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Harmonic Shears of Slit and Polygonal Mappings
Saminathan Ponnusamy, Tri Quach*, and Antti Rasila

Abstract. In this paper, we study harmonic mappings by using the shear construc-
tion, introduced by Clunie and Sheil-Small in 1984. We consider two classes of
conformal mappings, each of which maps the unit disk D univalently onto a domain
which is convex in the horizontal direction, and shear these mappings with suitable
dilatations w. Mappings of the first class map the unit disk D onto four-slit domains
and mappings of the second class take D) onto regular n-gons. In addition, we dis-
cuss the minimal surfaces associated with such harmonic mappings. Furthermore,
illustrations of mappings and associated minimal surfaces are given by using MATH-
EMATICA.

Keywords. Harmonic univalent mappings, convex along real directions, convex func-
tions, harmonic shear, polygonal mappings, slit mappings, and minimal surfaces.

2010 MSC Primary 30C99; Secondary 30C62, 31A05, 53A10.

1. Introduction

A complex-valued harmonic function f defined on the unit disk D is called a harmonic
mapping if it maps ID univalently onto a domain 2 C C. Note that it is not required that
the real and the imaginary part of f satisfy the Cauchy-Riemann equations. In 1984,
Clunie and Sheil-Small [2] showed that many classical results for conformal mappings
have natural analogues for harmonic mappings, and hence they can be regarded as a
generalization of conformal mappings. Each harmonic mapping in ID has a canonical
presentation [ = h + g, where h and ¢ are analytic in D and ¢(0) = 0. A harmonic
mapping f = h + g is called sense-preserving if the Jacobian J; = |h/|> — |¢/|* is
positive in D. Then [ has an analytic dilatation w = ¢'/h’ such that |w(z)| < 1 for

z € D. For basic properties of harmonic mappings we refer to [5, 9].

A domain 2 C C is said to be convex in the horizontal direction (CHD) if its in-
tersection with each horizontal line is connected (or empty). A univalent harmonic
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mapping is called a CHD mapping if its range is a CHD domain. Construction of a
harmonic mapping f with prescribed dilatation w can be done effectively by the shear
construction the devised by Clunie and Sheil-Small [2].

Theorem 1.1. Let f = h + G be a harmonic and locally univalent in the unit disk
D. Then f is univalent in D and its range is a CHD domain if and only if h — g is a
conformal mapping of D onto a CHD domain.

Suppose that ¢ is a CHD conformal mapping. For a given dilatation w, the harmonic
shear f = h + g of ¢ is obtained by solving the differential equations

W—g =4y,
wh' — ¢ = 0.
From the above equations, we obtain

(1) h(z) = /Ozlf'f()odg.

For the anti-analytic part g, we have

@ o) = | Zw(@ff()o .
Observe that
3) f(z)zh(z)+m=2Re[/OZ%d<]—so(z)-

We shall use (1) to find the analytic part & of the harmonic mapping f = h + g. Then
the anti-analytic part g of the harmonic mapping f can be obtained from the identity
g = h — p, or computed via (3).

It is known that the class of harmonic mappings has a close connection with the theory
of minimal surfaces. In the space R®, the minimal surface is a surface which mini-
mizes the area with a fixed curve as its boundary. This minimization problem is called
Plateau’s Problem. Discussion concerning the differential geometric approach to the
subject can be found from the book by Pressley [10].

Our results concerning minimal surfaces are based on the Weierstrass-Enneper repre-
sentation. Let .S be a non-parametric minimal surface over a simply connected domain
2 in C given by

S = {(u,v, F(u,v)) : u+iv € Q},
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where (u, v) identifies the complex plane R?, which underlies the domain of F'. The
following result is known as the Weierstrass-Enneper representation. This representa-
tion provides a link between harmonic univalent mappings and minimal surfaces. The
surface S is minimal surfaces if and only if S has the following representation

Sz{(Re/ochl(g)dg—ﬁ—cl,Re/ozgpg(g)dg“—&—cz, Re /0z¢3(g)dg+c3) : ZGD},

where ¢1, ©2, @3 are analytic such that p? + @32 + 3 = 0, and

z

f(z) =u(z) +iv(z) =Re /OZ v1(z)dz +iRe /0 pa(z)dz + ¢

is a sense-preserving univalent harmonic mapping from D onto 2. In this case, the
surface S is called a minimal surface over {2 with the projection f = w + iv. Further
information about the relation between harmonic mappings and minimal surfaces can
be found from the book of Duren [5].

