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1 Introduction

This paper is devoted to the study of regularity, separation from singularities, and
convergence to equilibria of a two-phase model involving terms non-local in space.
Considering a binary alloy with components A and B occupying a spatial domain
Q, and denoting by u and 1 — u the local concentrations of A and B respectively,
the usual model describing the dynamics of phase separation is the Cahn-Hilliard
equation. This equation is derived from the free energy functional of the form

f(u)—/ﬂ[f(u)+ku(l—u)+;|Vu|2 dz

The last term accounts for the interfacial energy. In some situations, it is more
adequate to choose an expression, where also the long range interactions are described.
This phenomenon is represented by spatial convolution with a suitable kernel, cf.
Chen and Fife [6], Giacomin and Lebowitz [13]. It leads to an alternative energy
functional of the form

1 2
P = [ [+ st =+ 3 [ Ko=) -~ uPay| @ )

As shown in [5], this is a natural generalization of . Namely, we can change variables
in the convolution integral using n = 5%, ¢ = Z2¥ and then expand u(z) = u(+n)
and u(y) = u(¢ —n) around £. Taking the first term in the Taylor series of u in the

convolution term in (1.1) then gives the energy functional of the same form as F.




With k = k(z) = [, K(|z — y|)dy, we rewrite (1.1) in the form

Pl = [ [+ u | Kile=a)0 = u(t.9))dy] a. (1:2)

Then the chemical potential, defined as the gradient of the energy functional F' is
given by

v=f(u) + /Q K(lz - yl)(1 — 2u(t, v))dy.

The model in question then reads:

w — V- (uVo) = 0in (0,T) x Q, (1.3)
o= f(u) + / K(lz - o)1 - 2u(t,)dy, (L)€ (0.T)xQ,  (14)
pv - Vo =0in (0,T) x 09, (1.5)
uw(0,2) = ug, 0<wup(z) <1, 0</u0 dz =uq < 1. (1.6)
Q

Here p denotes a suitable mobility. A natural choice seems to be

a
L= ———, a a positive constant, (1.7)

fr ()’

see, e.g., Elliot and Garcke [10].
In the standard case, f is given by

flw)=ulnu+ (1 —wu)In(l —u). (1.8)
This implies
f'(u)=1In (%), w= f”czu) = au(l —u). (1.9)
If we denote
w= [ (e =u)(1 = 2utt. )y (1.10)
we get )
(M) =) = gy (1.11)

which gives the a prior: estimate
u € [0,1]. (1.12)

Gajewski and Zacharias [12] proved global existence and uniqueness of weak so-
lutions emanating from initial functions satisfying (1.6). Following their procedure,
the same result can be proved for more general f, namely if

f € C?0,1) strictly convex, Im(f')~! = [0, 1], strictly concave. (1.13)

1
F
Convergence (in L%(2)-norm) of any solution to a single equilibrium with f as in
(1.8) was proved in [16], using the generalized form of the Lojasiewicz Theorem. The
main problem in verifying the assumptions of the Lojasiewicz Theorem was to show



that there exists a time Tf such that solutions separate from the potential barriers 0
and 1, i.e., that there exists k € (0,1) such that

O<k<u(t,z)<l—k<1 foraa. z€§, andt>Tp. (1.14)

So, the equation (1.3) is not degenerate after that time. With p as in (1.9), and
u satisfying (1.12), w(0,2) can vanish, even on a set of a positive measure, so a
degeneracy in (1.3) and (1.6) is not excluded at the outset.

In this paper, we prove the separation property for more general f satisfying (1.13),
and show that T may be taken arbitrarily small. The proof here is also significantly
simpler than that in [16].

With (1.14) at hand, we prove higher regularity of solutions, and, as a consequence,
a stronger convergence to equilibria than in [16]. Even if we can write the equation
(1.3), after the separation time, in terms of u only, we get a parabolic equation, but
we do not have good boundary conditions, so that the maximal regularity is not
applicable. Also, it is possible to write a parabolic differential equation for v, but this
equation contains the term |Vv|?, which prevents us to gain better regularity if the
initial value is not sufficiently smooth. The way to improve the regularity of w is to
estimate the norm of u; and then apply a bootstrap argument.

To show that solutions converge in a better norm than in L?(£2), we realize that the
higher regularity yields compactness of trajectories in a smaller space, which together
with the convergence proved in [16], gives the desired result.

