”Lp([O,T] x;D(—A)?)

< M[Huo,l - u0,2||Lp(Q;D(7A)5O) + flur,1 — w2 Ly (;D(—A)01)

+ llparllL, (o rxor) + HMAG||LP<[0,T]xQ;R)]~

(4) Tir.G.uo,ui] has a unique fived point uip,G uyu,] € Lp([0,T] X Q:D(—A)Y).
Moreover, there exists a constant M dependent on A, p, T, Mg, Mq, «,
B, €, 0, 6, 61 such that the following Lipschitz estimate holds:
If u; j, Fi, G; are as in (8), then

Hu[Fl ,G1,u0,1,u1,1] — U[F,Ga,u0,2,u1,2) ||LD([07T] xQ;D(—A)?)

< M[Huo,l - u0,2||L,,(Q;D(—A)5O) + flury — ul,QHLp(Q;D(—A)51)
+ [luarll,qo,rxor) + HﬂAGHLp([&T]xQ;R)]-

Proof. We recall Proposition 5.2 with n = 0 and ( replaced by 6. Notice that the
conditions (5.2), and (5.3), (5.4), (5.5) are satisfied. Let u solve

u=Akq xu+ky* f+kg*g+uo+tu,

Notice that with the present choice of coeflicients the function v in (5.6) is simply
u. Thus u € L,([0,T] x Q;D(—A)?) with
(6.1) [w(®)l L, 0,11x0:D(-2)%)
< Minis[llvwoll, p(=ays0) + [willz, ip—aysm)]
+ Mrrebllfllz, (jo.11x2D(=a)) + Mr1eollgllz, (o, 11x 0L, (B.12))-
Given v € L,([0,T] x Q;D(—A)?), we put f = Npv and g = Ngv as in Lemma 6.1.
Then f € L,([0,T] x Q; D(—A)¢) and g € L,([0,T] x Q; L,(B;l2)). Thus, by (6.1),
U = T[p.Gupui)? € Lp([0,T] x Q; D(—A)?). In particular for v = 0 we have
1 71£,G uovun) (O 2, (jo, 77 x 25D (— 4)9)

< Minit [luoll o, (0,p(— ay50) + luall £, p(=a)1)] + M1 Leb MEo + My 100 Mg o-
We could immediately get a Lipschitz estimate for 7jp,,yuq,u,) by (6.1), but we will
get a better (contraction) estimate in an equivalent norm below.

To prove (2), we recall from Proposition 5.2 that My e, and My, can be

taken arbitrarily small, if the time intervals are sufficiently short. In particular,
there exists m € N such that

1
MT/m7LebMF +MT/m,ItoMG < Z
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With some x > 0 to be specified below, we define for v € L, ([0, 7] x Q; D(—A)?),

o= 3o L ot e
g=1 q 1)/m

Forg=1,--- ,m we put
Fq(t,w,v) = I(qfl)T/m§t<qT/m(t) F(t,w,v(t)),
Gy(t,w,v) = Tq_1)yr/m<t<qr/m(t) G(t,w,v(t)).

If v,9 € Ly([0, T] x Q;D(—A)?), then

7—[F,G,u0,u1]v - ,T[F’Gyuo-,uﬂf) = Z Wq,
q=1

where wg solves
wy = Akqg x wg + Ky * [Fy(v) = Fy(0)] + kg * [Gq(v) — Go()].

Now w, = 0 on [0, w] Lemma 6.1(1) and (6.1) imply

Tq/m 1/p
/ N [ )l 0 aB) )

Tq/m
1
< MT/m,LebMF(/( y / lv(t,w) — (¢, w)||D _aye dP(w) dt) /p
g—1)/m
Tq/m 1/p
- Mo Mo ( / ; / o(t.w) = 3t w) B 4y0 dP() dt)
(g—1)/m
Ta/m p 1/p
< / /||v (t,w) = 5(t,) [y _yy0 dP(w) dt) .
(g=1)/m