Systematical construction of harmonic shears of mappings of the unit disk and un-
bounded strip domains, and their boundary behaviour are presented in the article by
Greiner [7]. In most cases the dilatation is chosen to be w(z) = z".

In this paper, we study two classes of conformal mappings, each of which map D
univalently onto a domain which is convex in the horizontal direction. The first one
involves the mapping

np(z)Alog(i—'_Z)JrB -
z

14 cz+ 22’

which maps D onto C minus four symmetric half-lines. In [6], Ganczar and Widomski
have studied some special cases of this mapping and its harmonic shears. Analytic
examples of harmonic shears of ¢ with dilatations

1 — 22k

along with illustrations, are given in [3].

k=12,

The second case is related to the conformal mapping (see [8, p. 196])

@ o(z) = / (1— ¢ d,

which maps the unit disk D onto a regular n-gon. In [4], Driver and Duren discussed
the harmonic shear of ¢ by the choice of the dilatations w(z) = 2™, w(z) = z and
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n/2

w(z) = z™*. With the last choice of the dilatation, it is assumed that n is even. The

minimal surfaces of these harmonic shears were studied as well.

The outline of the paper is as follows: In the first part, we study the four-slit conformal
mapping, and its harmonic shears, with the dilatation w(z) = z". Then we consider
conformal mappings of regular n-gons, with dilatations w(z) = z?" and w(z) = 22
These dilatations lead naturally to the Appel’s hypergeometric functions, which are
formal extensions of the Gaussian hypergeometric functions into two variables. Fi-
nally, we consider minimal surfaces obtained by shearing conformal mapping of the
regular n-gon described by (4). The results are also illustrated by using MATHEMAT-
ICA.

2. Shearing of Four Slit Conformal Mappings

In this section we shall give examples of harmonic shear of unbounded conformal
mappings with a suitable dilatations. For A, B > 0 and ¢ € [—2, 2], let us consider
the function ¢ defined by

1+2 z
5 = Alog B .
) o) = tog (152) 4+ B

Recall from [3] that ¢ is univalent and it maps the unit disk D onto a domain convex

in the direction of the real axis. In special cases, namely ¢ = —2 and ¢ = 2, the image
of the unit disk D under ¢ is

Ar A 24 2A+ B
and A A 24 2A+ B
T A A+ b
C\{x:l:QZ.JJE[—2logB+ 1 ,oo)},

respectively. In the case ¢ = 0, the mapping ¢ maps the unit disk D onto C minus the
following half-lines:

{zi,a;ri:M(oq A VIATB+B /BRAYB)
A\ VZAYB+B  /BRA+E) )}
(0] o0 .

4 b

and

—=1lo
2 ® BATB-B 1

Ar
rEt—i:x E
{ 2 2 g\/2A+B—B

By writing ¢ = —2cos, v € (0, 7), the equation (5) takes the form

142 z
© W(Z):Abg(l—z> +B(1—e”z)(1—e—”z)'
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Also in [3], the authors considered harmonic shears of ¢ for some choices of A and B

with dilatations
1— ZQk
w(z) = 14 22k

Let us now consider the harmonic shear of ¢ defined in (6) with the dilatation w(z) =

k=12

)

2", n > 2. First, we need the derivative of ¢ and the direct calculation gives

2A B . [ e e~ ]

7 v'(2) (1—enz)2 (1 —e2z)?