Convergence of solutions of phase-field systems to equilibria was studied by many
authors, we can mention only some of them. The first application of the Lojasiewicz
inequality to these systems was by Aizicovici, Feireisl and Issard-Roch [3] in the
case of a nonisothermal system of second order. The non-local version of the Allen-
Cahn equation was studied in Feireisl, Issard-Roch and Petzeltovd, [11], where also
the non-smooth version of the Lojasiewicz Theorem was proved. Convergence in
the conserved phase-field systems with memory was proved in [2], the situation with
dynamic boundary conditions was treated, e.g., by Chill, Fasangové and Priiss, [8].

Phase-field systems with singular potentials and the separation property were
analyzed, in the non-degenerate situation, in [14], [15]. In the latter paper, a nonlocal
(in space) system with inertial term was studied with the assumption that the initial
function is already separated from the pure phases. The same assumption was used
in the papers by Rocca and Rossi [18], Cherfils, Gatti and Miranville [7]. Cahn-
Hilliard equations with singular potentials were studied, by Dupaix [9], Miranville and
Zelik [17], from the attractors point of view. Recently, separation from singularities
for fourth order parabolic equations were proved by Schimperna and Zelik [19] for
nonlinearities of power type. Convergence to equilibrium for Cahn-Hilliard equation
with logarithmic potential was studied by Abels and Wilke [1]. Because of the fourth
order equation, they have stronger regularity, which enables to show the separation
property from some large time on, due to the separation of the equilibria. This is in
contrast to our situation, where we have to show the separation. Only then are we
able to prove regularity.

The paper is organized as follows. The main results are stated in Section 2, then
the new proof of the separation property is given in Section 3. Finally the regularity
of solutions, and the strong convergence are proved in Section 4.



2 Preliminaries and Main results

Let 2 C R™ be a bounded domain with a smooth boundary 99 and v the outer unit
normal on 9. Denote by H!(Q2) = W12(Q), (.,.) the pairing between H'({) and its
dual H'(Q)*. Denote

HL(Q) = {f € HY(Q); /Q f(z)dz = 0},
and
HyY(Q) = (HY(9).

To simplify the notation, we omit 2 in the following text, when no confusion can take
place. We equip H} with the inner product

(f7g)H01 = (va Vg)LQ'

The Riesz isomorphism is then given by the negative Laplacian with Neumann bound-
ary conditions

<_ANfa g>(HO*17Hé) = (.f7 g)Hol = (vf7 VQ)LQ-
It means that the inner product in H 1is given by
(f.9)u1 = (AL AN 9 s = (VA F, VAR g) 12,

and

If1Z2 = (VAR L. Ve < Il DLz

We will also use the following consequence of the Gagliardo-Nirenberg inequality:

Ly 2.1)

l€l7z < ellVEl7s + Ce™2[lg]17, € € (0,5

and the following version of the Poincaré inequality:

<C—

z

z(x) dz

Vzlpe, Q1 CQ (2.2)

1
|Ql| Q1 L2

which is a particular case of [20, Lemma 4.3.1].
By C we denote a generic constant, which may vary even within one line.
The existence of global weak solutions of the problem (1.3)-(1.6) satisfying

/ [(ut,h> +/ uVov-Vhdz|dt =0 for all h € L*((0,00); H'()),
0 Q

w e C((0,00); L (Q)) N L2((0, T); H(Q)), ue € L2((0,00); HY(Q)),  (2.3)

w € C((0,00); WH2(Q)), [[w(t)|lwre(oy < Bw for all >0, (2.4)

/0 /§2u|Vv|2 dz < oo, (2.5)



was proved in [12] with f given by (1.8). The following assumptions were imposed on
K.

/ / | K (Jz — y])| dz dy = ko < o0, sup/ |K (| —y|)|dy = k1 < oo, (2.6)
aJa zeQ Jq

and the operator J defined by Jz = -2 [, K(|z — y|)z(y)dy satisfies
1T zllwre < rpllzlle), 1<p<oc. (2.7)

As to the global behavior of solutions, the strong convergence to a single equi-
librium in the L?(€)-norm was proved in [16]. The equilibrium is a triple u*,v*, w*
satisfying

1
1 +exp(w*(z) —v*)’

u”(x)

w*(x) = / K(lz —y|)(1 —2u*(y))dy, v* = constant.
Q
(2.8)
The following Theorem was proved in [16]:

Theorem 2.1 Let f,u, K satisfy (1.8), (1.7), (2.6), (2.7). Let the triple (u,v,w)
be a solution of the problem (1.3)-(1.6) in the sense of (2.3)-(2.5). Then there exist
Ty >0,B >0,k > 0 such that

kE<u(t,z) <1—k for a.a. x € Q, and t > Ty, (2.9)

o)L < B for allt > Tp. (2.10)

Moreover, there is (u*,v*, w*) satisfying (2.8) such that
u(t) — u* strongly in L*(Q),

v(t) — v* strongly in L*(Q),

w(t) — w* strongly in H*(Q),

ast — o0.