On the intervals [%, L] with r > ¢ we have the estimate

Tr/m 1p
[ 0,0 e aP) )

(r—1)/m
1
< / [ )y () at)
Tq/m 1/p
< / / [[v(t,w) )H%(—A)G dP(w) dt) :
T(g—1)/m

with M = MpMry, Leb + MaMrp 1. We choose k € (0,1) sufficiently small, such
that M > 07, k" < 1. We have therefore

m Tr/m 1p
lI[wgll] = &" qutw 5 ay0 dP(w) dt]
r=q

(r—1)/m

1 - Ta/m . 1
< [+ M Z K9] [/ lo(t,w) = 3t @) 4o dP(w) ] ”
r—qt1 T(g—1)/m
1 Tq/m ~ 1/p
< 3 K4 [/ lv(t,w) — v(t,w)||%(_A)9 dP(w) dt] "
T(g—1)/m
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Summing for ¢ = 1,--- ,m we obtain

m
171, u0,00010 = TG, 111 <D e

Nyl

1 Tq/m
2= Jra-v/m
1

IN

~ 1
lo(t,w) = B(t,w) 1B _ o dP(w) dt]

= Sllle=2ll.

Part (3) is a straightforward application of (6.1) and Lemma 6.1 (2).
Finally, since for all F,G,ug,u; the operator 7[r g u,,u,) 18 @ strict contraction

with Lipschitz constant 3 < 1 on L,([0,T] x Q;D(—A)?) (with the norm ||| - |[]),
and since Tip g u,,u,]v depends Lipschitz on F, G, ug, u; by Part (3), the standard
contraction arguments yield Part (4). O

We are now ready to finish the proofs of the main results:

Proof of Theorem 3.6. We may assume without loss of generality that dg, §; < 6.
(If any ¢, is greater that 0, it may be replaced by 6.) Obviously, the unique solution
of (1.1) in L,([0,T] x ; D(—A)?) is exactly the unique fixed point of 7jrG ug,u4]
constructed in Lemma 6.2.

Proof of Theorem 3.7. Let u be the solution of (1.1), thus, with f = Npu €
L,([0,T] x ;D(—A)) and g = Ngu € L,y([0,T] x Q; L,(B;l2)) we have that u
solves (5.1). Let v be defined by (3.13). Now, ¢,n, dg, 01, € satisfy the conditions of
Proposition 5.2, which yields immediately the required additional regularity results.

|
Proof of Corollary 3.8. To prove Part (1), choose n such that
1 1
- ——-<n<l],
P q

and such that the conditions (3.9), (3.10), (3.11), and (3.12) from Theorem 3.7 are
satisfied. Then Dj'v € L,([0,T]; L,(€; D(—A)¢)). Notice that g < 25 so that we
infer from [8, p. 421] that v € L, ([0, T]; L,(Q; D(—A)%)).

To prove Part (2), put p + % = 7. Consequently the conditions (3.9), (3.10),
(3.11), and (3.12) from Theorem 3.7 hold. Then D}v € L,([0,T]; L, (£;D(—A)%)).
Then by [8, p. 421] we infer that v € hg;%ﬁl([O,T];LP(Q;D(—A)C)). O

Proof of Theorem 3.11. For i = 1,2, let u(p, @, uo .,ui,] D€ the solution of (1.1)
with ug replaced by ug, etc.. Let V[, G, ug,u, P defined by (3.13) with the
obvious modifications. From Lemma 6.2, Part (4) we have a Lipschitz estimate

||U«[F1,G1,u0,17u1,1] — U[F5,G2,u0,2,u1,2] ||Lp([07T]><Q;D(—A)6) < Md with

d=|lluo,1 — w2z, @p(—a)y0) + [ur,1 — w21, (- a))