12 QSinfyl
Thus by (1) and (7), we have

z dC
M=) = “/o T—a)1 -

B [ e~ d¢ [ e d¢
2$WW[A (C—e)2(A—-¢m) DA(C—@w%l—Cﬂ]'

We shall write this in the form

Ty (¢ 2= h)

where
R
“*/0 -1
o g
]2‘/0 C—emPa -0

o a
13‘/0 C— P —0

By partial fractions and z, = ™*/* k= 0,--- ,n — 1, we have

n—1
: e
1—2m n Z— 25
k=0

Therefore the first integral /; can be rewritten as

1 1 n—1 1 [ d¢ 1 nlopee 2 dC
L=-Lot+=)» hy=—| ——3—=+— '
1= photn 2 ha n/ <1—<>2<1+<>+n;/o 1=+ =)

We remark that for the case n = 1, the latter part of the integral inside the summation

sign should be omitted. For the first integral, we get

B z d¢ _1 z 1 (1+z
]1*0_/0 (1-()2(1+g)_21—z+410g<1—z)'




6 S. Ponnusamy, T. Quach, and A. Rasila

The latter integral I, ;, depends on whether 7 is odd or even. Assuming that 7 is odd,
we easily see that

[ 2 dC
hi = /o (1 =@+ (= —¢)

% ©dg 2k fde o m 7 dC
2(Zk—l)/o 1—C+2(Zk+1)/o 1+¢ Zﬁ—l/o 2 —C

Thus
log(1 — log(1 -
I = _ zplog(l—2)  zlog(1l+ z) N 2zk log A
Note that, by assumption, z; # £1. To simplify our notation, let N = {0,1,--- ,n —

1} be an index set. Suppose that a € N, then we define N, = N\{a}, and N, =
N, N N,. With this notation, in case n is even, we have

Zflk— Z Ly = Z Lig + 12,

keNg k€N /2

; _/z dc e 1 14z
W= ARl —0) 214z 4 8\1-2)

Next we compute the integrals I5 and I3. Assuming thatn = e # 2, i.e, v # 27k /n,
k=0,---,n—1, we compute

= /<<n>dfl—<>

Z“Z/o e
S 2 () -t e (59) e ()]
In the case of v = 27rm/n, form = 0,--- ,n — 1, we have

z dC
I, =
> /o (€ — zm)2(1 = ()

< L
nz/ C— Zm zk)+n/0 (C—2m)*

k€N,

where

3 —

3

3
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The sum can be computed as above and the last integral is

1 [* d¢ 1 1 1
ﬁ/o (C—zm)3_2n|:(z—zm)2_z,2n:|'

Note that, we have an identity I, = I3 ,,_,, and if m = 0, we have I, = I5.

Finally, the function g can be solved readily from the following identity

g=h—o.
In Table 1 we have the integral I; of h, which depends on whether n is odd or even.

On the other hand, integrals I, and I3 depend on whether v # 27m/n or v = 2wm/n,
foranm = 0,--- ,n — 1 and the result is given in Table 2.

TABLE 1. Analytic part h = 2AI, + 28’5172'(6’”[2 — €"13) of the
harmonic shear f of the slit mapping ¢ with a dilatation w(z) = 2".
Note that in the case of n = 1, the summation should be omitted. See

Table 2 for the integrals I, and I5.

n Il
1 n—1
even — <Il,0 + Z ]1,k>
n
k=1

1
odd o Lo+ 10+ Z I

kENQ n/2

TABLE 2. The integrals I, and I3 for the analytic part h = 2AI; +

. A/i(e‘i"flg — €"13) of the harmonic shear f of the slit mapping ¢

with a dilatation w(z) = 2". See Table 1 for the integral ;.

Y IQ [3
isnot 2rm/n | I, Iz

is2rm/n | Ispem | Ism

Therefore, we have obtained the following result:

Theorem 2.1. Let ¢ be given by (6). Then the harmonic shear f = h + g, where h is
given in Table 1 and Table 2 and the anti-analytic part g = h — @, maps the unit disk
D univalently onto a domain which is convex in the horizontal direction.