We will show that the same result holds also for f satisfying only (1.13), and
that Ty can be taken arbitrarily small. Thus, in what follows, we will assume that f
satisfies (1.13), and that

_a 1(2)
A O N )

< B, for z€(0,1). (2.11)

Without loss of generality, we take a = 1, |Q] = 1.
For the regularity of solutions, we will also need

1T 2w < rallzllwss (2.12)
fec?o,1) (2.13)

If (2.12) is satisfied, then
w € L((0,00); W'2) = [uwll o (o ooy < Bl (2.14)

The main results are summed up in the following Theorem. Under the additional
assumptions (2.12) and (2.13) we obtain more regularity on u and, as a consequence,
a stronger asymptotic result if f is analytic.



Theorem 2.2 Let f, K, u satisfy (1.13), (2.13), (2.6), (2.7), (2.12), (2.11). Let the
triple (u,v,w) be a solution of the problem (1.3)-(1.6). Let Ty > 0. Then there exists
k > 0 such that

u € L=((Ty, 00); W2(Q)), (2.15)

and (2.9) holds. Moreover, if [ is real analytic in (k—9,1—k+3) for some § € (0, k),
and t — oo, we get
u(t) — u* strongly in B, (2.16)

for any space B such that W22(Q) is compactly embedded in B.

Corollary 2.1 In the three dimensional case the solution converges in C(Q).

3 The separation property.

In this section, we show that the solution of our problem separates from the pure
phases 0 and 1. This property was in fact obtained in [16], but through an unneces-
sarily complicated proof. Below we present a significantly simpler proof. Moreover, in
[16] the nonlinearity was assumed to be as in (1.8). Here we only assume f to satisfy
(1.13), and we show that solutions separate from the pure phases after an arbitrary
short time T > 0.

In the proof below, we only sketch the parts of the proof common to that of [16],
and concentrate on the new, simplified steps.

We prove that, under the assumptions detailed in the previous section, one has
that the solution of (1.3)-(1.6) is such that Inw(¢), In(1 — u(t)), and, consequently,
v(t), are bounded in the sense that

Inwu, In(1 —w), ve L2([T,00); L=(£2)). (3.1)

The bound is shown to depend on the initial function ug(x) only through the value
of uqs. Thus, e.g., the case [{z| uo(x) = 0} > 0 is not excluded.

Proposition 3.1 Let f, K, i satisfy (1.13), (2.6), (2.7), (2.11). Let the triple (u, v, w)
be a solution of the problem (1.3)-(1.6) satisfying (2.3), (2.4), (2.5). Let To > 0 be
an arbitrary positive time. Then there exists k > 0 depending only on Ty and u,,
such that

kE<u(t,x) <1—k for a.a. x € Q, andt > T. (3.2)

Proof: The way to prove (3.2), is to show first that
Inu(t, )z < B, |In(1 —u(t,.)||z- < B forallt > Tp, r € [1,00), (3.3)

assuming that
Inwug, In(l—ug) € L=(). (3.4)

The upper bound B in (3.3) is shown to be independent of t € [T, 00), 7 € [1,00),
and of the pointwise values of ug(x). The upper bound does depend on Tj and on u,,
- the integral mean of the initial value uyg.



We then approximate ug with u satisfying (3.4) and employ the continuous de-
pendence of solutions ([16, Lemma 2.1]) together with Fatou’s Lemma to get

[ u(To)[ @) < B, [In(l —u(To))|L=@) < B, (3.5)

even for ug as in (1.6).
So, in what follows, we assume (3.4), prove (3.5) and (3.3).
Assuming (3.4), we get

Inwu(t), In(l—wu(t)) e L>®(Q) forall t > 0. (3.6)

Indeed, by continuity, there exists a maximal time t,,,, such that (3.6) holds in
[0, timaz)- If timae < 00, then our procedure leads to the bound (3.5) with Ty = timax,
which contradicts the maximality of ¢,,,44.

Denote

M, (t) = |[Inu(t,.)||zr@), t >0, r=1,2,3, ... (3.7)

We show that M, (t) < B for t > Ty, the proof of ||In(1 —u(t,.))|zr@) < B, t > Tp
is analogous.