+ llparlz,qo.mxar) + lkaclliL,qo.rixom) |-

Now let f; = Nrujp, ¢
have

osun] ad gi = NaUp, ¢, uo s ur..)- By Lemma 6.1(1) we
1f1 = fallz, o, mxip(=a)) < MeMd, |lg1 — 9201, (j0,7x L, (B,12)) < MaMd.
The difference v = vir, G, up 1 u1.1] = V[Fs,Gayuo.2,u1.2] SOIVes (5.1) with ug replaced
by ug,1 — ug,2, etc.. Proposition 5.2 yields now
||U[F17Ghu0,17u1,1] — V[F,,G2,u0,2,u1,2] ||Lp([0,T]><Q;D(—A)C) < Md
with a suitable constant M. O
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7. MAXIMAL REGULARITY CONSIDERATIONS

In this section, we consider the case that B = R™ and A = A : W2P(R") —
L,(R™), the Laplacian in L,(R™). In this case, a maximum regularity result can
be proved. To keep the paper at a resonable size we concentrate on the stochastic
part and confine ourselves to the equation

(7.1) u(t,w,z) = A/O ko(t — s)u(s,w,x) ds

00t
+ Z/ kg(t — s)G*(s,w, u(s,w, x)) dw®
k=170
and the linear equation
t 00t
(7.2)  wu(t,w,z) = A/ ko(t — s)u(s,w,z)ds + Z/ ks(t — s)g" (s,w, x) dw".
0 i1 Jo

Notice that various results on maximal regularity with respect to deterministic
forcing functions (see, e.g., [33]) and to inintial data (e.g., [8]) are available. These
could be combined with the results given here and adapted to the semilinear case.

For (7.2) we obtain

Proposition 7.1 ([12], Theorem 4.14). For a positive integern, let A : W2P(R™) —
L,(R™) be the Laplacian with 1 < p < co. Suppose that the probability space ) and
the Wiener processes w* satisfy Hypothesis 3.2. Let T > 0, 3 > %, a € (0,2), and
9 € Lp([0,T] x ; Lp(R™, 12)).
(a) Then there exists a unique function u € L,([0,T] x 2, L,(R™)) such that
for almost all t € [0,T],

/Ot ko(t — s)u(s)ds € W*P(R™)

and (7.2) holds.
(b) Moreover, if ¢ € [0,1] is such that

(7.3) ad + % < B,
then u € L,([0,T] x Q,D(—=A)%), and

(7.4) lullz,0.m1x0D-a)) < MgllL,(o,11x2)
with a constant M dependent on n,T,p,«, 3,C.
(c) If strict inequality holds in (7.3), then M in (7.4) can be obtained arbitrarily
small by taking sufficiently small T'.

Proof. Of course, if strict inequality holds in (7.3), then the assertions above are
just a special case of Proposition 5.2 with A = A, up = u; =0, and n = 0. But for
such A and 7, the assertion of Lemma 5.8 holds also if equality holds in (7.3), with
the only exception that MT,HO cannot be made small by taking small T. See [11,
Theorem 1.2]. (To prove this, the general estimates from Lemma 5.4 are replaced
by a more sophisticated analysis of the resolvent kernel for the Laplacian, using
the heat kernel and its self-similarity properties. This has been done for the heat
equation by Krylov in [18], and generalized to the case of integral equations in [11].)
Once Lemma 5.8 is established, the proof continues exactly as in Section 5. More
details can be found in [12]. O

Since M in (7.4) cannot be controlled simply by taking short time intervals, we
need a more sophisticated Lipschitz condition. (For the heat equation, compare
[19, Assumption 5.6].)
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Hypothesis 7.2. There exists some 6 € (0,1) such that
G:[0,T] x Q x D(~=A)? — L,(R™;1,)
(G(t,w,w)](z) :== (Gk (t,w,u) (x))
satisfies the following assumptions:

(a) For fixed u € D(—A)?, the function G(-,-,u) is measurable from [0, 7] x
into L,(R™;12).

(b) For each ¢ > 0, there exists a constant Mg(e) > 0, such that for all ¢ € [0, T],
and all u1,us € D(—A)? the following Lipschitz estimate holds:

(7.5) |G (t,w,uy) — G(t,w,w)HLP(Rn;lQ)

)
k=1

1
< [llur — w2l o + M) llur — ually ] for w e Qace.