In the case of A = % sin® o, B = cos? a and ¢ = 0, we have the Corollary.
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Corollary 2.2. Let @, be defined as

) Lo o (L2 2z cos?
o(2) = =sin’alo :
v 2 s 1+22

Then . maps the unit disk D univalently onto C minus the following half-lines

msin® o, 1., o  cosa
T+ 1 1:x € —oo,—Esm alogcotg— ,

1—=2

2

and

j[7rsin?cv, . Loy L@ cosa
x i —sin® alog cot — + ——, 00
1 2 sty T ’
which is convex in the horizontal direction. Then the harmonic shear f, = h+7g, with
2

. cos® o
h=sin?al; —

([2 - Id)a

where 11, I, I3 are given in Table 1 and Table 2, and g = h — p,, maps the unit disk
D onto a CHD domain.

The above conformal mapping ¢, is given in [8, p. 197]. In Figure 1, we have the
conformal mapping ¢, of the unit disk ID onto a four-slit domain with o« = /3.
Harmonic shears of this mapping as given in Corollary 2.2 are shown in Figure 2 with
a=m/3,forn=1,2.

FIGURE 1. Conformal mapping ¢, of the unit disk D onto a four-slit
domain with « = 7/3, and the omitted half-lines are dashed. Illustra-
tions of harmonic shears are given in Figure 2.
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-2t
(A) Dilatation w(z) = z. (B) Dilatation w(z) = 27.

FIGURE 2. Harmonic shears f, given in Corollary 2.2 with o = 7/3
and a dilatation w(z) = 2", forn = 1,2.

3. Shearing of Regular n-gons

As pointed out in the introduction, the authors in [4] considered the conformal map-
ping ¢ given by (4). Then the harmonic shear f (with dilatations w(z) = 2""/2,
k = 1,2, and w(z) = z) can be given in terms of the Gaussian hypergeometric func-

tion, which is defined by
- (a)n(b)n
F(a,bjc;2z) =1 " 1
(a,b;c; 2) +nE:1 0, 2zl < 1,

where
I'(a+n)

M)

is the Pochhammer symbol. For Re ¢ > Re b > 0, this can also be written as the Euler

(@)p=ala+1) - (a+n—-1)= aeC,

integral

Fla,b,c;2) = I(e) /ltbl(lt)"’bl(lzt)“dt.

T'®)C(e—=10) J,
Now we consider the dilatation w(z) = 22". Therefore, by (1), (2) and (4), we have
o) = [ =y ey,

0

®) .
9(2) = / ¢n(1 — ) (L — )
0
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Notice that we can write h and g as

hz) = / 1 — ) ),
0
g(2) = / ¢ — (ML 4 ¢y,

Using the change of variable ( = ¢!/ 2, we obtain

1
h(z) = E/ (1= 2"t) "2 (1 4 2m) Yt
n Jo
In order to rewrite i in a compact form for our purpose, we recall the first Appel’s

hypergeometric function [1, p. 73], which is defined by

(b1)x(b
Flobbycing) = 303 e0bel
perdar N CSY

where («),, is the Pochhammer symbol given above. As for hypergeometric functions,
Appel’s hypergeometric functions can be defined by Euler’s integral as follows [1, p.
77]:

Fi(a, by, by c;m,y) = F(a)ll:((i)_a)/o =) (1 = )T (1 - yt) 2 dt,

where Rec > Rea > 0. Seta = %,bl = 1—|—%,b2 =1l,c= 1+%. We have
1 2 1

9) h(z) =zl (, 14+ —1;14 —;2", —z”> .
n n n

A direct computation shows that g defined by (8) can be written in the form
22n+1

(10) 9(2) =

2 1
I 2+ 1+ = ,1;3—1—7;,2”7—2" .
2n + 1 n

This proves the following result.

Theorem 3.1. Let p be given by (4). Then the harmonic shear f = h + g, where h
and g are given in (9) and (10), respectively, maps the unit disk D univalently onto a
domain which is convex in the horizontal direction.