The proof consists of several steps. First, in Lemma 3.1, we derive a differen-
tial inequality for M,, which yields a bound on the possible growth of M,.(t) with
increasing r. Specifically, we show that, for T" € (0, c0),

sup M,.(t) < By(T)r?, for all r € [1,00). (3.8)
t>T

Here By < o is independent of r, but does depend on T
In Lemma 3.2 we prove that, for any T > 0, there exists By(T') such that

M, (T) < B3(T) < o0, for all r € [1,00). (3.9)
Lemma 3.3 is needed to prove Lemma 3.2. Finally, having (3.9), we show that
Bo(T) < B for all T > T, (3.10)
with B depending only on Tj.

Lemma 3.1 Let the assumptions of Proposition 3.1, and (3.4) be satisfied. Then
there exists a nonincreasing function By = B1(T), independent of r, such that (3.8)
holds for all T > 0. Moreover, there exists Ty > Ty such that TBy(T) is increasing
on (T1,00).

Proof: We derive a differential inequality for M,., given by (3.7).

g =5 ([muor dx)’l‘ —ar [ BB @

u

_ r—1 _ r—1
- M,}*T/ v(%)uw da = M}’T/ v(%)(w + uVw) de.
9} u Q

u

To obtain the second line of (3.11), recall that, with the notation in (1.10), (1.7), and
taking a = 1, we get



uVv = Vu+ pVw. (3.12)

For r =1 we have, by the second part of (2.11),
d _ 2 H

—Mi(t)=— [ |[VInu(®)|” dz — | =(#)VInu(t)Vw(t) dx

dt Q Qu

1
S—f/ |V Inu(t)]* do + C.
2 Ja

To estimate fQ |V Inu|? do, we use the generalized version of the Poincaré inequality
(2.2). Denote

1
Qf = {2 €95 ult,w) = Sua}.

Then, necessarily,

1
|4 > 2o for all t > 0, (3.13)

and we have

1 2 U
2 > t12] - _ @
/Q|V1nu(t)\ dz > C1Q1] [2</Q|lnu(t)| dx) ’111 5

It follows that

2}. (3.14)

d
aMl(t) S —Cle(t) + Co,

where the constants depend on u,, the integral mean of ug, but not on the pointwise
size of the initial function. Hence M; can be dominated by a solution of the ordinary
differential equation of the form (3.19) with b = 0, which is bounded for ¢t > T
independently of the size of the initial value.

Mi(t) <my forallt>T. (3.15)

To show the similar estimate for » > 1, we continue in (3.11).

EMT = erlf’"/ [(7’ —1)(—Inu)"% + (flnu)rfl} [|Vlnu|2 + V(lnu)EVw dx
dt Q u

< -—M!T / [(r—1)(=Inu)"2 + (flnu)rfl]%\vmm2 dz (3.16)
Q

—r r— r— 1
+M; /Q [(r —1)(=Inu)""? + (—Inwu) 1] §BZB7~20 dz.

Taking into account that

4 - 4 -
(—=lnu)" " ?|VInul® = T—2|V(—lnu)§|2, (=Inw)" " HVInu]® = mw(—lnu)%ﬁ
we have

d 41

1 L2
M, <M ;/Q‘V(—lnuﬁ

2 2
1—r
dz — M} (r+1)2/Q‘V(—1nu) 217 dz

+MTC M A (= 1) M. (3.17)



Drop the first term on the right side of (3.17). Then apply the inequality (2.1) to
estimate the second term. As to the last two terms, note that trivially M,_1 < M,.
There follows

2
e(r+1)2

d

SM, (1) < M (1)

/(_mu(t)w1 dz
Q

—_n—2

YO M (1) S (/Q(—lnu(t))% dx)2+01[1+(r_1)M;1(t)].