(¢) For u =0 we have
T 1/p
T Y T A 2 T

Theorem 7.3. Let the probability space (2, F,P) and the Wiener processes (wf);o 1

be as in Hypothesis 3.2. Let p € [2,00), and A be the Laplacian on L,(R™). Let
a€(0,2), > 1, and T > 0. Assume that G : [0,T] x Q@ x D(=A)? — L,(R™;15)
satisfies Hypothesis 7.2 with suitable § € (0,1), such that

(7.7) af + % = 0.

Then there exists a unique function u € L,([0,T]x Q; D(—=A)?) such that for almost
allt € 10,7

¢
/ ko(t —s)u(s,w,-)ds € DA for a.e. w € Q,
0
and (7.1) is satisfied for almost all w € Q.

Proof. We refine the contraction argument from Section 6. As in Lemma 6.1 we
define for v € L,([0,T] x ; D(—A)?)

0, 7] xQ = Ly(R™; L),
tXw — G(t,w,v(t,w)).

Ne(v) : {

For g € L,([0,T] x Q; L,(R",13)) we define Sg := u € L,([0,T] x Q;D(-A)?),
where u is the solution of (7.2) according to Proposition 7.1 with forcing function
g. As in Section 6 the desired solution u is a fixed point of the operator 7 := SoNg
which maps L, ([0, 7] x ; D(—A)?) into itself.

By (7.4) for ( = 0 and for ¢ = 0 we infer

1891z, (0.11x 0, @) < Mo(T)IgllL, (0. 11x 2L, @7312))
189111, (jo. 11 x2sD(—a)8) < MollgllL, (fo,11x 2L, ®512))
with fixed My, while My(T') can be made arbitrarily small by taking T" sufficiently

small. We fix e > 0 such that Mpe < § and choose the corresponding M e)

according to Hypothesis 7.2. On L, ([0, T] x ©; D(—A)?) we introduce the following
equivalent norm

p
||U||Lp([o,T] xQ;D(—A)?) equiv

T
— /0/Q[5P||v(t,w)|\%(7mg+Mg(e)||v(t,w)Hip(Rn)}dIP’(w)dt.
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With respect to this norm, the nonlinear operator
N+ Ly([0,7] x 5 D(~A)") — Ly([0.T] x 0 Ly (R 1)
has Lipschitz constant 1 by Hypothesis 7.2. On the other hand
ISl L, ((0.71x2D(—2)9) equiv < (€PME + M ()" Mo(T)P) /Pl|gll 1, (0,77 x 2L, (R31)) -

We infer that 7 is Lipschitz on L, ([0, 7] x €2; D(—A)?) with respect to the equivalent
norm || - ||z, (jo,77x2;D(=2)%),equiv, and if 7' is sufficiently small, so that (eP M) +
Mg(€)PMy(T)P)'/P < L then the Lipschitz constant of 7 is less than 1. We can
now proceed as in Lemma 6.2 (2) to construct an equivalent norm on L, ([0, T] x

Q; D(—A)?) which makes 7 a strict contraction also for large T'. O

8. KRYLOV’S APPROACH VERSUS B-SPACE VALUED STOCHASTIC INTEGRATION

At the center of the study of stochastic integral equations in Banach spaces is
the problem of defining and estimating stochastic integrals, in particular stochastic
convolutions, in Banach spaces. Krylov’s approach, which is used in this paper,
is elementary in the sense that stochastic integrals are taken pointwise, so they
are classical Ito-integrals of scalar valued processes. The Burkholder-Davis-Gundy
inequality provides the step from Lj-estimates to L,. Of course, this can only
be done for sufficiently "nice” integrands. The final step is to extend the results
obtained for smooth initial data and elementary forcing terms to more general
L,-data by a completion argument.