In Figure 3, we have illustrations of the conformal mapping ¢ onto regular n-gon and
the harmonic shear f = h + g with dilatation w(z) = 2", for n = 3,4, 5. It is worth
remarking that this situation was not considered by Duren and Driver in [4].



11

St

22" n =345

Harmonic Shears of Slit and Polygonal Mappings

22 see [4].

Y%

—-1.5L

FIGURE 3. Conformal mappings from the unit disk D onto a regular n-

gon and its harmonic shears with the dilatation w(z)

For a comparison with a dilatation w(z)
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Next we let n be odd and we consider the dilatation w(z) = z2. Thus, by (1), (2) and
(4), we have

h(z) = / - - ),

/ C2(1 - ¢")2/m(1 - (B dC.
Since n is assumed to be odd, we have
1+ "1 n— n— n—
1+C< 172 == (e =T+ )

:1_|_C2_|_..._|_C2("*1)7

and as a consequence of this observation, / defined above takes the form

B 214 CZ S CZ(n 1) CQIC
h(z) —/ ( Cn)1+2/n 1 + Cn Z/ Cn 1+2/n(1 + <n) dcg.

A similar expression holds for g as well. Finally, by computation, we obtain that

Lk 2% +1 2 2% +1
h(Z) = - 1 ha 71+ 1 1+ ha n’_zn ’
2k +1 n
(11) k=0
o kL 2k + 1 2 2k+1
Q(Z):sz+1F1< A+ L1+ — z,—z’).
k=1

We have shown the following result:

Theorem 3.2. Let @ be given by (4). Then the harmonic shear f = h+g, where h and
g are given in (11), maps the unit disk D univalently onto a domain which is convex in
the horizontal direction.

In Figure 4, illustrations of the conformal mapping ¢ onto a regular n-gon and the
harmonic shear f with dilatation w(z) = 2%, forn = 3,5, are given.

4. Minimal Surfaces

A harmonic function f = h + 7 can be lifted to a minimal surface if and only if
the dilatation w is the square of an analytic function. Suppose that w = ¢* for some
analytic function ¢ in the unit disk D. Then the corresponding minimal surfaces has
the form

{u,v,w} ={Re f,Im f,2Im e},

©(¢)
1-w(()

where

b(z) = / 40 .
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—_
=)
>

"..

X

J

e

FIGURE 4. Harmonic shear of the mapping ¢, which maps the unit

disk D onto a regular n-gon with the dilatation w(z) = 22.

Let ¢ be a conformal mapping, which maps the unit disk D onto a regular n-gon and
let the dilatation be w(z) = 2*". Then the minimal surfaces is determined by the

b(z) = /0 O ¢y )

integral

By the substitution ¢ = ¢'/"z, we have
Zn+1 1
/ tYn(1 = 2m) 2 (1 2 T L
0
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(B)n=4

FIGURE 5. Minimal surfaces of the harmonic shear f, which is given
by Theorem 3.1.

Appel’s hypergeometric presentation gives

1 2 1
Y(z) = 2" R (1 + 14+ =124 =2 —z") .
n n n

In Figure 5, we have the minimal surfaces for the above mapping for n = 3, 4.
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2

In the second polygonal example, let n be odd and let the dilatation be w(z) = 2% In

this case the minimal surface lifting is given by integral

b(z) = / Ty - ) e

=3 [Fema-eyraa ey i
k=0

nolo2k+1) gl

= Z 7/ 2EHD/m=t oy =i=2/n () 4y gt
n 0

k=0
Again the above integral can be written by Appel’s hypergeometric function
e ) 20k +1 2 20k +1

- B (k+ ),1—1—7;1;1—5—@;2”,—2” .

— 2(k+1) n

n
In Figure 6, minimal surfaces of (12), for n = 3, 5, are illustrated.

(12) () =
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(B)yn=>5

FIGURE 6. Minimal surfaces of the harmonic shear f, which is given
by Theorem 3.2.
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