Apply the interpolation inequality to estimate M.+1 above in terms of M, and M;.
2

One then has d

dt
We conclude that M, can be dominated by solutions of the ordinary differential
equation

1
M, < —Cgr—QMf + Cy M, My + Cyr.

d(t) = —ad?(t) + b d(t) + c,

where
a=Cs/r?, b= Cymy, c=Cir, (3.18)

my given by (3.15). The solution of this equation is given by the formula

_ prexplalB—a)) —a
kexp(a(f —a)t) — 1

_ Prexp(a(f —a)t) +a
dt) = rkexp(a(f —a)t) +1

d(t) if d(0) > B or d(0) < «, (3.19)

if d(0) € (o, B),

with the equilibria

b <c+b2)% ﬁ_b+(c+b2>%
4T 9 a  4a2) 7 77 2a a 4a2/
The constant s is such that the initial condition at ¢ = 0 is satisfied. It tends to

1if d(0) — +oo. As the function d is decreasing for d(0) > 3, and bounded for
0 < d(0) < 3 this gives us the estimate

Bexp(a(f —a)T) — «
exp(af —a)T) — 1

regardless of the initial value d(0). With a,b, ¢ as in (3.18) we arrive at (3.8) with By
decreasing on (0,00), and T'B;(T) increasing for T large enough.

d(t) <

forallt > T,

q.e.d.

The final step is to show (3.3). We begin with the following

Lemma 3.2 Let the assumptions of Lemma 3.1 be satisfied, and let T > 0. Then
there exists By = Bo(T) > 0 such that

M,.(T) < By(T), forallr € [1,00), (3.20)

where By depends only on T, ug,.



Proof: We show that My., k= 0,1,2,... can be dominated by y; on a suitably
chosen time interval (tx, T}, tx > 0, where

Yyi(t) = , (3.21)

and {tx}72, an increasing sequence such that ¢ "t < T. Having this, we get

1

. < <
Moe(T) < ulT) < 7

L k=1,2,3,..., (3.22)

and, consequently, (3.20) for all » by interpolation. The functions y;, satisfy

(0 =~ (0), (T) = 7
yp(t) — oo for t \ tg, wyi(t) > cryr—1(t), th <t <T, ¢ = TT%UZ: (3.23)
Define tg < T, ¢o > 1 such that (B; as in Lemma 3.1)
T > [coBi(T)]7Y, to =T — [coB1(T)]™', and By (to) < coBi1(T). (3.24)

This is possible because Bj is nonincreasing with time. We show (by induction), that
we can choose t; such that t; " to, < T and such that

Mau(£) < ya(t), ¢ € (12, T). (3.25)
Our choice of tg, ¢g, (see (3.24)), together with (3.8) shows that
My (t) < By(to) < coBi(T) = (T —to) P < (t—to) ' =yo(t), to <t <T,
so (3.25) holds for k£ = 0. For the induction step we need the following

Lemma 3.3 Let the assumptions of Lemma 3.2 be satisfied. Let tg > 0 be as in

(3.23). Let T > to, v > 2 be such that = ezists at t = T and satisfies

+ M?*(1) >0, M.(1)> % (3.26)

Then there is a constant Q = Q(to) independent of r such that

dM,.(T)
dt

M, (1) < Q7 r¥ My(r). (3.27)

Proof: Suppose that (3.26) is satisfied. Then, referring to (3.17), we get

—M2(7) < - Mi(7) (3.28)

<) [ V()

We multiply both sides by —rM! =1, and use (3.8) to get

Yo+ Cu((r— DM (r) + 1),

2
dw < P M)+ Cor (rME2(0) + MI7H(7)) < Bsr M (7),
(3.29)

[ [ mams
Q

10



where By (essentially equal to Bj(tg)) is independent of r. Now apply the estimate
(2.1) with € = |Inu(7)|% and € = (2B5r3) ™!, to obtain a lower bound for the left side
of (3.29). Combining this with (3.29) and simplifying yields (3.27).

q.e.d.

We proceed to prove Lemma 3.2. Take r = 2¥, k a positive integer, and let

X -1
o (QUo))F 2, 1 =T - (&(T>Ha> -
i=0

With these values of ¢, define y; as in (3.21). Note that by (3.24), to > 0, and that
by this choice of ¢, t; one has that (3.23) is satisfied. Without loss of generality,

assume ci > 1, for all k. Straightforward calculations show that def II32 yer < o0,
50 Y (T) < (T — too) ™! holds for all k with o, =y~ L.

Assume that (3.25) is true for k — 1. We show, by contradiction, that it holds for
k.

Let Mgk (t)

> yp(t) for some & € (ty,T). Then there is £ € (t,1] such that
Mok (t) > yk(t)a Mék(

(
t) exists, and, since y;, blows up as t \_ t,

5 () = () = =i () > M3 (9).

But then, by (3.27), and the choice of ¢, and by (3.23),

Mo (t) < cpMor—1(t) < cryp—1(t) < yr(t),

a contradiction, which proves (3.22), and, consequently, Lemma 3.2.
q.e.d.