On the other hand, the recent progress on stochastic integration in Banach spaces
(see, e.g.[22]) provides a convenient tool to handle stochastic convolutions directly
in the Banach space. While we do not know about applications of this method
to integral equations, it has been used successfully to treat parabolic stochastic
differential equations, e.g. [13], [32]. We expect that such results can be extended
to integral equations. Clearly, this approach works in more general Banach spaces,
while the more classical technique is confined to the special structure of L.

In [12] we compared our linear results with those obtained in [13], [32]. In
the context of the present paper it appears interesting to make a similar brief
comparison concerning semilinear equations.

First note - as mentioned above - that the results of [32] are more general than
those presented here in the sense that equations in Banach spaces of type 2 -
and even in UMD-spaces - are analyzed. Here we consider only L,-spaces with
p € [2,00). In addition, in [32], time-dependent operators A(t) are considered.
On the other hand, the aim of the present paper is to treat fractional differential
equations and not only the differential equation case a = § = = 1, considered in
[13], [32].

With @« = 8 = v = 1 our equation (1.1) reduces to the stochastic nonlinear
differential equation

(8.1) du(t) = Au(t) dt + G(t, w,u(t)) dW, + F(t,w, u(t)) dt.

It is this case, where we can compare our results to the results obtained by the
abstract integration theory. Note that in abstract notation, W, is a cylindrical
Wiener process in a separable Hilbert space H and that, for fixed u, G € L,([0,T] x
Q;~v(H, L,(B))) where v(H,L,(B)) denotes the space of ~v-radonifying operators
H — L,(B). This is equivalent to writing the stochastic forcing in Krylov’s notation

G= i Grwf.
k=1
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with (for fixed u) {G*}$2, € L,([0,T] x Q;L,(B,l2)) (use, e.g., [32, Proposi-
tion 3.2.3]).

In [32], Theorem 8.3.3 gives existence and uniqueness of solutions for (8.1) in
the space LP(Q2; C([0,T]; (X,DA)q,1)). However, the crucial Lemma 8.3.1 in [32],
which establishes the contraction, allows also (as a special case r = p) to consider
the space L, ([0,T] x Q; (X, DA)q,1). This compares best with our results. Note
that the conditions (3.6), etc., are strict inequalities, so it makes no difference
whether the results are stated in terms of (L,(B),DA)q,1 or of D(—A)*. With the
assumption that A is sectorial and independent of ¢, the Lipschitz conditions in [32]
can be rewritten in our notation:

(F) For some 0 >0,a €[0,1),a+0p <1,

I(=A)~ (F(t,w,x) = F(t,0,9))llz,) < Lrllz = yllz,5),04)..

forallt € [0,T],w € Q; x,y € (L,(B),DA)g 1.
(G) For some 65 > 0,a €[0,1), a+0p < 3,

1(=A)~°2(G(t,w, 2) = G(t,w, )|, By < Lalle = yll(L,B)DAY. 1
again for all t € [0,T] and w € Q, z,y € (L,(B),DA)y1.

In our paper, the range of G is specified to be L, (B;l2), so that we are restricted
to g = 0. (However, it would be easy to multiply the whole equation by A% to
handle different values of #p. In this case, our conditions on €, 8 and dy would need
to be replaced by analogous conditions on € + 05, 0 + 0, dg + 0p.) The domain of
F and G in our paper is D(—A)?, so our 6 plays the role of a in (G) above, while
our e corresponds to —fp in (F) above. So the condition 0r + a < 1 translates
exactly to our condition —e+6 < 1 which is (3.5) for « = v = 1. Veraar’s condition
a+0p < § translates to 6§ + 0 < , which is (3.6) for a = 8 = 1.

While [32] requires ug € L,(Q; (Lp(B,R); DA)y 1) (ie. dp = 0 in our notation),
our condition (3.7) requires slightly less, namely §y > 6 — %. Essentially, Krylov’s
method yields the same regularity as the abstract integration theory, but, as men-
tioned above, it is restricted to L,-spaces instead of general UMD-spaces.
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