To complete the proof of Proposition 3.1, we prove (3.10). We realize that T
is arbitrary, the bound of M, is given by (T — t)~!, which depends only on the
choice of ¢y, and, by (3.24), on the product 7By (T'). This is eventually an increasing
function, which can be observed from the decay rate of By estimated in (3.19). So
we can choose ¢ fixed, and then (3.22) holds for any T' > Ty with the same to,. By
interpolation, we get (3.9) with B independent of T' for any r, which yields (3.10),
and, consequently, (3.3) and (3.1). This finally implies (3.2).

q.e.d.

Remark: The crucial point of the proof was to show (3.5), i.e., the existence of
one point, where the solution is separated from the potential barriers. Once (3.5) is
obtained, there is an alternative way to show (3.10), namely to apply the Alikakos
procedure [4] as in [16] to get Mor bounded on the whole line. This also yields (3.10),
but the procedure is more lengthy.

4 Regularity
In this section, we show that solutions of our problem are more regular after the

separation time Tp, and prove Theorem 2.2. In order to derive higher regularity of
solutions, we first show that

up € L% ((to, 00); Hy ' (2)) N L*((t0, 00); L*(2)) (4.1)
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for some to > 0, where tq is such that the norm |lu.(to)|| ;-1 is finite.
0

We will proceed formally; the proof can be made exact by approximation of the
t—derivative by the corresponding quotient.

We differentiate the equation (1.3) with respect to ¢, and take the scalar product
with A;,lut. Recall that u; has zero mean. We have

d _ _ _
HUtH2 ST Q(Utnut)H(;l = Q(VANluthANlUt)L? = *Q(Utt,ANlut)L%

(V((qu)t), A&lut)[g = —((qu)t, VAR,lut)LQ = 7(,1145V'U + [LV’Ut, VA&lut)Lz
—(peVw + pVwy, VAV ) 12 — (Vug, VAG ug) 2

— (e Vw + pVwy, VA]_Vlut)L2 + [Jue]|3
Hence
1d

gl + luellie = (uVw + pVw,, VAR w) 2

_ 1 C?
< Cllu| 2| VARG wel L2 < §||Ut||2L2 + 7||ut||§{(;1

Integrating with respect to t, we get

e (015 + / e ()]32ds < ue(to)]% 2 + C? / Jun (3)]1%, -+

By the last part of (2.3), this yields (4.1).

With (4.1) at hand, we can improve the regularity of w;. We proceed as above,
but after differentiating (1.3) with respect to ¢, we multiply it by wu; instead of Ax,lut.
After integration by parts and taking the boundary conditions (1.5) into account, we
obtain

f—HutHQ = (V(uVv),up) = — (e Vw + pVwy + Vug, Vug) 2

1
< Cllull2 Vel 2 = [Vuillze < Clluelzz = SlIIVuel 7.

Integrating with respect to t, we get
t t
sl + [ IVu(r) e < furCs) s +2C [ Jus(r) o for some s > to
S S

and, as u; € L%((tg,00); L%(9)), we deduce that

up € L®((s,00); L2) N L2((s, 00); W2). (4.2)

Taking to < Tp, we get (4.2) with s = Tj.
The next step is to show that also

Vu € L*((Tp, o0); L?). (4.3)

12



To this end, we write
Vu = uVv — uVw.

The last term belongs to the desired space by (2.4) and (2.11). For Vv we have
Vv € L((To, 00); L),

by (2.5).
We show that also the time derivative of uVv belongs to the same space, which
implies (4.3).
(uV)y = Vo + uVuy

1 1 1

All these terms belong to L?((Ty, 00), L?), and (4.3) follows.

Finally, we go to the equation (1.3), and rewrite it in terms of w only. This is

possible because of the separation property of solution, which means that both p, 1

are bounded away from zero. g
1
up = V(uVv) = V(u(;Vu + Vw)) = V(Vu+ puVuw)
= Au+ (1 —2u)VuVw + pAw. (4.4)
By (2.7), (2.12), (4.2) and (4.3) we have
Au € I%((Ty, 0); I2(9)).

So
u € L=((Tp, 00); WH2(Q)).

It follows that the trajectory of u is compact in any space B D W22 with compact
embedding. Then, taking into account the convergence result from Theorem 2.1, we
have, for f analytic in (k— 6,1 —k+9), d € (0,k):

u(t) > u* in B ast— oo.
In particular, if n = 3, we have
u(t) — u* in C(Q) ast— oo.
This concludes the proof of Theorem 2.2. q.e.d.
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